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Blocks & Units Introduction

The present SLM on Non-Parametrics consists of eleven units with three blocks.
The Block - 1 — Order Statistics, is the first block, which is divided into four units.
The Unit - 1 — Basic Distribution Theory, is the first unit of present self learning material, which
describes Order statistics, Distribution of maximum, minimum and r-th order statistic, Joint
distribution of r-th and s-th order statistic.
In Unit — 2 — Asymptotic Distribution Theory, the main emphasis on the Moments of order
statistics, non parametric estimation of distribution function, Glivenko-Cantelli fundamental
theorem
In Unit — 3 — Distribution Free Intervals, we have focussed mainly on Distribution of range
function of order statistics, distribution free confidence intervals for quintiles, distribution free
tolerance interval
In Unit — 4 — Rank Order Statistics is discussed with rank order statistics, Dwass technique,
Ballot theorem and its generatiuon, extention and application to fluctuation of sums of random
variable.
The Block - 2 — Sequential Analysis is the second block with two units.
In Unit — 5 — Sequential Tests is discussed with SPRT and its properties, Wald’s Fundamental
identity, OC and ASN functions, Wald’s equation.
In Unit — 6 — Sequential Estimation has been discussed, Cramer Rao Inequality of sequential
estimation, Stein’s two stage procedure.
The Block - 3 — Nonparametric Tests and Inference has three units.
Unit — 7 — One- Sample and Two-Sample Location Tests dealt with One and two sample
location tests, Sign test. Wilcoxon test, Median test.
Unit — 8 — Other Non- Parametric Tests dealt with Mann- Whitney U- Test, Application of U-
statistic to rank tests. One sample and two sample Kolmagorov-Smirnov tests. Run tests.
Unit — 9 — Non-Parametric Inference, The Kruskal-Wallis one way ANOVA Test, Friedman’s
two-way analysis of variance by ranks, efficiency criteria and theoretical basis for calculating
ARE, Pitman ARE.

At the end of every block/unit the summary, self assessment questions and further

readings are given.
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Block & Units Introduction

The Block - 1 — Order Statistics, is the first block, which is divided into four units.

The Unit - 1 — Basic Distribution Theory, is the first unit of present self learning material, which
describes Order statistics, Distribution of maximum, minimum and r-th order statistic, Joint

distribution of r-th and s-th order statistic.

In Unit — 2 — Asymptotic Distribution Theory, the main emphasis on the Moments of order
statistics, non parametric estimation of distribution function, Glivenko-Cantelli fundamental

theorem

In Unit — 3 — Distribution Free Intervals, we have focussed mainly on Distribution of range
function of order statistics, distribution free confidence intervals for quintiles, distribution free

tolerance interval

In Unit — 4 — Rank Order Statistics is discussed with rank order statistics, Dwass technique,
Ballot theorem and its generatiuon, extention and application to fluctuation of sums of random

variable.

At the end of every unit the summary, self assessment questions and further readings are

given.



UNIT:1 BASIC DISTRIBUTION THEORY

Structure

1.1 Intoduction

1.2 Objectives

1.3 Order Statistics

1.4  Distribution of Maximum

1.5  Probability Integral Transformation
1.6 Distribution of Minimum

1.7  Distribution of r-th Order Statistic
1.8  Joint Distribution of r-th and s-th Order Statistic
1.9  Joint Distribition of Order Statistics
1.10 Summary

1.11  Self-Assessment Exersises

1.1 Introduction

The subject of order statistics deals with the properties and applications of these
observations and their functions. For example, the median which is the middle most observation,
the extreme observations X(1) and X(n), the sample range which is the difference of these
extreme observations, the mid range which is the average of the two extreme observations X(1)
and X(n)etc.

Applications of order statistics are in the theory of extremes, reliability theory, theory of
outliers etc. The theory of extremes deals with floods, draughts, extreme breaking strength and
fatigue failure etc. In reliability, suppose there are n components which can be useful only if at
most r (I < r < n) components are failing — for example consider the illumination bulbs used
during festivals which are connected in series, if few of them fails, the string of bulbs can still be
used by removing such defective bulbs; but beyond certain number of such removal the string of

bulbs are quite useless. In outlier theory, outliers are those observations which deviate from the



rest of the observations. Hence the extreme deviates from the estimate of the location parameters

are useful tools in outlier detection procedures.

1.2 Objectives

The objective of this unit is to provide a basic understanding of concepts related to Order
statistics. The concepts of Distribution of maximum, minimum and r-th order statistic, Joint

distribution of r-th and s-th order statistic should be clear after study of this material.

1.3 Order Statistics

Definition: The observation occupying r" place in ascending order of the sample values is

known as the r" order statistic. We denote it by Y, or X so that Y= X, represents the

minimum of the sample observations while Y, = X . is the maximum of sample observations.

The definition of order statistics does not require that the X’s to be identically distributed,
nor do we need them to be independent. Also, it was not presumed that the parent distributions
be continuous, nor that their densities exist. Although, most of the classical results dealing with
order statistics were originally derived in more restrictive settings. Generally, it is assumed that
the X’s were independent and identically distributed (i.i.d.) with common continuous
(cumulative) distribution function F(x), and having a density function f(x) and, henceforth, we
will assume the X’s to be so.

The following list, though, not exhaustive, but may serve help to convince the reader that

this text will not be focusing on some abstract concepts of little practical utility:

1. Robust Location Estimates:

Suppose that n independent measurements are available, and we wish to estimate their
assumed common mean. It has long been recognized that the sample mean, though attractive
from many viewpoints, suffers from an extreme sensitivity to outliers and model violations.
Estimates based on the median or the average of central order statistics are less sensitive to

model assumptions.



2. Detection of Outliers:

If one is confronted with a set of measurements and is concerned with determining
whether some have been incorrectly made or reported, attention naturally focuses on certain
order statistics of the sample. Usually, the largest one or two and/or the smallest one or two are

deemed most likely to be outliers.

3. Censored Sampling:

Fifty expensive machines are started up in an experiment to determine the expected life of a
machine. If, as is to be hoped, they are fairly reliable, it would take an enormously long time to
wait for all machines to fail. Instead, great savings in time and machines can be effected if we
base our estimates on the first few failure times (i.e., the first few order statistics from the
conceptual sample of i.i.d. failure times).

4. Waiting for the Big One:

Disastrous floods and destructive earthquakes recur throughout history. Dam
construction has long focused on so called 100-year floods. Presumably the dams are built big
enough and strong enough to handle any water flow to be encountered except for a level
expected to occur only once every 100 years. Whether one agrees or not with the 100-year
disaster philosophy, such inferences are concerned with the distribution of large order statistics
from a possibly dependent, possibly not identically distributed sequence.

5. Strength of Materials:

The adage that a chain is no stronger than its weakest link underlies much of the theory
of strength of materials, whether they be threads, sheets, or blocks. By considering failure
potential in infinitesimally small sections of the material, one quickly is led to strength
distributions associated with limits of distributions of sample minima, which is again an order

statistic.

6. Reliability:
The example of a cord composed of n threads can be extended to lead us to reliability

applications of order statistics. It may be that failure of one thread will cause the cord to break



(the weakest link), but more likely the cord will function as long as k (a number less than n) of

the threads remain unbroken.

7. Quality Control:

Each candy bar should weigh 2.1 ounces; just a smidgen over the weight stated on the
wrapper. No matter how well the candy pouring machine was adjusted at the beginning of the
shift, minor fluctuations will occur, and potentially major aberrations might be encountered (if a
peanut gets stuck in the control valve). We must be alert for correctable malfunctions causing
unreasonable variation in the candy bar weight. Enter the quality control man with his X and R
charts or his median and R charts. If the median (or perhaps the mean) is far from the target

value, we must shut down the line.

8. Selecting the Best:
Field trials of corn varieties involved carefully balanced experiments to determine which
of several varieties is most productive. Obviously, we are concerned with the maximum of a set

of probably not identically distributed variables in such a setting.

9. Inequality Measurement:

The income distribution in India (where a few individuals earn most of the money) is
clearly more unequal than that of United Kingdom (where progressive taxation has a leveling
effect). How does one make such statements precise? The usual approach involves order
statistics of the corresponding income distributions. The particular device used is called a Lorenz
curve. It summarizes the percent of total income accruing to the poorest p percent of the
population for various values of p. Mathematically this is just the scaled integral of the empirical
quantile function. A high degree of convexity in the Lorenz curve signals a high degree of

inequality in the income distribution.

10. Olympic Records:
Bob Beamon's 1968 long jump remains on the Olympic record book. Few other records
last that long. If the best performances in each Olympic Games were modeled as independent

identically distributed random variables, then records would become more and more scarce as



time went by. Such is not the case. The simplest explanation involves improving and increasing
populations. Thus the 1964 high jumping champion was the best of, say, Nx active international-
caliber jumpers. In 1968 there were more high-caliber jumpers of probably higher caliber. So, we
are looking, most likely, at a sequence of not identically distributed random variables. But in any

case, we are focusing on maxima, that is, on certain order statistics.

11. Allocation of Prize Money:

At the end of the annual Bob Hope golf tournament the player with the lowest score gets
first prize. The second lowest score gets second prize, etc. In 1991 the first five prizes were:
$198,000, $118,800, $74,800, $52,800, and $44,000. Obviously, we are dealing with order
statistics here. Presumably the player with the highest ability level will most likely post the

lowest score.

12. Characterizations and Goodness of Fit:

The exponential distribution is famous for its so-called lack of memory. The usual model
involves a light bulb or other electronic device. For example, if Xy, ,...,, Xn are i.i.d. exponential,
then their spacings (X — X)) are again exponential and, remarkably, are independent. It is only
in the case of exponential random variables that such spacings properties are encountered. A vast
literature of exponential characterizations and related goodness-of-fit tests has consequently
developed. It is interesting to note that most tests of goodness of fit for any parent distribution
implicitly involve order statistics, since they often focus on deviations between the empirical

quantile function and the hypothesized quantile function.

Let X,, X,,..., X, be a random sample of size n taken from a continuous

n
population whose p. d. f. is f(x) and c .d. f. is F(x) for a<x<b. Let Y, be the minimum of
X,y X,,...., X, is called the first order statistics, Y, be the next minimum is called the second
order statistics and so on so that Y, be the maximum of X,, X,,...., X, is called the n™ order
statistics. Then Y, <Y, <...<Y, is known as order statistics of the random sample X, , X,,...,

X

n-*

1.4 Distribution of Maximum




Let X,, X,,..., X, be a random sample of size n taken from a continuous population

whose p. d. f.is f(x) andc .d. f.is F(x) for a<x<b.Let F, (x) bethec.d.f. of maximum

or the n-th order statistics Y, at the point x is given by

R, (x)=P[Y, <x]

=P[Max of X,,X,,... X, <X]
=P[X, <X, X, <X,.., X, <X]
=P[X, <x|P[X, <X]...P[X, <]
=Fy, (X)Fy, (%)..Fx (%)

where Fy (x)is c. d. f. of X for i= 1, 2,..., n and since X,,X,,

distributed with c. d. f. F(x) such that
F, (X)=F (X)=..=F (x)=F(x)

Using (2) in (1), we get

R, (0= {F (0}

Since in case continuous population, the density function is given by

p.d.f.of Y, = f, (X)

ra<x<b

:otherwise

(X, X,,..., X, are mutually independent)

1)

., X, are identically

)

@)




Example: Find out the p.d.f. of the maximum of the sample values from a sample of size n drawn
from U (0,0) parent.

Solution: Consider the p.d.f. of U (0,9) given by

0<x<@

:otherwise

so that its d.f. is given by

0 X<0
F(x)= g ;0<x<¥6
1 X=>0

Let X, bethe n"™ order statistics or maximum of sample values in a sample of size n. Then

fw () =n{F(X)}"" (x) ;0<x<0

x )" 1

:ng 5 0<x<d
n-1

—nxgn 0<x<d

Hence, the p.d.f. of Xn) is given by

an—l
0<x<6

0 :otherwise

1.5 Probability Integral Transform

If X is a random variable of a continuous type having p.d.f. f(x) and distribution

function F(x), then Z = F(x) has a uniform distribution U (0,1).



Proof: Given X is a continuous random variable with p. d. f. f(x) and c. d. f. F(x) then we
wish to prove that Z = F(x) follows U (0,1). Consider the p.d.f. of z given by

f(z)=(modJ) (Putxintermsof zin f(x))

where J stands for the jacobian of transformation. For particular (or specific) values of z and x,

we may write
z=F(x)

lox| |1 | ] 1 1

o f(x)>

“Jaz| [dz/dx| |dF (x)/dx|  f(x) (+1(x=20)
so that
f(2)= {1 0<z <}

0 otherwise

=Z=F(x)~U(01) Q.E.D.

Remark: The importance of probability integral transform is that the order statistics Xgyreoor X
in a sample from any continuous distribution with c.d.f. F(x) are transformed by order

preserving probability integral transform u = F (x) into U Y-

Example: If X is a uniform random variable with distribution function F(x), prove that
E[ X, |= WIY (1=Y)""h(Y)dY

where h(Y)=F7(Y)

Solution: Let X ~U (a,b) and consider

E[X(r)}:j'x fx(,) (x)dx : a<x<b

:QXW{F(X)} T{-F (X)) f(x)dx



Let F(x)=y

y_dF(x)_ B
> = f(x) =dy=f(x)dx
so that

n-r

E[X(r)] :iF_l(y)W(!n—r)! y“(1-y) dy

n

(r—l)!(-n—r)!

jy” (1-y)""h(y)dy [ F(y)=h(y)]

Example: Let x, x,,x, be independent random variable with p. d. f.

f(x)=exp[~(x=6)]1,.,(X)
Determine the constant ¢ =c(#) for which P(H <Xy < c) =0.96
Solution: Since

f(x)= el (0] 5.y (%)

1 ifd<x<w

where | X)=
0 () {0 otherwise

In other words

(-

0 :otherwise

0 p<x<ow

Q.E.D.



1-e ) g<x<w

Therefore, F(x)= _
0 :otherwise

We may write P(@ <Xy < c) =0.96 as

f% (x)dx =0.96

D ey O

where | (x) stands for the p. d. f. of third order statistic where n=3, so that

3{F (x)I" f (x)dx=0.96

QD ey O

Let F(x)=t = f(x)dx=dt so that

F(c)
j 3t2dt = 0.96

Fo)
F(o)

- j 3t%dt = 0.96
0

where F(8)=0 and F(c)=1-e"" so we get

£ g("’ ~0.96

[F(c)] =0.96

1-(0.96)° =e

c=0-In[1-(0.96)" |



is the required value of ¢, such that Pr[@ <Xg < c} =0.96.

1.6 Distribution of Minimum

Let X,, X,,..., X, be arandom sample of size n taken from a continuous population
whose p. d. f.is f(x) andc.d. f.is F(x) for a<x<b.Let F (x) bethec.d.f. of minimum
or the first order statistics Y, at the point x is given by

R, (x)=P[Y, <X]

=1-P[X; > X% X, > X,..., X, > X]
=1-P[X, >x]P[X, >x]..P[X, >X] (X, X,,.... X, are mutually ind.)

=1-{1-P[X, <x]}{1-P[X, <x]}..{1-P[X, <x]}

=1-{1-F, ()H{1-Fy, (x)}. {1-F (x)}

where Fy (x)is c. d. f. of X for i= 1, 2, ..., n and since X,,X,,.., X, are identically
distributed with c. d. f. F(x) such that
F, (X)=F (X)=..=F (x)=F(x) )
Using (2) in (1), we get
R, (x)=1-{1-F(x)}" ;a<x<b
Since in case continuous population, the density function is given by
p.d.f.of Y, = f, (x)

_ 4R, (%)
~ dx



~ n{l—F(x)}Hf(x) ra<x<b @
0 ;otherwise

Example: Let X, (j :12,...,n) be i.i.d. negative exponential random variable with parameter

A then show that the distribution of X(l) IS a negative exponential distribution with parameter

nA. Conversely, show that if X; (j :1,2,...,n) are i.i.d. random variables and X(l) follows a

negative exponential distribution with parameter nA then the common distribution of X's is

negative exponential with parameter 4.

Solution:
—AX .
Itis givenas f(x)= e 0<x<o0
0 :elsewhere
_ —AX . <
Therefore F(x)= 1-e 0< X__Oo
0 :otherwise

Let Fx(l) (x) be the c. d. f. of X, and since, X,,X,,..., X, are identically distributed with c. d.

@]
f. F(X). Therefore,

therefore,



_ (;j_x(l_ e—ixn )

— n/le—lxn

X(l) follows negative exponential with parameter nA.

Conversely suppose it is given that X(l) follows negative exponential with parameter nA so that
_1_ a-Axn
Fy, (x)=1-e

Also, F, (x)=1-{1-F ()}
Equating both we have,
1-{1-F(x)}" =1-e™

1-F(x)=e™

which is negative exponential with parameter 4. Hence, the common distribution of X’s is
negative exponential with parameter 4.

1.7 Distribution of r-th Order Statistic




Let X,, X,,..., X, be a random sample of size n taken from a continuous population
whose p. d. f.is f(x)and c.d. f.is F(x) for a<x<b. Let F, (x) be the c. d. f.and f, (x)
be the p. d. f. of the r" order statistic Y, at the point x is given by

fy, (X) - dF:;)SX)

F(x+h)-F(x)

=lim
h—0

=Iim1P(str <x+h)
h—0 h

J J J
a X X+h b

r-1X's <x one X <x+h n—r X's>x+h

:IimlP[r—lof the X 's < x, one X in(x,x+h], n—r of theX's>x+h]
h—0 h

Using multinomial law, we have

n!

f, (x):IhiLrgHW{P(X <x)} T P(x< X <x+h){P(X >x+h)}""

_lim n! N F(x+h)—F(x) e
it o) R E

I{F (X)}H 1-F(x)}" f(x) ;a<x<b

=4 (r=1)Y(n-r)!

0 :otherwise



Remark: It is interesting to note that the F, (x)=1-{1-F(x)}" and F, (x)={F(x)} are
special cases of the general result of F, (x) given by

R, (x)=P(Y, <x)

=P {at least r of the X; are less than or equal to x}
nin i n-i
-3 7)F o-F ]

since the summand is the binomial probability of getting exactly i of the X,,..., X less than or

equal to x. Also, one more useful relationship that exists between the binomial sums and

incomplete beta functions is

F, (x)= IF(X)(r,n—r+1)

where 1 (a,b) is an incomplete beta function defined as

I, (a,b) :Iop y*H(1- y)b_l dy ;a>0,b>0

Therefore, F, (x) can be calculated from the tables of I (a,b) and the percentage points of Y,

can be obtained by inverse interpolation of these tables.

Example: Obtain the upper 5% point of Y, in sample of 5 from standard normal distribution.

Solution: We need to find x such that
F, (x)=0.95
= IF(X) (4,5—4+1) = IF(X)(4,2)

so that
0.05= Il—F(x) (2,4)

thereby giving
0.0764 =1—-F (x)

Hence, from normal tables, we have x = 1.43.



Example: Let Y, <Y, <Y, <Y, denote the order statistics of the random sample of size 4 from the

population with p. d. f.

2X 0<x<1
f(x)= o
0 :otherwise

Obtain the p. d. f. of Y; and P(1/2<Y,)

Solution: It is given that n=4 and

2X 0<x<1
f(x)= . .
0 : otherwise

Hence, for x<0
F(x)=Pr[X < j0dx 0
For x<1
0
F(x):Pr[XSX]:j dx+j x)dx = x*
For x>1
0
F(x)=Pr[X SX]:If dx+j dx+j x)dx =1

0 Xx<0
Therefore, F(x)=1x’ ‘0<x<1
1 x>1

Putting r=3 and n=4 in (1) we have,
p.d. f.of Y= f(Y,)

;Ii.{ (ys)} 1=F(ys)} f(ys) ; 0<y, <1



=12 y2 ] [1-y2 ]2y, 0<y, <1

= 24| y; |[1-¥} ] 0<y, <1

so that

)= 24y;(1-y3)  ;0<y,<1
’ :otherwise

Now, Pr(Y, >1/2)=1-Pr(Y, <1/2)

1/2

:1_I f (ys) dy,

0
1/2
=1-24] (1-y)y; dy,
0
Let y2 =t ..2y,dy, =dt

Pr(Y, >1/2) :1—12ﬂft2 (1-t%)dt
0

=1—[4t3—3t4]1’4:1—i g3 B
0 64| 4 256

2
256

Example: Let f(x,0)=1/60,0<x<6 and x,X,, X, be a random sample of size 3 from this
parent distribution and let Y,,Y,,Y,be order statistic of this sample so that Y, = min(><1,x2,x3)
and Y, =max (X, X,, X, ). Obtain Pr(Y,>6/2).

Solution: Given

f(x):f(x,e):1/0,0<x<<9

Now for x< @



For x> 6

0

F(x)=P[X <x]= JX' f (x)dx :_ji f (x)dx+£ f (x)dx =j‘ f(x)dx=1

—00

[

0 'Xx<0
Therefore, F(x)=4x/0 ‘0<x<6
1 X>0

[
Thus, Pr(Y,260/2)= [ f(w) dw

/2

where f (w)is the p. d. f. of second order statistic for n=3. So

3!

fW= Gzt R (W

=6{F(W)}{1—F(W)}f(w) 0<w<8

So, Pr(Y,26/2)= [ 6F (w){1—F (w)} f (w) dw

612

Let F(w)=t = f(w)dw=dt and F(6/2)=1/2,F(6)=1

so that

1
Pr(Y,>0/2)= | 6t(1-t)t

1/2



Example: Let Y, <Y, <Y, <Y, be the order statistics of the random sample of size 4 from the

distribution having probability density function

—X

e ;0<x<w
F(x)= .
{0 ,otherwise

Find Pr(3<Y,).

Solution: Given that

e 0<Xx<w
0  ;otherwise

Now for x<0

F(x)=Pr[X <x]=

8 =y O

f(x)dx+J:f(x)dx

= O+Jx'e‘xdx
0

=1-¢e”*
Therefore,

Pr[Y, >3]=Pr[3<4]

=;f f (w)dw

where f (w)is the p. d. f. of 4" order statistic Y, for n=4



2 f(w)=4[F(w)]" f (w)dw ;0<W< oo

so that
Pr[Y, 23] :I4[F (W)T'F (w)dw

Putting F(w)=t .. f (w)dw=dt, we have

F()
3 4 F(=) . -
Pr[Y, 23]= F.(|.3)4[t] dt =[t ]F(3) since [ F(3)]=1-¢® and [F(x)]=1
=1-(1-¢?)
1.8 Joint Distribution of r-th and s-th Order Statistic

Let X,, X,,..., X, be a random sample of size n taken from a continuous population
whose p. d. f. is f(x)and ¢ .d. f. is F(x) for a<x<b. Let F (x,y) be the joint c. d. f. and
f (X,y) be the joint p. d. f. of the r™ and s™ (r<s) order statistic Y, and Y, at the point
(X,¥), x<y, is given by

d?F.(x,
er(X, y) :ﬁyy)

i P(x<Y, <x+h, y<Y, <y+k)
=D hk

k—0

im L p r—lof the X 's<x, one X in(x,x+h],s—r—1of the X 's in(x+h,y],
=lim—
>0hk |oneXin(y,y+k], n—softheX's>y+k

\ \ 2 2 2

a————X——X+h—/————~ +
r-1X's <x one X <x+h s—r-1X's <y y one X <y+k y n—s X's >y+k

Using multinomial law, we have



= nt [{P(X<X)} P(x< X <x+h){P(x+h<X <y )}Srl}

lim
2k (T D(s T -D2(0-5)! p(y < X < y 4 k) [P >y+k}n

L ! (F()) T {F (x+h)=F ()}{F (y)-F (x+h)]""
gk (r=1)!(s—r=1)in=s)!| (F (y+k)-F (y)H{L-F (y+k)}""
e e it ) ()= F (e}

- _ )!{F(X)}H{F(y)—F(X)}S_H{l—F(y)}”_s f(x)F(y):a<x<y<b

0 :otherwise

Example: Let Y, <Y, <Y, <Y, be the order statistics of a random sample of size 4 from the

probability distribution function

(UR Mo

Show that Y, and Y, —Y, are stochastically independent.

Solution: For X <

F(x) PrX<x:_[ (x)dx

= j)' f(x)dx+§ f (x)dx



1-e* 0<x<w
0 :otherwise

Hence, F(x):{

Let Z, =Y, and Z, =Y, Y,

Then, the joint p. d. f. of Y, and Y, is given by

o!
5-9)I(2-1)

Guu (Vo) =7 ez atF O (PO RO R O () ()
0<y, <Y, <o
0ft-e i e itee e o)
=120{e" }{1-e }{e > —e {e ™"} 0<y, <y, <o (1)
For specific values we may write
z=Y,and z,=Y,-Y,
ie y,=zand y,=2,+7

The jacobian of transformation is

Hence the joint p. d. f. of z, and z, is

f (z,2,)=(mod J)(put y,and y,intermsof z and z, in G, (Y,,Y,))
=120e " (1-e 7 )(e —e % ) *u') 0<z,<0,0<2, <o
=120 (1-e*)(1-e ™ e ™

Now,



f (zl):I f(z,2,)dz,

=120 e’“ 1-ge

O'—.S

Let e =t and e “dz, =dt so that
0
f(z)=120e* (1-e ™) [t(1-t)(-dt)
1

_120e42 1-e’ j

0

—+

2_t jl
30

N |

_120e’421 1— e’Zl (

=120e™2 1 e-zl

I\)II—‘

OOII—‘
~—

=20e™ (1-e*) 10<z, <o

Similarly,

f (ZZ):I f(z,2,)dz,

=120e?= (1-e® )T(l—e’zi Je " dz,
0
Lete ™™ =t = —e2dz =dt

f(z,)=120e7* (1-e* )jt3(1—t)dt
0

| NES tjl
—120e % (1—e 2 )| —— =
( )(4 5 ),

—222 de

; 0<z,<0

; 0<z, <

;0<z, <o

;0<z, <0

; 0<z, <0

3)

;0<z, <o

;0<z, <o
;0<z, <o



=6e (1—e‘Zz ) ; 0<z,<0 4
From (2), (3) and (4), we have,

f(z.2,)=1(z)f(z,)

showing Z, =Y, and Z, =Y, Y, are stochastically independent.

1.9 Joint Distribution of Order Statistics

Let X,, X,,..., X, be arandom sample of size n taken from a continuous population
whose p. d. f. is f(x) and c .d. f. is F(x) for a<x<b. Let F(y,,...,y,) be the joint c. d. f.

and f(y,,...,y,) be the joint p. d. f. of all the order statistics Y,,...,Y, at the point (y,,...,Y,)

is given by
O"F (Y- Yy
f (Yoo V)= (Vo1 ¥n)
Y, ...0y,
_gim POV SVt A Y, <Yy S Y, +AY,)
Ay -0 Ay, ... Ay,
A%—)O

" P{one X in (y,, y, +Ay,],...,one X in (y,, y, + Ay, 1}
.A.YF’O Ayl ... Ayn

\ \ \ \ \

Yo HAY, Y, Y, + Ay, ————b

Using multinomial law, we have

nt P(y, <Y, <y +Ay) P(y,<Y,<y,+Ay,)

lim
20 11, 11 Ay, Ay




ntf(y)..f(y,) ;a<y, <..<y,<b
0 :otherwise

1.10 Summary

This unit provides a thorough understanding of concepts related to Order statistics. The
concepts of Distribution of maximum, minimum and r-th order statistic, Joint distribution of r-th
and s-th order statistic are described in detail. The learner should try to solve the self-assessment

problems given in the next section.

1.11 Self-Assessment Exercises

QL. Derive the distribution of maximum and minimum order statistics for a random sample of

size n drawn from a population having pdf f(x|0) and cdf F(x|6).

Q2. What do you understand by order statistics. Explain the use of order statistics by giving

suitable examples. Also, derive the distribution of r-th order statistic.

Q3. Derive the joint distribution of r-th and s-th order statistic.
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2.1 Introduction

The exact probability density function of the r'" order statistic of a sample of size n from
a continuous population with cdf P(x) was given as
fr(X) = m P(X)"™ p(x){1-P(x)}" .
But when n is large, this form is rather cumbersome to deal with. Hence, the asymptotic form of
the density has to be derived for dealing large sample cases. While dealing with asymptotic
distribution for any n, two distinct situations arise. They are
0] As n approaches infinity, r/n remains fixed.
(i) Asn approaches infinity, r or (n — r) remains fixed.
The first situation arises when dealing with distribution of quantiles, while the second

situation will arise when dealing with distribution of extreme values. Here we intend to consider



only on the first situation. The distribution of the r"" order statistic, when n approaches infinity

with r/n remaining fixed can be obtained as follows.

2.2 Objectives

The objective of this unit is to provide a basic understanding of concepts related to
Asymptotic Distribution Theory. The concepts of the moments of order statistics, non parametric
estimation of distribution function, Glivenko-Cantelli fundamental theorem should be clear after

study of this material.

2.3 Moments of Order Statistics

Let X;,X,,.....,X,, be a random sample of size n from an absolutely continuously
population with pdf f(x) and cdf F(x), and let X;., < X,., < - < X,., be the corresponding

order statistics. From the pdf of X;,, we have, for1 <i<nandm =12, ...,

W = (XY = [7 x™ fin(x) dx

(l 1)'(n l)'f x™ {F(x)}‘ H1-F@3 lf(x)dx (D

we will denote u(l) by p;., for convenience. From the first moments, we can determine the
variance of X;.,, by
Oiim = 0-(2) = var(Xip) = “5273 - Hln l1<i<n (2)

Similarly, from the joint density function of X;., and X;., we have, for 1 <i <j < nand m;,

mj = 1,2, .
(m-,m) m;
i,j:;‘L ! E(Xlanj n)

ff_OO<xl<x]<oo i Jfl] n (xl, x])dx dx]

n! ]11

- (i—1)!(j—i_.1)!(n—j)! x JJ co<x;<xj<co Xi ’{F(xl)}l 1{F(x]) F(xl)}

(1-F())" 7 O f (%)) dxdx; 3)



1,1

Once again, we use y; j., instead of W i - The covariance of X;., and X;.,, may then be

determined by
i jm = CoV(Xim Xjn) = Wijn — MimMjn | l<i<j<n (4

The formulas in (1) and (3) will enable one to derive exact explicit expression for the
single and the product moments of order statistics, respectively, in many cases. Also, in
situations where it is not possible to derive such explicitly expressions for the moments, the
formulas in (1) and (3) can be used to compute the necessary moments by employing some
numerical methods of integration.

The expressions for the single and the product moments of order statistics in Egs (1) and

(3) can be easily modified to the case when the population distribution is discrete and written as

uf"rf) = EX{}) = Xpi,<x<1, X" fin (X), 1<i<n, m=12,.... ,(5)
and

(mlm ) i L
Hijin " =E (Xl"711 XJ m Z Z " jfu n(xl,x])
L1<XLSXJ<L2
1<i<jsn m,m;j=12,.., (6)

where [L4, L,] is the support of the discrete population distribution; in Eqgs (5) and (6), f;.,(x)
and f; j.n (x;, x;) are the pmf of X;.,, and the joint pmf of X;., and X;.,,, respectively.
Now, by defining the inverse cumulative distribution function of the population as

F~Y(u) = sup{x: F(x) < u}, oO<u<l, (7)

and define the single the product moments of order statistics as

wi) = EQXT) =

J {F l(u)}m i— 1(1 )n ldu

(- 1)' (n 0!
1<i<n m=12,..., (8)
and
(mymj) m;
i,j:n "= E(XLnX]n)



i-j-1

_ n! -1 -1 mj i1
= oo = Jocuicuyr ™ @Y™HF T @)} ui (w —w)

(1-w)" duydy 1<i<j<n  mym =12,.. 9)

Example: Let X(,, denote the r*" order statistic in a random sample of size n from a uniform

distribution in the interval (0,1). Compute p, ,,.

Solution: Here p(x) =1, 0 < x < 1and P(x) =x.

frn(x)=n (: 3 X1 —x)" "= S — X1 —x)" T

T (r—=1)!(n-7)!

1 ! 1 _ -
Hrn = E{X(r)} = fo X fr(x)dx= mfo x.x" 1(1 —x)" Tdx

_ n! rin-r)! _ r 1.2 ...
T T e e U

This shows that the n order statistics X;, X, -+, X;, divides the area under the pdf into

n+1 parts each of which is on the average ﬁ

Example: Let Xy, X(5), Xy and Xy (r <s <t <u) be four order statistics from a sample

of size n from a uniform distribution with pdf p(x) = 1,0 <x < 1. Suppose Y; :X(”, Y, = ul6]
)

X(s X))

Y; = % and Y, = X, then prove that ¥;,Y,, Y5 and Y, are independently distributed each

having a beta distribution.

Solution: Consider the joint distribution of the four order statistics X, X(s), X(r) and X,y (r <

s <t < u)of asample of size n from a uniform distribution pdf p(x) =1,0 <x <1 and cdf

P(x) = x, given by
n!

f— . _1
fr,s,t,u;n(xlfx2'x3' x4) - (T—l)!(s—r—1)!(t—s—l)!(u—t—l)!(n—u)!Pr (xl)p(xl)[P(xZ) -

P(x)]S77 7t % p(x2)[P(x3) — P(x) ]~ 1 (xa) [P (xg) —

P(x3) " p(ag)[1 = P(xy)]" ™

n!
LetC= r-D!(s-r=-D!(t-s-D!(u—t-1)!(n-w)! Then,




_ -1 -r-1 t-s—1 —t-1 -
frstum (1, X2, %3, %4) = Cox] 7 (0 — x4)577 7 (g — x2) 75 (g — x3)™ (1= x)" ™
On making the transformation y, :i—:, y, = i—z Y3 = i—j and y, = x,, the inverse transformation is

X4 = Var X3 = Y3V, X2 = Vo V3Y, and x; = y1¥,V3V,. The jacobian of the transformation is given

by
Y2Y3Va V1YV3Va Y1Y2Va YVi1YV2)Y3
- 6(x1x2x3x4) 0 Y3Y4 Y2Ya Y2Y3 — 2..3. < <
| | 0(¥1,Y2,Y3.Y4) 0 0 Ya V3 Y2¥3¥3; 0 < yi s 1, for
0 0 0 0

i =1,2,3,4. Hence the joint density of ¥;,Y,, Y; and Y, is given by
9V Y2, Y3 Ya) = frs e (X1, X2, X3, %4) J|
= C.(01Y2Y3Ya) ' (V2Y3Ya — ¥1Y2Y3Ya) T (V3Ya — Y2y3ya) Tt
X (V4 = y3ya)* N1 = y ) y2y3yi
::CLy{_l(l'_'yl)s_r_1y£_1+s_r_1+1(1'_ yz)t—s—1y§—1+s—r—1+t—s—1+2(1__ y3)u—t—1

r—1+s-r—1+t—-s—1+u—t—1+3 n—-u
X Vs (1= ya)

=Cyl (A —y)S Y3 M (A = y) Ty (1 - ) Ty (1 - )T

n!

Now, C = (r-D!(s—r-D!(t-s—D(u-t-1)!(n—-u)!

(s—1)! (t-1)! (u-1)! n!
B (r=-D!(s—r=-D! (s—-D!I(t—s-D)! t-D!(u—t-1)! (u—1)!(n—-u)!

_ 1 1 1 1
"~ B(r.s-1) B(s,t-s) B(tu—t) Bun—u+1)’

GO Y2 YY) = gy T = y) T T ey (L )

1 t—174 _ u—t—1 1 1714 _ n-u.
x B(t,u—t) y3 (1 y3) ﬁ(un u+1)y4 (1 4—) 1

0 <y <1fori=1234.

This proves that the variables Y;,Y,,Y; and Y, are independently distributed as beta

distribution.



Using this result, the moment E[X & X(, X, X ()| can be obtained as follows.
1 X4 X3 X
E[X?r)X&)X(Ct)X&)] = fo fo * fo ’ fo 2 xfad xsxg frs,eu (X1, X2, X3, X4 ) dx1d X, dX3d X,
On making the transformation y; :% Y2 = i—z Y3 = fc—g and y, = x4, the inverse transformation is
2 3 4

X4 = Var X3 = Y3V, X2 = V2V3Y, and x; = y1¥,V3V,. The jacobian of the transformation is given

by
Y2Y3Va V1YV3Va Y1Y2Va YVi1YV2JY3

_ |9Gaxzxsxn) | 0 YsVa  YVaVa o Y2V3 |- 2.3 < 4 <
b= 0(Y1,Y2,¥3,Y4) 0 0 Va4 V3 Y2¥5v:, 0 < y; <1, for
0 0 0 0
i =1,2,3,4. Thus,

a b c d
E[XGyX (o X XEo]

1,01 01 1
=y Jo Jo Jy 0129390 (72y3¥4)° (V3¥a) ) 91, Y2, V3, ¥a)dy1dy,dysdy,

- fl . atr=1(1 _y )s-T-1 dylfo 1 $T1(1 = y,)atb¥t=s—1g,y, x

OB(T,S r) B(s,t— s)

1_ 1 a+b+c+t—1 u-t-1 1 at+b+ctdtu—1 n-u
fo B(tu— t)y (1= ys3) dys fO B(un- u+1)y (1= ya) dy,

_ B(a+r,s—r) f(a+b+s,t—-s) f(a+b+c+tu—-t) f(a+b+c+d+un—u+1)

B(r,s—1) B(s,t—s) B(tu—t) Lun-u+1)

This result can be generalized for k variables. Suppose X1y < X2) < =+ < X bEK
order statistics of a sample of size n from a standard uniform distribution, then
E[XAXZ -+ X7] = B[ X&)

_ Blal+r1,r2-r1) B(al+a2+r2,r3—-r2) p(al+a2+---+akn—-rk+1)

B(rir2—r1) B (r2,r3-72) L(rkn—-rk+1)
nl g (ri-1+ Z§-=1aj)!
(n+2 < ai) =l (ri-1+ 312 aj)!'

This is valid only for uniform distribution. In particular for 1 <r <s < n, and taking p, = ﬁ

_ _ ___n -r+1
and ¢, =1—p,=1 —

n+1

, we have




=p. =—and
I'Lr,n_pr_n_,’_l

Orsin = COV(X(r)JX(s)) = E[(X(r) - .ur,n)(X(s) - .us,n)]

n! 2 (ri-1+i)! r s

= E[Xe)Xeo)] = Hrmbtsn = (n+l2)! =1(ri—1+i-1)!  n+1 n+1

_ nl rl (s+1)! r s _ 1 r (s+1) r s

T (n+2)! (r=1)! sl n+l n+l  (n+2)(n+1)1 1 n+l n+1

_r [(s+1) sl1_ r (n+1-s) _ r ( s ) _ DrDs
T n+1l(n+2)  n+ill  ntl (mD)m+2) (D) (n+2) n+1) n+2'

When r ='s, we get the variance of X, as

_2_P$_ r?

Op oy = =Lt =
rrin T n+2 (n+1)2(n+2)

Note that the computation of the moments of order statistics could be simplified if it is known

that the pdf p(x) is symmetric about origin, as in this case, p(-X) = p(x) and P(-x) = 1 — P(x);
frn(=2) = 5 PP (=0p(-0)[1 = P(=0)]™

(rm-r+1)

-t
- B(rm-r+1)

[1-PCOI"'p(x) [1 -1+ P

S
- B(n-r+1,r)

PP P = PO = fupran ().
Hence, prn = E(X(ry) = [, % ()dx = [ (=) fror 11 (X)X = —pin_y 1.
Similarly, 6, 5., = COV(X(ry, X(5)) = E[(Xery — trn) (X (s) = Bsn)]
= E[XoXol = tentsn = LI 0 G facreanssa (6 y)dxdy —
Un—r+1nln-s+1,n

:f_moo f_yoo ve yfn—r+1,n—s+1(xf y)dXdy — Un—r+1,nMn-s+1,n

= Op—r+1n-s+1n

Using this result, the mean and variance of the range R = X(,,) — X(;) of a sample of size n from a

symmetric distribution is given by

E(R) = E[X(n)] - E[X(l)] =HUnn — H1n = Hnn — (_.un,n) = 2.un,n and

V(R) =V[Xmy — X)) = V[Xmy] = 2Cov[ Xy, X1y] + V[X(w)]



= O-rg,n -2 O1,n;n + alz,n = U%,n -2 O1,n;n + Uﬁ,n = 2(0-1%,n - Ul,n;n)-
Theorem: If F(x) is the cdf of a random variable and if E(X) exists, then the following limits

hold: (i) xl_i)r_noo xF(x) =0 and (ii) il_r)glo x[1— F(x)] =0.

Proof: If E(X) exists, then the integral ffmlxldF(x) < oo, Hence, if we consider the integral

[ ydF(y) < [* xdF(y),sincey <x;
=x [*_dF(y) = x[F(»)]|%e = xF (x) as F(—o0) =0,
Or f_xoo ydF(y) < xF(x). Now,
0= xl_i)r_noo f_xoo ydF(y) < xl_i)r_nooxF(x) < 0. Hence,
0< xlirpme(x) <0= xlﬁir_noo xF (x) = 0. This proves (i).
Now, to prove (ii) consider the integral
fxoo ydF(y) = fxoo xdF(y),sincey > x;
=x [ dF (y) = x[F()]I¥ = x[F(e0) — F(x)]
=x[1 — F(x)] as F(o) = 1.
Oor  [ZydF(y) = x[1—F(x)].Now,
0= lim [ ydF(y) = lim x[1 = F(x)] = 0. Hence,
0 = Jli_)rg)x[l —-F(x)] 20> ;i_g)lox[l — F(x)] =0.
Theorem: If E(X) exists, then it can be expressed as

[ xdF(x) =EQX) = [ 1= FO)ldy — [ F(y)dy.



Proof: 4

1-F(x)

/

A
M.Fm

-0 0

v

Consider the integral fox ydF (y) and integrating it by parts, we get

[ ydF() =y. FOIE = [, FO)dy =xF(x) — [, F(y)dy

=—x[1-F)]+ x— [, F)dy =—x[1-F)]+ [, dy— [5 F»)dy.
Or [¥ydF(y) = —x[1-F()] + [ [1—F()]dy. (1)
Also by considering the integral [°, ydF(y) =y. F()|% — [* F()dy

=xF(-x) — [, F()dy.

Hence,
[ ydF) + [ ydF(y) = —x[1 = FO)] + xF(=x) + [[[1—F(ldy — [ F(»)dy.

Or [* ydF(y) = —x[1 = FQ)] + xF(—x) + [J[1—F)ldy — [° F(y)dy.

Now lettingx — oo, we have
[2,ydF (¥) = = lim x[1 = F()] = lim [-xF (=] + [;"[1 = FO)ldy = [0, F()dy.
OrE(X) = f0°°[1 — F(y)]dy — f_OOOF(y)dy, since ;Lr?o x[1—F(x)]=0and

lim [—xF(—x)] = lim [xF(x)] =0, by Theorem1.
X—00 X—>—00



Hence the theorem is proved.

Now consider the expected value of X,y from a sample of size n given by

trn = [V = Fn(O)dx = [0 Fp()dx = [°[1 = ,(0)]dx — [ Fp(—x)dx

= ["[1 = Fn(x) = B p(—20)]dx.

When p(x) is symmetrical about x = 0, then f;. ,(—x) = f,_,+1,(x) and hence,

Fn(=x) =1— F,_,41,(x) . Therefore,
Hrn = Jo 1= B0 = 14 Fopa1n(0 142 = [ [Faopian (@) = Fn(0)]do.
Further, whenr =1, y; , = fOOO[Fn,n(x) — F; ,(x)]dx and when r = n,
Hn = Jy [Fin(0) = By (20)]do.
ER) = ptnn = Han = [y [Fin(0) = Fun(ldx = [ [Fn(0) = Fin(x)]dx

= [ [Fin(6) = Fyn(0) = By () + Fr (0)]dx = 2 [Fyn (%) — Fy(20)]d.

2.4 Some Basic Relations

The following checks can be applied while computing the moments of order statistics, by

noting that
[, X" = (X0 + Xy + -+ XS] = X+ xE e XEm =3, X (1)
r=14(r) (1) 2 (n) 1 2 n =149 .

Now for different pairs of values of k and m, i.e. (k, m) = (1,1), (2,1) and (1,2) this
expression reduces to:
Q) For the pair(1,1),

=1 Xy = Xi=1 X;. Hence,
E[S7-1 X = E[ZE X4,
Or XPo1 E(Xny) = Ziss E(XY).

Or Yr—1 Urm = Yici M =np, (2)



where E(X) = u.
(i)  For the pair (2,1),
[X7_1 XEy] = [Z7, X7]. Hence,
E[X7-1 XGy] = E[X X7] = X1, E(XP)= nE(X?). ©)
Or E[X1_1 Xy =n(o? + u?). (4)
(iii)  For the pair (1,2)
(B K] = [ X2
Or [71 X |21 X)) = B X2

Or 271}=1X(2r) + 23 o1 X1 X X(s) =Y X7+ 2 Z?=127=1Xixj-

i<j
On taking expectation and using (4), we get

E[Xroi Xo ]+ 230 Y E[X X ()] = Ziey E[XP] + X1, Y71 E[XiX;).

i+j

Orn(o® +pu*) + 237, Z?=T+1E[X(r)x(s)] =n(o® +p?) + X, Xi-1 EIX]E[X].

i#]
Or P Xt E[XX (o] = %n(n - Dy (%)
Also, since

Z?=1[X(r) - .“r,n] = Z¢=1X(r) — Yreilyn = Xie1 X; — nu.

Or Xroa[Xoy — trn] = 2iea(Xi — ). (6)

Squaring both sides of (6), we get
Z?:l Z?:l(X(r) - ﬂr,n) (X(s) - .us,n) = Z?:l(Xi - .u)z + Z?:l Z?:l(Xi - .u)(Xj - .u)-

i#j
On taking expectation on both sides of the above equation, we get

?:1 Z?:l E{(X(r) - .ur,n)(X(s) - .us,n)}



=X E{X — %} + Xy Xt EXG — E(X; — ).

i+j
Or Y Y 0 n = 2i=1 02 =na?. [Since, E(X; —p) =E(X; —p) =0] (7)

Relations (1) to (7) hold for both continuous as well as discrete variates.

2.5 Recurrence Relations

Recurrence relations between the moments of order statistics are studied for reducing the
number of calculations required for the evaluation of the moments. Such relations may also be
used as checks on direct calculations. To prove the recurrence relations we need the following

lemma.

Lemma: Suppose I,(m,n) = f t™1(1 — t)" 1dt denotes the incomplete beta function

up to the value x with parameters m and n then

al,(a +1,b) + bl,(a,b+1)=(a+b)l,(a,b).

Proof: We have,

Jy (1 - 0P dt + —— [T ¢971(1 - p)Pdt.

aly(a +1,b) + bl,(a,b+1) =

ﬁ( a+1,b) B(a b+1)

a _ al(a+b+1) _ a(a+b)T(a+b) _ a+
"B(a+1,b) T(a+1L(b)  al(a)T()  Pla b)

Now . Similarly,

b _ bl(a+b+1) _ b(a+b)T'(a+b) _ a+b
B(ab+1) T(a)F(b+1)  bT(@T®)  B(ab)

Hence, the L.H.S. of the above expression is given by

at+b (¥ _ at+b (¥ _
B@h) ), t(1 —t)b~tde + ﬁ(a,b)JO t¢ (1 —t)Pdt
a+b (Y _ at+b (Y _ _
= B ), te (1 —1t)?P 1'tdt+ﬁ(a,b)f0 t 11 -t)P" L. (1-t)dt

= Jam o £ A= 0P 1 = 0de = T [T - 0 e = (@t by (e, b)

Hence the lemma is proved.



Relation 1. For an arbitrary distribution with finite kt* moment

k k — k
(n -r ),ur;n + THry1;n = Mlrn-1,

wherer=1,2,---,n—1landk=1,2,--.

Proof: By definition,
I9) [ d
Wi = E[XGy] = J_ X fr(0)dx = [~ x* [alp(x) (rrm—r+ 1)] dx,

We shall now make use of the above lemma witha=r,b=n-randy = P(x). Then, we have
rlpy(r+L,n—1)+ (n—1)lpey(r,n—71+ 1) =nlpuy(r,n—71). 1)
Differentiating both sides

r%[P(x)(r +1Ln—r)+ (n— r)%lp(x)(r,n —-r+1)= n%lp(x)(r,n —7).

1
r B(r+1n-r)

_—r
B(rn-r+1)

Or X1 =x)""1+ (n—71) x"H 1 = )T

1

— r—1 _ n—-r—1
Ly r—— 1-x) :

Or rfriin(®) + (0 = 1) frn(x) = nfrn1(x)

On multiplying both sides by x* and integrating out, we get

T frrin@dx + (n =) [T " fraGdx = n [T x* fr s (0 dx.
Or i1 + (M= 1)U = Nt

This proves recurrence relation 1.

Corollary 1: For neven

1 k k — k
2 (‘u%+1;n + ‘u%;n) - y’g;n—l'

Proof: Ontakingr = % in recurrence relationl, we get



n k n_ k — k
(Tl - E ) Urin + 5.“r+1;n - n:ur;n—l-

ni k k — k 1( k k — .,k
Or 2 (‘u§+1;n t ‘ug;n) - nug;n—l = 2 (u§+1;n T ‘ug;n) a ‘ug;n—l'

Hence the corollary is proved.
In view of the above corollary, on taking k = 1, we get the result that the expected value

of the median in samples of size n (where n even) and n — 1 are equal. This is because, when n is

even, the median is given byl Xmy+ Xm . Then the expected value is given by
2\"(G) " ")

n
2

% [E (X(E)) +E (X(§+1))] = % ('ug;n + 'u%+1;n)' (2)

2

Also the median in a sample of size n -1, when n is even is given by X»_ . and its expected
>

value is given by
E(Xu,))=hn, s ©)

Thus from above corollary, (2) and (3) are equal. Thus the expected value of the median of a

sample of size n is same as the expected value of the median of a sample of size n — 1.

Corollary 2: If the parent population is symmetric about origin and n is even, then
k- .
un_ if k is even
T = { 7"

0ifk is odd.

Proof: When the parent distribution is symmetric about origin, then f;. ,(—=x) = f,_4+1,(x) and
= B (X)) = ST 0 O = [, (D5, (-0(-)

= [ (D, () dx = (<D [T 3 o, (0dx = (~DFE (XE) = (~DFu,

u'ﬁ,n if k is even
or ws =47 4
o T ) —pk if ks odd. @
>

Thus from Corollary1,

k _1 k k
‘un;n—l T (‘u'%+1;n + Hg;n)'

2

Now from (4), we have u# = pun_ for k even and hence,
m ~ ML

2



ko _1( k kK \_,k
i =3 (ﬂg;n + “2:11) =un, .

Forkodd, u¥ . =—uk gives,
H;+1;n ”E;Tl g

u’_‘nl (u +un )—O.
2’

This proves Corollary2.

Relation 2. For an arbitrary distribution

n i—1ym _1\i-r,k
Urn i= T(T—l)(i)( 1) Hi;i (1)
Thus the moments of X,.,, are expressible in terms of simpler moments of the largest in samples

ofsizer,r+1,---,n

Proof: By definition

0o 0o d
ldf,n = E(Xé{r)) = f_ooxkfr,n(x)dx = f_oo xk [a IP(x) (T,Tl —-r+ 1)] dxa (2)

_r
B(rm—-r+1)

where Ipg (r,n — 7 + 1) = -1 - e, 3)

Now consider the integrand in (3), which is given by

r—1 _ f\n-r — nit™t n n—r J+i
(1 -1 _(r—1)!(n—r)!Z 0( Ji >( Dt

_r
B(rn-r+1)

—\n-r n! (=)' aNjer—1+j
T 4j=0 (r—l)!(n—r)!j!(n—r—j)!( Dt '

Now leti = j + r. Then j = i — r, which gives

;T—l n-r — yn n! e oAt
ﬁ(r,n—r+1)t 1-1 =1 1)1 (i— r)'(n l)|( D"t
—\n n! i—rpi-1 — n! (i-1)! i1
=T i1 (n—i)! (i-7)! (r 1)'( DT ‘ =T il(n=-D! (-i(r- 1)'( Dt
—yn (MY (E— 1) (Lpyi-rjpr-1ior
= i:r(l’)(r_l)( 1) it . (4)

Substituting (4) in (3), we get

Ipoy(rm—r+1)= fp(x)( i (n) (; B 1) (—1)i‘riti‘1) dt.

l



Then,

Ll —r+ 1) =3, (1) (L2 1) CDTiPeop ). (5)

Substituting (5) in (2), we get

phn= 100 2, (1) (L2 7) CDITP@T () d

(= e oo

=3

=31, (1) (L2 1) G0 L7 x fiuy

L/ \r

=y (n) (l - D (-1 TE(XE), where X;; denotes the i*" order statistic from a sample

T ai=r\ r—

of size i. Hence,

pk, =YL, (7) (; B 11) (—1)"Tuf;, which proves relation2.

Relation 2. For an arbitrary distribution,

= Snras (L1 (F) (GO &)

i.e. the moments of X,.) are expressible in terms of the moments of the smallest in samples of
sizesn—r+1,n—-r+2,--,n.

Proof: By definition
oo 0o d
lulrf,n = E(X(Igﬂ)) = f_ooxkfr,n(x)dx = f_oo xk [a IP(x) (T,Tl —-r+ 1)] dxa (2)

where Ipgy (r,n — 7 + 1) = m 911 - e, 3)

Now consider the integrand in (3), which is given by

1
B(rn-r+1)

— —r _ n! _ —
t’ 1(1_t)n r_m{l_(l_t)}r 1(1_t)n r

. Xizo (r B 1) DA -ty a-pnr

=(r—1)!(n—r)! ]



—\n-r n! r=D! - aNj(1 _ p\n-T+)
—4j=0 (r—l)!(n—r)!j!(r—l—j)!( D/1-9 '

Nowleti =j+n—r+1.Thenj=i—n+r — 1, which gives

1
B(rn—-r+1)

r-1(4 _ $\n-r — n n! 1 _\i—n+r—-171 _
t (1 t) h l=n—r+1(n—r)!(i—n+r—1)!(r—1—i+n—r+1)!( 1) (1

t)n—r+1—n+r—1

—\n n! i-rei-1 — n! (-1t i-n+r-1; i—-1
=T j1(n—0)! (i~ r)'(r 1)'( D i=n- T+1j1(n-i)! (n-r)1(i—i— n+r)'( D) i(1-1)

—\'n n [ i-n+r—1; i— 1

= Li=n-r+1 (l) (n ) (-1 i(1-1) 4)

Substituting (4) in (3), we get

Ipy(r,n—r+1)= fp(x)( n r(n)(l )( DML - 6) 1)

l/\n—
Then,
%Ip(x)(r,n r+1) =X, 1 (?) (rll__i) (—D)™T1(1 — P(0)Y1p(x). 5)

Substituting (5) in (2), we get

o d
'ul;',n = f_ooxk [alp(x)(r,n —-r+ 1)] dx

= o T () (LT 0) (GO = PGOY T p(x) dx

n-—

P (1) (LT 0) (GO [ i1 = PCOY p(x)dx

r

o (1) (T D) (DM 7k (d

r

r

=S () (5

This proves relation 2.

e (7) (2 3) GO E
)

(-l

Relation 3. For an arbitrary distributionand 1 <r <s <n,



(r— 1).“7",5;11 + (s — r)Ur—l,s;n + (n—s+ 1)#7‘—1,5—1;71 =NUy_1s-1;n-1-
Proof: By definition

Hy—1s-1;n-1 = E(Xr—l;n—lxs—l;n—l) = fjooo fjooo XY fr-1,s-1,n-1(x, y)dxdy 1)

= e e [ VPG PP = P p ()L = P(o)]"dxdy.

T (r=2)(s—r—1)!(n-s)!

Or npty_q5-1;n-1

_ n!
- (r=2)!(s—r—

S e Lo XVP 2P (OIPM) = PCOITp()[1 = P(OI™*dxdy. (2)
Writing 1 as

1 =P(x)+ P(y)— P(x)+ 1—P(y), we have

n!

My 1simo1 = s o Lo 2y [P + (P() = PCOML — PO} %

(r-2)!(s-r-

P()" 2 p()[P(y) = PO Ip(I[1 — P()]"*dxdy.

n!

= Ditnes)! [/ 17 xyP() 'p()[P(y) — P p()[1 — P(x)]" *dxdy +

(r=-2)!(s—r-

[ oy P 2 p(OIP() = POOI TP — PO *dxdy +

S o xyP 2 p(DIP() = PO p()I[L — P(0)]™ " dxdy].

Multiplying and dividing by (r — 1) in the first term, (s — r) in the second term and (n — s + 1)
in the third term of the above expression, we have

n.ur—l,s—l;n—l

_ n!l(r-1)
- (r=1)!(s—r-1)!(n-s)!

IZ 15 xyP)™  p()[P() — P15 p()[1 — P(x)]"Sdxdy

e [, [, xyP(O P ()P() = PEOT (I = P(0)]"dxdy

(r-2)!(s—r)!(n-s)!

n!(n—s+1)
(r=2)!(s—r—-1)!(n-s+1)!

I5 5 xyP)™ 2p()[P(y) — P p(»)[1 — P(x)]"~**1dxdy

= =1 [ [ xyfranGoy)dxdy + (s —1) [© [ xyfr_1sm(x, y)dxdy



t—s+1 [0 [ xyfr1s-1n(xy)dxdy
= (T‘ - 1)#r,s;n + (S - r).ur—l,s;n + (Tl —s+ 1)Hr—1,s—1;n'

This proves relation 3.

Remark: In the above relation if we taker =1 and s =r + 1, we get
(A =Dbgrrgn+ C+1 =1l 1pp1n+ =7 =1+ Dy p41-1;n = M—1r+1-15n-1
Or Hri1n T (Tl - r).“r;n = Nlrn—1-

Lemma 1: The " order statistic X,y from an exponential population with pdf
p(x)=e™*, x =0;

Can be expressed as

Xy = Zir:ln_viirl, where V;,V,, -+, V,, are mutually independent random variables which are

distributed as standard exponential variates with pdf

p(v;))=e %, v; =0.

Proof: Since X follows an exponential distribution, the cdf is given by

P(x) = f(fe‘ydy =1-—e™™,
Now consider the joint distribution of two order statistics Xy and X(5), 1 <7 <s <mn, which

is given by

n!

fr.s(x,y) = ' PT=(0)p()[P(y) — PO IpI[1 =PI,

_(r— D!(s—r—1)I(n—s)!

I<x<y< oo,
Let Xoy=0andr =i—1,s =i;i =1,2,---,n. Then,

n!

fic1,i(x,y) = mpi—z(x)p(x) [P(y) — PO p()[1 — P(y)]™
- (t—+('n—t)' [1- e ] 2e e ?[1—-14 e ?]""
(i-2)!(n—0)! [1—e™]"%e e .

Now making a transformation Z; = X;) — X;_1y and X(;_1y = Xy foralli = 1,2 ---,n, i.e. 2 =

y —x and x = x, the inverse transformation is given by x = x and y = z +x. The Jacobean of



transformation is |J| =1 and the range of Z; is given by Z; > 0ie.0 <z<oand 0 < x < oo.
Thus the joint density of Z; and X;_1) is given by

:n—! _ ,—x1i-2,-x,—(n—-i+1)(z+x)
9(z,x) (i—z)!(n—i)![1 e e e

— n! _ =x1i-2,-(n—-i+2)x ,—(n—i+1)z
(i—2)!(n—i)![1 e "% € '

On integrating out x, we get the density of Z; as

h(Z) — e—(n—i+1)z f°°[1 _ e—x]i—ze—(n—i+2)xdx.
0

(i- 2)'(n !
Now using the probability integral transformation, which will transform each of the order
statistics X(1), X2y ***, X(ny 0 U1y, Uy -, Uy, Which are the new order statistics from the

uniform population in the interval (0,1), we have
u=P(x) =1 —e™*, which gives x = —log(1 — u); Z—z =p(x) = e™*=1 - u. Hence,

— n! —-(n-i+1)z (1,,i-2 (n—i+2) _du_
h(@) G—2im-1 ¢ Jyum - (1-w

n!

(l e l)'e—(n l+1)Zf ul 2(1 u)(n—i+1)du

me‘(” l+1)zﬁ(l - 1 n—i+ 2)

=(n—i+1)e -i#bz 750,
ThusifV;=,(n—i+ 1)Z;thenV; >0 forall i = 1,2,---,n; and the distribution of V; will be

f) =e™, v; >0.

. V- _ _ _
Also, for i =1, we have — — =71 = X1y — X0y = X1)-

1+1
. V- .
Fori=2——=27,=Xgz— Xu; fori= 3,71_—;“:23 =X@) — Xy s fori=n-1,
o =X - X randfori=n,—2—=7, =X,y — X Hence
n-n+i+1 < n-17 4(m-1) (n—-2)> T Aén T A (n-1)- )
V1
o =



V2 Vi
+ ,
n—-2+1 n—-1+1

X(Z) :Zz + X(l) =

Vi
=1p_j+1"

Xy =Zr+ Zrat o+ 2y =X
Hence the lemma is proved.

Example: For a random sample of size n from an exponential distribution with pdf
p(x) = e~ forx >0
=0 forx<0.
Show that pt.,, = ’iLn_rﬂ% and for r <n,
Orrin = Ofm = ?n—r+1ii2'
Solution: We have u,, = E (X(r)) and since the variable X is distributed as a standard

exponential, by above lemma, we can express X, as

Xy = Xi= % where V;,V,, -+, V;,, are mutually independent random variables which are

distributed as standard exponential variates with pdf
p(v;))=e7v, v; =0.

Here, E(V)) = J, ve¥dv =1and V(V;) = E(V?) — 1 = 1. Hence,

— E(WV;)
E[Zl 1, l+1] Zl Th—i+1
PP SN U SR EIRSRIE B SO
T A=l i1 n T n-1 T n-2 + T n-r+1 i=n-r+1;
Orrin = Urn_ ( (r)) 21 1n l+1 Zl 1(n i+1)2
—yr 1 _1 L 1 1 __—ymn 1
T A=l (noj1)2 T 2 + (n-1)2 + (n-2)2 ot (n-r+1)2  Si=n-rT+l;2:

2.6 Non-Parametric Estimation of Distribution Function




The statistical problem is estimation of the entire distribution function F, or its values
F(x) at a specific argument x, or on the other hand, quantiles, i.e., the argument x where F(x)

takes specific values.

2.6.1  The Empirical Distribution Function

By repeating the experiment n times independently under the same conditions, one
obtains the realization x4, x5, ..., x, of a random sample X;,X,, ..., X,,, from the distribution
function under investigation, say F(x). Its values at the real x may be estimated in the following
way.

Define the empirical distribution function (e.d.f)

E,(x) = %Z 11X, < x].
i=1

Essentially it estimates F(x) = P[X < x] by the relative frequency of the event [X; <
x,i =1,2,..,n] in the random sample. If the order statistics of the random sample are X ;) <
X@2) < - < X and its sample realization is x(;y < X2y < - < X(ny, then an equivalent

representation of e.d.f. is given by

0, if x < X(l):
i

Fn(x) = — if Xy X <Xge, i=1,n -1
1 if X(n) <X

It is a jump function, with each jump equal to 1/n and located at the n order statistics
(Xay X2y - X@y) . Thus Fp(x) will always yield a discrete (right continuous) distribution
function giving probability 1/n to each of the order statistics. In case of ties, the appropriate
adjustment to the jump size at the tied observations will be made, more specifically if k
observations are tied, the jump size is taken to be k/n. The distribution function F(x), which is
being estimated, may or may not be discrete. However, we shall see later that in all cases F,(x)
tends to be closer and closer to F(x) at all x, with probability 1 as n, the sample size, becomes

larger and larger. Hence it is a very attractive estimator of F(x).

(1)

2.6.1.1 Properties of the Empirical Distribution Function




The empirical distribution function F,(x) is an unbiased and a weakly consistent
estimator of the unknown distribution function F(x).

For a fixed x

n

E[F,(x)] = %Z E[I[X; < x]]
= P[l;1£ X]
= F(x). (2)

Hence F,,(x) is unbiased for F(x). It is also weakly consistent, since

1 n
Var(Fn(x)) = Var (H; [[X; < X])
= FnVarI[X < x]

_ F(x)(l — F(X))
n
— 0asn — oo, (3)

The Borel strong law of large numbers also applies, giving F,(x) = F(x) asn — oo with
probability 1 at fixed x.
The following theorem shows that the empirical distribution function F,,(x) is a uniformly

strongly consistent estimator of the unknown distribution function F(x).

2.7  Glivenko-Cantelli Fundamental Theorem

Statement: Let X4, X5, ..., X,, be i.i.d. random variables from distribution F(x). Let F,,(x) be the
corresponding empirical distribution function. Then

P| sup |Fn(x)—F(x)|—>0asn—>00]=1.

—00<X< 0o

Proof: Letj = 1,2, ...,kand k = 1,2, ... Let x be oo. Define x;y to be the largest value of x such

that
F(x—10) < :—( < F(x).

Thus, for every k, the points X, Xay, ..., Xk—1x Provides a partition of the real line given
by (—o0, X411 ], (X110 X2k ], - » (Xk—1k ). The convergence with probability 1 of F,(x) to F(x) at

each end point of the above interval follows from the Borel strong law of large numbers. This is



so because F(x) is the probability of the event [X < x] and F,(x) is the relative frequency of this
event in independent trials. Then by elementary rules of intersections and unions of events (of
probability 1) we get the uniform convergence of F,,(x) to F(x) at all the endpoints of the above
intervals with probability 1. Using the nondecreasing nature of the functions F,(x) and F(x) and
the definition of x;y it is assured that the absolute difference [F,,(x) — F(x)| for x within any of
the above intervals is not more than the absolute difference at one of the endpoints of one of the
intervals plus 1/k. Since k can be arbitrarily large, we can chose it so as to make 1/k as small as
we please ensuring the uniform convergence over (—oo, o) of F,,(x) to F(x) with probability 1.

This theorem shows that F,(x), —o0 < x < oo is a good estimator of the true distribution
function F(x), especially if the number of observations is not too small. The functionals
(parameters) of the true distribution function may then be estimated by the corresponding
functionals of F,,(x). For example, the mean of F may be estimated by the mean of F,,(x) which
turns out to be X, the sample mean. This is a point estimator.

We have seen that nF,(x) = Yj-; [[X; < x]. This can be interpreted as the number of
successes in n independent trials with probability of success equal to F(x) at each trial. Hence,
for a fixed x, nF,(x) has a Binomial (n, F(x)) distribution.

Therefore, from De-Moivre Laplace Theorem it follows that
nF,(x) — nF(x)

JPFa0O(1 = Fa9)

- N(0,1) asn - o,

(4)

2.8 Summary

This unit provides a thorough understanding of concepts related to Asymptotic
Distribution Theory. The concepts of moments of order statistics, non-parametric estimation of
distribution function and Glivenko-Cantelli fundamental theorem are described in detail. The

learner should try to solve the self-assessment problems given in the next section.

2.9 Self-Assessment Exercises

QL. Describe the moments of order statistics and their utility.

Q2. Explain estimation of distribution function under non-parametric theory.



Q3. State and prove Glivenko-Cantelli fundamental theorem.
Q4. Show that the mean and variance of the empirical distribution function E,, are

FIRGI=FG),  varlF, () = 2L EO]

Hence show that F, (x) is a consistent estimator of F(x).



UNIT:3 DISTRIBUTION FREE INTERVALS

Structure
3.1 Intoduction
3.2  Objectives
3.3  Distribution of Range Function of Order Statistics
3.4 Distribution Free Confidence Intervals for Quantiles
3.5  Distribution Free Tolerance Interval
3.6  Coverage
3.7 Summary

3.8 Self-Assessmemt Exercises

3.1 Introduction

A statistical procedure or a method is called distribution free if the statistic used has a
distribution which does not depend on the distribution function (or the density or mass function)
of the population from which the sample is drawn.

For example, suppose we draw a sample of size n from a continuous population with
median M and call the total number of observations in the sample greater than the median value
M as r, then the distribution of r will be a binomial with parameter n and 1/2, whatever be the

parent distribution be. Hence r is a distribution free statistic.

3.2 Objectives

The objective of this unit is to provide a basic understanding of concepts related to
Distribution Free Intervals. The concepts of the distribution of range function of order statistics,
distribution free confidence intervals for quintiles, distribution free tolerance interval should be

clear after study of this material.

3.3 Distribution of Range Function of Order Statistics




Let Y, (i =L2,...,n) be an ith order statistic of the random sample X,, X,,..., X, drawn

from a continuous population whose c. d. f. F(x) and p. d. f. is f(x) for a<x<b. We define
the sample range as
R=Y, -Y,.

In order to find the p. d. f. of R we first need to find the joint p. d. f. of Y, and Y, is given
by

;a<y <y, <b

”—!)!{Fwn)—F(yl)}“ F(,)F (%)

g(yl’y"):(n—Z

;a<y, <y, <b

=n(n=D){F(y,)~F (%)} f (%) f (%)
Let us now consider the transformation
R=Y -V,

uU=Y,

For specific values, we write

r=yY.—¥%

u=y,
Then,

y,=u-rand y, =u
Thus, the transformation y,=u—-r and y,=uU maps {(yl, Y, );a<y, <y, <b} onto
{(r.u);a<r<u<b} sothat the joint p. d. f. of R and U is given by

feu (r,U)= (mod J){putting y, and y, intermsof u and r in g(y,,y,)}

where J stands for the jacobian of transformation given by

M M
JZQL&L&): o au :rl 121
o(r,u) |9y, 9, |0 1
or ou

so the joint p. d. f. of R and U takes form

foo (rU)=n(n=1){F (u)=F (u-r)}"" f (u—-r)f (u)

ra<r<u<b



In order to obtain the p. d. f. of R we integrate out U from the joint p. d. f. of R and U and

f(u-r)f(u)du ;a<r<b
0 ; otherwise

Example: If f(x)=2e™ ;0<x<o

and F(x)=1-e* ‘0< X<o0

Find the distribution of sample range.

Solution: We know distribution of sample range

0

f(r)= n(n—l)_[[F(u)—F(u—r)]nfzf (u—r)f(u)du

r

=n(n —1)T[1— e e A ]nfz/ie‘ﬂ“”%e“”du

=n(n —1)/12? g n2) (—1+ e )n_z e e duy

=n(n-1)A> (—1+ Sl )nf2 e“Te““”du

r

2 wy? ] €]
=n(n-1)2°(-1+e"") e {ﬂ}

n-2

=(n-1)A(-1+e*) “e*e ™
(n-1)

=(n-1)A(-1+e") erem QED.

Also



(n-1) /1]2 (—1+ e )H e erdr

0

(n-1)[ e (t-1)"" Gj dt e’ =t, e dr =dt
1

:(n—l)I(t)H (1-%]H ot

Let (1—%) =9 so that (tizj dt =dv

| =(n—1)_:[(8)”2dv

Hence,

2

f(r)=( —1)/1(e‘”—1)n7 g e 0<r<o

3.4 Distribution Free Confidence Intervals for Quantiles

(Quantiles of a Distribution)

Let X be a continuous random variable with p. d. f. f(x) and c. d. f. F(X). Let p be a

positive proper fraction and the equation F(X)= P as a unique solution for x, this unique root is

denoted by the symbol $, and is called the quantiles of order p.
Thus,

PriX <& |=F(&)=p 0<p<1



If F(X) is not strictly increasing, F(X)=P may hold in some interval, in this case any

point in the interval would serve as a quantile of order p.

Example: The quantile of order 1/2 is the median of the distribution and

Pr[X 350_5]: F(§0|5):1/2

Example: Let X (i=12,...,n) be i. i. d. random variable with p. d. f. f(x) of the continuous

type. If m is the median of the distribution, find the probability that
)} All exceed’s m

i) The maximum never exceeds m

Solution: Since m is the median of the continuous distribution. Therefore
F(m):Pr(X Sm)=1/2 and Pr(X Zm):Pr(X Sm):1/2
Now,

i)Pr (all exceed’s m)= PI’(X( > m)

1
~[n{t=F ()™  (x)dx

Let 1-F(x)=t =—f(x)dx=dt

so that

—nt"*dt

—. o

Pr (all exceed’s m) =
1/2

1/2

= [ nt"tdt = [t"]z'z
0

(i1) Pr (none of the X’s exceeds median)= Pr( the maximum never exceeds m)

:Pr[X(n) Sm}



n[F (x)]n_l f (x)dx

Il
O ey 3

Let F(x)=t =f(x)dx=dt

so that

1/2

Pr (none of the X’s exceeds m)= I nt"dt = [tn]ZZ
0

1 n
) oo

3.4.1 Confidence Interval for Distribution Quantiles

Let X1 X5, X, be a random sample of size n taken from a continuous distribution with
distribution  function F(X). Let Y <Y, <..<Y, be the order statistics of the sample. Let

Y, <Y, we consider the event Y; <&, <Y,. For the ith order statistic Yi to be less than &, it must
be true that at least i of the x values are less than <, . Moreover, for the jth order statistic to be
greater than &, fewer than j of the x values are less than &,. That is, if we say that we have a
“success” when an individual x value is less than <, , then, in the n independent trials, there must

be at least i success but fewer than j success for the event Y; <&, <Y; to occur. But since the

probability of success on each trial is

Pr{X <& |=F(&)=p

the probability of this event is

j-1

PriY, <& <Y, ]= ;—W! (n”i W)!pw (1-p)""

The probability of having at least i, but less the j success. When particular values of n, i,
and j are specified, this probability can be computed. Let this probability be 7

i.e. PI’I:Yi <é:p <Yj:|:7



then we say that the probability is 7 that the random interval (Y, ) includes the quantile of

order p. if the experimental values of Y; and Y; are respectively, ¥i and ¥;, the interval (yi'yj)

serves as 100y% confidence interval for &_, the quantile of order p.

Theorem. A confidence interval for gp. based on order statistics will be distribution free, i.e. if
Xm and X are r' and s™ order statistics of a random sample of size n from a continuous
distribution, where 1 <r <s <n, and if the interval (X , X)) covers the population quantile qp.
of order p, then the confidence coefficient g will depend only on r, s, n and p, but not on the cdf

P(x)or pdf p( x)of the population.

Proof: Consider the event {X) < gp.}, which can be expressed as a disjoint union of the two
events { X¢ < gpN Xs) > qpt and {X¢ < goN Xs) < qp}. As we are considering a continuous
distribution, P{ Xn = gp.} = 0 and since the happening of the event {X < qp} implies the event
{X@) < gp.}, hence the event {X < gpN Xs) < gp} is equivalent to the event {Xs) < gp}. Thus,
Koy <o} = { Xy < GpN Xy 2 Ao Xs) < Ao} = { Xn < G < Xio)} W{X) < U}

Hence, P{X¢ < dp.} = P{ X < tp < X} + P{X(9 < o}

Or P{ Xt < ap < X9} = P{X) < ap.} = P{Xs) < Ap} = Fr(tp) — Fs(ap)

n
j=r

n . . nfn ; i
j P(a,) - P(g,)]™" —Z(jjp(qp)’[l— P(q,)I"™’

M-

Il
=
[S—

"lpin- pr- —i(?jpj[l— o™

j=s

»
|
LN

" p'[1—p]"™ =4 (r,s,n, p) (confidence coefficient).
T\ J

Thus the confidence coefficient is a function of r, s, n and p, but not on the cdf P(x) or
pdf p( x) of the population.
Now for constructing a distribution free confidence interval with confidence coefficient

greater than or equal to 1 — a and given values of n and p, the values of r and s should be so



chosen so as to make the confidence coefficient A(r, s, n, p) just greater than 1 — a. Proper choice
of r and s is some what arbitrary, but it is reasonable to try to make s — r as small as possible
subject to p(r, s, n, p) > 1 — a. If p =%, then the problem is that of construction of a distribution
free confidence interval for the median of the population. In this case, it is customary to take s =

n —r + 1, then the expression of (r, s, n, p) reduces to

wesn- S (50

Now the problem reduces to that of determination of r, subject to A(r, s, n, p) > 1 — a
Thus for given values of n, p and ¢, a value of r and s can be selected and then on reducing the
sample width (s — r) subject to the above said condition, X and X) can be chosen, which is one

confidence interval for g, with confidence coefficient greater than or equal to 1 — a.

Example: Find the smallest value of n for which Pr[Y, <& <Y, ]>0.99 where Y, <Y, <..<Y,

, are order statistics of random sample of size n from a distribution of continuous type and &, is

a quantile of order p.

Solution: Consider

PrY, <& <Y,]>0.99

n-1

=>"C,(05)"(1-05)"" >0.99

> "C,(1/2)"=0.99 1)

w=1

Also, we know that

n n

>."C,(1/2) =1=(1/2+1/2)’ ~(a+p) =3 "Cp (q)"

w=0 r=0

w2y +3 e, (12) + (12) =1

w=1



This gives

L

n—
n

"C,(1/2)" =1-(1/2)

1

)

=
IT

From (1) and (2) we get

1-2(1/2)"20.99
1-0.99>2(1/2)"

2(1/2)" <0.01 3)

(3) holds for n=8, 9, ..., hence smallest n is 8.

3.5 Distribution Free Tolerance Interval

Let X,, X,,..., X, denotes a random sample of size n taken from a distribution having a
positive and continuous p. d. f. f(x) if and only if a<x<b. let F(x)be its distribution function.
Consider the random variables F(X,), F(X,), ... F(X,). These random variables are
mutually stochastically independent and each follows U (0,1).

Let Z,,<Z, <..<Z, be the order statistics of the random sample F(X,), F(X,)....,
F(X,).IfY, <Y, <..<Y, are the order statistics of the original sample X,, X,,..., X, then
Z,=F(Y,).Z,=F(Y,),..Z, =F(Y,)

Let us consider the difference Z, -Z, =F (Yj )— F(Y) for every i<j
Now F(Y;)=Pr(X <Y,)

And F(Y,)=Pr(X <Y,)
But Pr(X =Y,)=Pr(X =Y,)=0 (as distribution is continuous)
Thus Z,-Z, =Pr(Y, < X <V,)

Let p be a positive fraction if



F(Y;)-F(Y)zp

Then at least 100p% of the probability for the distribution of X is between y; and y;

Let y=Pr|F(Y,)-F(Y)=p]

=Pr(Z;-Z,>p]

1-p 1

= [ | h(z,2;)dz,dz
0 p+z

where hij(Zi,Zj) is jointp. d. f. of Z; and Z;.

Then, the random interval (Yi,YJ.) has probability y of containing at least 100p% of the
probability for the distribution of x is the tolerance interval of 100p% of the probability
distribution of x. If now y; and y, denote respectively, experimental values of Y, and Y, , the
interval (yi,yj) either does or does not contain at least 100p% of the probability for the

distribution of x and y; and y; are known as the tolerance limits for 100p% of the probability

distribution of x.

Definition: Tolerance interval is an interval which covers at least a certain proportion of the
population with certain probability. Thus if L and U denotes the lower and upper limits of an
interval, then the condition for this interval to be a tolerance interval is that it covers at least a
proportion y of a population with pdf p(x) with probability g, where g and y are pre assigned
constants.

Symbolically

PIJ; pOodkzy | = @



plx) —

v

Fig. Graphical Depiction of Tolerance Interval

351 Difference Between Confidence and Tolerance Intervals

A confidence interval covers a population parameter with a stated confidence, where as a
tolerance interval is designed to cover a proportion of the population with a certain probability.
As the sample size increases, confidence intervals shrink towards zero, while tolerance intervals

tend towards a fixed value.

Theorem. If the limits L and U of a tolerance interval depend on order statistics, then the
probability given on the L.H.S. of (1) will be distribution free. In other words, the tolerance
interval (X, X(s), Where Xy and X are the r'" and s'" order statistics of a sample of size n, is

distribution free.

Proof: Let Xi, Xz, . .., Xn be a sample of size n from a continuous distribution with pdf p(x),
distribution function P(x) and Xy and X the r'" and s' order statistics. If we let L= Xy and U=
Xs), then

[ pdx =P(U) - P(L) = P(X) ~ P(X(0). @)



Now making use of probability integral transformation y = P(x), which is order
preserving, the integral (3.2) is transformed to Y — Y(), where Y and Y(,) are the s and r™"
order statistics from a standard Uniform distribution, 1< r < s < n. The distribution of Zsr = Y() —

Y(r) was obtained earlier as a  with parameters s—rand n—s + r — 1. Hence,
PUE p(x)dxzd =1-l(s—r,n—s+r+1), (3)

1 2
which does not depend upon p(x) or P(x), where I,(a, b) = ——— al(1—y)*tdy is the
pend upon p(x) or P(x) a, b) =2 [y ta-y) dy

incomplete beta function up to the point z.

Now for constructing a distribution free tolerance interval that would cover at least
100y% of the population with probability 5, we look for an interval (X, X)), where X and X)
are the are the r'" and s™ order statistics of a sample of size n such that

1-L(s—rn—-s+r+1)=4 4

Since, r and s are integers, (3.4) can be hardly satisfied. Hence, we look out for such integral
values of r and s that satisfy,

1-L(s—rn—-s+r+1)>p

Thus, for a one sided tolerance interval, we either take r = 0 or s = n + 1. Then the
problem reduces to that of finding the other integer alone.
For a two sided tolerance interval it is usual to take s = n — r + 1 and determine that value of r
that makes the value of 1 - I,(s—r, n—s + r + 1) as little in excess of 3 as possible.

Example: Let Y, and Y, be the smallest (i.e. the first and the n™ order statistics of a random

sample of size n from the continuous distribution F(x). Find the smallest n such that

P[{F(Y,)~F(¥,)}205] is at least 0.95,

Solution: Consider

P[{F(Y,)~F(¥)}205]2095



1-P[{F(¥,)-F(Y,)}<05]>095
PI{F(Y,)-F(Y,)}<05]<05

P[0<Zn _Zl S05]305

0.5
[r.(9)ds<05
0

In+1
but hy(9)=1 |(i-i)|(n—]j+i+1)
0
therefore, h,_; (9)= n+1 92 (1- g)n-m
‘(n—l)‘(n—n+l+1)
n! 2 1
o’ (1-9)

=n(n-1)9"*(1-9)

Thus,

0.5
n(n-1) [ 97*(1-9)d9<0.05

0

0.5

n(n-1) [ (9" -9"")d9<0.05
0

19n_1 9“ 0.5
——] <0.05
n-1 n .

n(n-1) (05" n-(05)' (n _1)J <0.05

n(n-1)

n-1
(Ej (Zn_n”j <0.05
2 2

n(n-1)

Sj_i_l (1_ l9)n—(j—i)

0<9<1

:elsewhere



(n+1)@n <0.05

The smallest n satisfying the above equation in n = 8.

3.6 Coverage

Let X,, X,,..., X, denotes a random sample of size n taken from a distribution having a
positive and continuous p. d. f. f(x) if and only if a<x<b. let F(x)be its distribution function.
Consider the random variables F(X,), F(X,), ... F(X,). These random variables are
mutually stochastically independent and each follows U(0,1). Thus F(X,), F(X,), ...
F(X,) is arandom sample of size n from U(0,1).

Let Z,,<Z, <...<Z, be the order statistics of the random sample F(X,), F(X,)..... F(X,).
If Y, <Y, <...<Y, are the order statistics of the original sample X,, X,,..., X, then

Z,=F(Y,),Z, =F(Y,),..Z, =F(Y,)

Now, consider the random variables

C,=W=F (Yl) =7

C,=W, = F(YZ)—I:(Yl):ZZ—Zl

Z,-7,.

C, =W, =F(Y;)-F(Y,)
C,=W,=F(Y,)-F(Y,.)=2,-Z,,

Then random variable W, or C, is called the coverage of the random interval {x;—o0<Xx<Y,}
and the random variable W, or C,, i=1, 2,.., n is called a coverage of random interval
(XY, <x<Y}

Joint p. d. f. of W,,W,,...,W, or C,,C,,...,C,

We have
C, =W, =2,



C,=W,=2,-2,
C,=W,=2,-2,.

C.=W,=2 -7,
For specific values
C,=W =2
C,=W,=2,-17

C,=W, =2,—2,.

C, =W, =2,—-2,
The inverse function of this associated transformation are given by

Z =W W, +....+W

=C +C, +...+C foreveryi=1,2,...,n
Now jacobian of transformation

(7,2, 2,)
(W, Wy, W, )

o0z, 0z 0z,
an aWZ h aWn
oz, 0z, 0z,

_|ow, 8W2m o,

oz, 0z, 0z,

an aWZ a\Nn

=1

Therefore, mod(J) =1

Now

h(w, W, ... W, ) =r(c,,C,,...,C,)

= (mod J){put z,,2,,...,Z,in terms of W,,W,,...,w, inthe jointp. d.f. of Z,Z,,....Z,}



But h(z,2,,...2,)=n!

n

Thus, h(w,W,,...,w,)=n! ;0<W,i=12,...,n; W +W, +...+W <1

=0 ; elsewhere
Example: Show that each of the coverages has the beta p. d. f.

(w)— n(l—w)”fl ‘0<w<l
0 :elsewhere

Solution: Since the joint p. d. f. of the coverages k(Wl,WZ,...,Wn)iS symmetric in W, W,,...,W,

axis given by
n! ;0<w,
i=12,..,n
K (W, W, ..., W, )=
W, +W, +...+w <1
0 ;elsewhere

it is evident that the distribution of every sum r, r <n of these coverages w,,W,,...,w, is exactly

the same for fixed value of r.

Consider if i< j and r = j—i, the distribution of any sum of j - i coverages

Z,-Z,=F(Y;)-F(Y,) =W, +w

i+2

+o W,
=(W1+W2+...+Wj)—(Wl+W2+...+Wi)

=W -l-...-i-Wj (V\II <Wj)

i+1

+W.

i+2
is exactly the same as that of
z;,=F (iji ) =W +W, +..+ W

but we know the p. d. f. of



n!

V)= A gy
O GG ¢

— |n_+1 _ vj’i’l(l—v)”_“_i) 0<v<l
= ‘(]—I)‘(n—j+l+l)
0 :elsewhere

Consequently, Z;, -Z; = F(Yj)— F(Yi) has above mentioned p. d. f. Putting r=1 such that j=2

and i=1, we have p. d. f. of w, given by

k(Wl) = %(1_\’\/1)”_1

O<w <1
=n(1-w,)""

But similarly if j=3 and i=2
n! n-1
=n(l-w,)""

O<w, <1

Therefore in general, we can say that each of the coverages has the beta p. d. f.

k(W)z{n(l—w)n_l 0<w<l1

0 :elsewhere

Example: Let ¢, denote the i" coverage, find expectation of c; .

Solution: Since each of the coverage ¢,, i =1, 2,...,, n has the beta p. d. f.

((c)= n(l—c)n*1 ‘0<c<l
0 :elsewhere

and ¢, =Z, = F(Y,)follows U (0,1). The expectation of each ¢; is given by

E(c)= j;nc(l— c)"dc



3.7 Summary

This unit provides a thorough understanding of concepts related to Distribution Free
Intervals. The concepts of Distribution of range function of order statistics, distribution free
confidence intervals for quantiles, distribution free tolerance interval and coverage are described

in detail. The learner should try to solve the self-assessment problems given in the next section.

3.8  Self - Assessment Execises

QL. Derive the distribution of range function of order statistics in case of Uniform distribution.
Q2. Obtain the distribution free confidence intervals for quantiles.

Q3. Describe the concepts of tolerance interval and coverage by giving suitable examples.
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4.1 Introduction

Statistics are a way of simplifying, summarizing, and interpreting data. Among the
various statistical tools and techniques available, Rank Order Statistics stand out as a unique way



to understand and interpret data points based on their rank or order rather than their actual
values.

Rank Order Statistics are essentially data values arranged in ascending or descending
order, providing a ranking for each data point. This allows for a clear distinction in the standing
or position of each data value in relation to the others, irrespective of their absolute values. For
instance, if we have a data set: {56, 62, 49, 89, 75}, the rank of the value 56 would be 2 (second
smallest), while the value 89 would rank 5 (largest).

Rank Order Statistics are crucial in numerous applications:

Non-Parametric Tests: In statistics, not all data conforms to a specific distribution or meets the
necessary assumptions for parametric tests. In such cases, non-parametric tests that utilize rank
order statistics, like the Mann-Whitney U test or the Kruskal-Wallis test, can be used.
Comparing Variables: It's often important to understand the relative standing of one data point
to another, especially when absolute values can be misleading.

Handling Outliers: Rank order statistics can be a valuable tool when dealing with outliers, as
ranking reduces the influence of abnormally high or low values.

Predictive Modelling: In fields like machine learning, rank-based methods can be useful for
certain types of predictive modelling scenarios, especially in recommendation systems.

Throughout this unit, we will delve deep into the intricacies of Rank Order Statistics,
starting from its fundamental definition to its wide range of applications in various fields. The
unit will also cover methods to compute ranks, deal with tied ranks, and utilize rank order
statistics in practical scenarios.

As we navigate through the world of Rank Order Statistics, we will witness its power and
versatility, gaining the skills and knowledge to apply it effectively in our statistical endeavours.
With this introduction as our foundation, we will embark on a detailed journey, starting with the
basic definition and computation methods of ranks, progressing to its applications in non-
parametric statistical tests and real-world scenarios, and culminating in its importance in the
broader realm of data analysis. Rank order statistics provide insight into the distribution and
arrangement of data points. In the realm of statistics and probability, there are various techniques

and theorems that help us better understand and analyse the order and rank of data. This unit



delves into rank order statistics, Dwass' Technique, the Ballot theorem, its generalization, and the

implications of these in the realm of random variables.

4.2 Objectives

By the end of this unit, learners will be able to:

e Understand the fundamental concept of rank order statistics.
e Apply Dwass’ Technique to statistical data.
e Describe the Ballot theorem and its generalized form.

e Understand the applications and implications of these concepts on fluctuations of sums of

random variables.

e Self-assess their knowledge and understanding of the concepts.

4.3 Rank Order Statistics

Rank order statistics deals with the statistics derived from the ranks of sample data. For a
sample size n, the smallest observation has a rank of 1, the second smallest has a rank of 2, and

so on, with the largest observation having a rank of n

Definition: rank order statistics in the field of Statistics refers to the values in a dataset when it is
ordered in ascending or descending order. More formally, given a sample of size n, the rt*rank

order statistics is the r*" smallest value in the sample, often denoted X (.

Mathematically, let us assume we have a sample X4, X,, ..., X,, from a population. The rank order

statistics of the sample are given by:

Xy < X < o < Xy

Where X is the smallest data value (the minimum) and X, the largest data value (the

maximum).

Result 1: The expected value of rank order statistics is

E(X(r)) = f_ P(X(r) > x)dx



Proofs for these results are often quite involved and are based on cumulative distribution
functions and probability density functions. We will consider the expected value of a rank order

statistic as an example:

The cumulative distribution function of the r** order statistic Fy,,(x) is given by:
FX(r) (x) = P(X(r) < x)

Taking derivative with respect to x gives the probability density function as:

d
fX(T) (x) = EFX@ (x)

Then, the expected value of rank order statistics E (X(r)) can be found by:

E(X(r)) = f_ooxfx(r)(x)dx

Result 2: Variance of Rank Order Statistics

The variance of the rank order statistics can also be derived using probability density
functions, which is beyond the scope of this short text but can be found in various statistical

texts.

4.3.1  Applications and Examples

1. Non-parametric Statistical Tests:

Mann-Whitney U Test: Used to determine whether there is a difference between two

independent samples.
Wilcoxon Signed-Rank Test: Used to test the median of a single sample or paired samples.
2. Quantile and Percentile Estimation:

Median: X sy (if n is even) or the average of X gs,and X gsn41y (if n is 0dd) is an estimator

of the median.

3. Outlier Detection:



Identifying extremely low or high rank order statistics helps detect potential outliers in the data.
Examples

Example 1: Sample of test scores: {82, 94, 76, 88, 92}

The rank order statistics of this sample are simply these values ordered:

X)) =76, Xy =82, X3y =88, Xy =92, X5y = 94

Example 2: Application in Test

In a psychological test, scores of five participants are: {32, 37, 29, 45, 40}. We might be
interested in the median score to understand the central tendency which can be found using rank

order statistics.
Ordering the scores: 29,32,37,40,45

The median (or the 3rd rank order statistic) is 37.

432 A fundamental Lemma related to Rank Order Statistics

Lemma: Distribution of the " Rank Order Statistic

Statement: Let X, X», ..., X;, be independent and identically distributed random variables with a
continuous cumulative distribution function F(x). The probability distribution function of the rt"
rank order statistic X, is given by:

n!

Frey® = Gy =t F 0O L = FGI" £ (x)

Where f (x) is the probability density function of X;.

Proof: Start by considering the probability that X, is less than or equal to some value x. This is
the probability that » — 1 of the X;'s are less than x and n —r of X;'s are greater than

x,which is given by:

P(Xy <x)=(, " ) [FGOI 1 = FGOI™



Where, (r f 1) is binomial coefficient representing the number of ways to choose r — 1 terms
out of n.
Differentiating the right-hand side using the product rule and binomial expansion, we arrive at:

n!

Fro @ = 5o POV L = FeOr £ ()

Which completes the proof.

This lemma essentially gives the distribution of the rth smallest value out of a sample of n
values, assuming the data follows a known distribution with cumulative distribution function
F(x) and probability density function f(x). The lemma is foundational for further analysis of
order statistics, especially when deriving properties like expected values and variances for
specific rank order statistics.

The proof leverages the combinatorial nature of order statistics — the multiple ways of obtaining

specific ranks for the data points — and ties it to their probabilistic interpretation.

4.3.3 Joint Distribution of Two Order Statistics

Statement: Let X1, X>, ..., X,, be independent and identically distributed random variables with a

cumulative distribution function F(x). The joint probability density function of the it andj”’

rank order statistic X ;) and X;); where i <j wis given by:

n! - i e
Fxoxo @9 = =D — =D FOI T FO) = FeoV L = FO T () f )

Proof: For x <y

1. The probability that exactly i —1 of X, are less than x is #&_O'[F(x)]i_l[l —

F(x)]n—i+1_
2. The probability thsat exactly j — i — 1 of X, (not exactly less than x) are between x and

(n—i+1

y (721 11) F0) - Fey11 - Foppi+t



3.

The joint probability is the product of the above two probabilities, multiplied by the

density functions f(x) and f(y) for the two specific values x and y.

Combining the above steps, we derive the stated formula for the joint distribution i.e.

n!

Froxy @9 = = Dro === FOI FO) — FeV 1= FoI I f () )

4.3.4 Expectation of the maximum order statistic
Statement: Given X,X,,...,X,, be independent and identically distributed random
variables with a cumulative distribution function F(x)and density function f(x). .
The expected value of the maximum order statistic X, wis given by
E[Xw] = f n[1—FQ)]" 1f (x)x dx
Proof: the probability density function of X, is:
fryy @ =nll = FOI" ' f ()
Thus, the expected value of X, is given as
E[X(n)] = J Xfx(n)(X) dx
Substituting the pdf of largest order statistic, we get
E[Xew)] = f n[1—FG)]" f(x)x dx
These results and their proofs showcase the intricacy of order statistics, blending
combinatorics and probability theory. They form the basis for more advanced
investigations in the field, such as approximations for large samples and evaluations of
moments for order statistics.
4.3.5 Applications




Rank order statistics often have practical applications in day-to-day life that don't
necessarily involve direct mathematical operations. Here are some non-mathematical examples

related to rank order statistics:

Sports Competitions: In a track and field event, athletes might finish a race in various times.
While the exact times might be of interest, often what matters most is their ranking - who came
first, second, third, and so on. The athlete with the fastest time is the maximum rank order

statistic, while the one with the slowest time is the minimum.

University Rankings: Every year, various organizations release rankings of universities around
the world based on a multitude of factors like research output, student satisfaction, and more.
While the actual scores might be complex and multifaceted, people often pay attention to the

rankings: which university is 1st, which is 2nd, etc.

Job Applicant Screening: Imagine a company has interviewed 10 candidates for a position. Post-
interview, the HR might rank them based on their overall performance. While the exact scores on
various parameters might matter internally, they might simply offer the job to the top 1 or 2

ranked candidates.

Movie or Restaurant Rankings: Websites might rank movies or restaurants based on user
reviews. While each movie or restaurant might have an average rating (like 4.2 out of 5 stars), a

list might simply show them in order of rank, from highest to lowest average rating.

Elections: In certain voting systems, rather than just selecting one candidate, voters rank their
candidates. The candidate with the most "first choice" votes might get elected, or there might be
a more complex system where if no candidate gets over 50% of "first choice" votes, then "second

choice" votes (and so on) come into play.

Beauty Pageants: Contestants are often ranked based on various rounds like talent, evening
wear, Q&A, etc. In the end, while scores might be given in each round, what's most prominent is

who gets crowned as the winner, the first runner-up, the second runner-up, and so on.



Book Bestseller Lists: While books might have various sales numbers, a bestseller list typically
just ranks them from the best-selling to the least in that category, providing readers a ranked
order statistic of book sales.

Each of these examples incorporates the essence of rank order statistics - focusing on the

position or order of items rather than their actual values or scores.

4.4 Dwass’ Technique

Dwass' Technique is a method for performing multiple pairwise comparisons on non-
parametric data. It's a procedure used after a Kruskal-Wallis test (which is the non-parametric
alternative to one-way ANOVA) has determined that there are statistically significant differences
among the groups. Meyer Dwass proposed this technique to address the problem of inflating the
Type | error rate when multiple comparisons are made. It's essentially a modified Wilcoxon rank-

sum test (or Mann-Whitney U test) that adjusts for these multiple comparisons.

4.41 The Dwass' Technique

Rank the Data: Just like in the Kruskal-Wallis test, all the data from all groups are ranked
together, ignoring the group to which they belong. Ties are handled by assigning the average of

the ranks they span.

Pairwise Comparisons: For each pair of groups (A and B, for instance), the test statistic is

computed as if performing a regular Wilcoxon rank-sum test.

Adjust for Multiple Comparisons: This is the crucial step. Instead of using the regular critical
values for the Wilcoxon rank-sum test, Dwass' method requires more extreme values to declare
significance, essentially adjusting for the fact that multiple tests are being performed. The critical
values can be found using tables specifically designed for Dwass' method, or more modernly, via
simulation or bootstrapping methods.

Determine Significance: If the test statistic for any pair exceeds the adjusted critical value, the

difference between those groups is considered statistically significant.

442 Importance




The Dwass' technique, and other multiple comparison methods, are essential because
performing many tests increases the chance of finding at least one significant result just by
chance (a false positive). By adjusting the criteria for significance, these methods control the
familywise error rate, ensuring that the probability of one or more false positives remains at the

desired significance level (typically 0.05).

4.4.3 Limitations

Power: By adjusting for multiple comparisons, these tests are inherently more conservative,
reducing the chance of false positives but also potentially increasing the chance of false

negatives.

Applicability: Dwass' method is designed specifically for post-hoc comparisons after a Kruskal-

Wallis test. It's not suitable for other contexts or for parametric data.

Modern Alternatives: There are newer methods and techniques available for multiple

comparison adjustments that might be considered more powerful or flexible than Dwass' method.

This technique is particularly useful in scenarios where non-parametric tests are appropriate due
to the data not meeting the assumptions of parametric tests, and where multiple group
comparisons are needed. Here are some applications and examples where Dwass' Technique

could be employed:

4.4.4 Applications

Medical Research: When comparing the effects of multiple treatments or interventions on a non-
normally distributed outcome, such as the number of pain-free days after different therapeutic

interventions.

Ecological Studies: Comparing species diversity in various habitats or regions, especially when

the data is skewed or has outliers.

Social Sciences: For example, comparing median income or other skewed socio-economic

indicators across different regions or groups.



Market Research: When comparing customer satisfaction scores (on a non-parametric scale)

across different products or services.

Educational Studies: For instance, comparing the distributions of test scores among students

exposed to different teaching methods, especially if scores are not normally distributed.
Examples:

Clinical Trial: Suppose a new drug is being tested in three different dosages against a placebo to
check its efficacy in reducing migraine occurrences. After the trial, the median number of
migraines in each group over a month is recorded. Given that migraine occurrences may not
follow a normal distribution, and there are multiple groups to compare, a Kruskal-Wallis test

followed by Dwass' technique can be used.

Wildlife Conservation: A conservationist wants to compare the number of bird species spotted in
four different forest conservation areas. Given that such counts can be skewed (some rare species
might only appear occasionally), the conservationist decides to employ non-parametric methods.
After finding significant differences with the Kruskal-Wallis test, they use Dwass' technique for

pairwise comparisons.

Customer Survey: A company launches three different ad campaigns for a product and later
surveys customers on their recall of the ad on a scale of 1 to 10. The scores might not be
normally distributed since many people might give extreme scores (either 1 or 10). After finding
a significant difference among the campaigns using a Kruskal-Wallis test, Dwass' technique is

employed to find out which ad campaigns differ significantly from each other.

In each of these examples, Dwass' Technique provides a way to dive deeper into the data
after an overall difference is found, helping researchers pinpoint exactly where those differences

lie.

45 Ballot Theorem and its Generalisation

The Ballot Theorem is a classical result in combinatorial probability, which deals with the
chances of one candidate always being ahead of another in a sequence of votes when the final

counts are known.



Ballot Theorem Statement: Suppose two candidates, A and B, receive a and b votes
respectively in an election with a > b. If the votes are counted in random order, the probability

that A is always ahead of B throughout the count is given by: leads throughout

P(A leads throught) = <2

a+b

Proof (Intuitive):

Imagine a path on a coordinate plane that represents the difference in votes between A
and B. Each step to the right represents a vote for A, and each step to the left represents a vote

for B. The final position on the path will be a — b, since A has a votes and B has b votes.

For A to always be leading, the path must never touch the x-axis (because that would
mean they have the same number of votes at some point). Now, consider reflecting any portion
of the path that goes below the x-axis across the x-axis. This creates a bijection between paths

where A leads throughout and paths where B takes the lead at least once.

The key insight is that for every path where A is leading throughout (except for the path

where A gets all its votes first), there is a corresponding path where B leads at some point.

The difference in the number of such paths is exactly the paths where A gets all its votes

first, which is a. Hence, the probability is: Z—;Z

45.1 Generalization

A generalization of the Ballot Theorem is known as Bertrand's Ballot Problem.

Statement: Given two candidates, A and B, receiving b votes respectively, where a > b, the

probability that A is ahead of B at any randomly chosen point in the count (and not necessarily

throughout) is: leads at a point P(A leads at a point)= Z%Z

This might seem counterintuitive, but the probability remains the same! The key is that being
ahead at a random point in the count does not specify a structure to the sequence like leading

throughout does.

45.2  Applications




The Ballot Theorem and its generalizations can be used in various fields, including
economics (random walks in stock market analysis), physics (particle diffusion), and computer

science (algorithm analysis).

The generalization of the Ballot theorem explores extensions to more than two candidates

and other related scenarios.

The Ballot Theorem and its generalization provide fascinating insights into the behaviour

of random processes. Let us explore some examples to make these concepts more tangible.
Example 1: Election Scenario

Setting: Imagine a small town where two candidates, Alice and Bob, are running for mayor. After
all votes are counted, Alice has received 7 votes and Bob has received 5 votes. What is the
probability that Alice was leading throughout the counting of the votes if they were counted in

random order?

Using the Ballot Theorem: leads throughout

P(Alice leads throughout)= Z—== 2

So, there's a 1/6 chance that Alice was leading throughout the count.
Example 2: Stock Market

Setting: Imagine a simplified stock market scenario. A particular stock either goes up by $1 or
down by $1 every day. After 10 days, the net change in the stock's value is +$2. What is the
probability that the stock was always valued higher during these 10 days compared to its starting

value?

Here, we can treat "going up by $1" as a vote for Alice and "going down by $1" as a vote for
Bob. After 10 days, Alice has "6 votes" and Bob has "4 votes".

P(Stock always up)= %:12—0

So, there's a 1/5 chance that the stock was always up relative to its starting value.

Example 3: Watching a Sports Game



Setting: Imagine a basketball game where Team A scores 9 times, and Team B scores 7 times in a
match. If you tune in at a random point during the game, what's the probability that Team A is

leading?

Using Bertrand's generalization: leads at a point

P(Team A leads at a point)= =— = =

So, there's a 1/8 chance that Team A is leading at a randomly chosen point during the game.
Example 4: Board Game

Setting: Two players, Carla and Dave, are playing a board game. The game is simple: they roll
dice, and based on the outcome, they either move one step forward or one step backward on the
board. After 20 moves, Carla is 4 steps ahead of the starting point. What is the probability she

was always ahead during the game?
This can again be mapped to the Ballot Theorem. Carla has moved forward 12 times (votes for
Carla) and backward 8 times (votes for Dave).

always ahead P(Carla always ahead)= % = %

There is a 1/5 chance that Carla was always ahead during the game.

These examples demonstrate how the Ballot Theorem and its generalization can be applied in

various scenarios, offering a glimpse into the probabilistic nature of sequences and events.

4.6 Extension and Application to Fluctuations of Sums of Random Variables

The concepts from rank order statistics and the Ballot theorem can be extended to
understand the fluctuations in sums of random variables. Such an understanding is pivotal in
areas like stochastic processes and time series analysis.

The Ballot Theorem and Bertrand's generalization find natural extensions in the study of
random walks, especially in understanding the fluctuations of sums of random variables. Here's

an introduction to this topic:

Random Walks:



Consider a simple random walk on the line, where at each step, you move one unit to the
right with probability p or one unit to the left with probability qg=1—p. This is analogous to
counting votes for two candidates in the Ballot Theorem, where a vote for candidate A is a step to
the right, and a vote for candidate B is a step to the left.

The position after n steps is given by the sum of those n random variables (each being +1

or -1, depending on the step direction).

Fluctuations:
Now, suppose we are interested in the fluctuations of this random walk, i.e., how the sum

of these random variables behaves over time. Two questions of interest are:
What is the probability that the sum is always non-negative?
What is the average value of the sum after n steps?

Using results analogous to the Ballot Theorem, we can tackle the first question. The

second question relates to the expected value of the sum of random variables.

Application: Stock Market

A simple model for stock prices is to treat daily changes in stock prices as independent
random variables. A stock might go up by some amount with probability p or down by some
amount with probability g.

Over n days, the total change in stock price is the sum of these random variables. By
understanding the fluctuations in this sum: Investors can model the probability that the stock
price remains above a certain level over a period (analogous to always being non-negative).

Investors can predict the average change in stock price over a period.

Application: Queuing Theory

In computer networks or service centres, incoming tasks (or packets in a network) can be
modelled as random variables, where each task requires a random amount of service time.The
total service time required over n tasks is the sum of these random variables. Understanding its
fluctuations helps in: Ensuring that queue lengths remain below a certain threshold with high

probability. Predicting average waiting times or service delays.

Extension:



One of the fascinating extensions of this idea is the study of Brownian motion, which is a
continuous-time version of the random walk. This stochastic process has applications in physics
(particle motion in fluids), finance (option pricing), and many other fields.

In the realm of random walks and sums of random variables, understanding fluctuations
is crucial. It helps predict and model a wide range of phenomena, from stock prices to queuing

delays, and forms the bedrock of many areas in applied probability and statistics.

4.6.1 Foundational Results Related to Random Walks and The

Fluctuations of Sums of Random Variables

1. Expected Position:
For a simple random walk where at each step we move one unit to the right with

probability p or one unit to the left with probability q=1—p, the expected position
E[Sn] after n steps is: E[Sn]=n(2p—1)

Proof:

The expected value of each step (either +1 or -1) is:

E[S]=p(1)*+q(=1)=2p—1

Hence, for n steps:

E[Sn]=nE[S]=n(2p—1)

2. Variance of Position:
The variance of the position Var(Sn) after n steps in the same simple random walk is:

Var(Sn)=4npq

Proof:

The variance for each step is:
Var(S)=E[S*]~(E[S])’

Since S? is always 1 (whether you move left or right), E[S?]=1. Using the earlier result,



E[S]=2p—1. Plugging in:
Var(S)=1-(2p—1) =4pq
For n steps:

Var(Sn)=nVar(S)=4npq

3. Reflection Principle:
If a random walk first reaches level k (k positive steps total) at time 2m, then the number
of paths that reach level k without ever being negative before time 2m is equal to the number of

paths that reach level k and then go to level k—1 at time 2m.

4. Arcsine Law:
For a symmetric random walk (where p=g= 1/2), the probability that the walk stays non-

negative up to time 2n is% arcsin (\/%)

5. Law of the Iterated Logarithm:
This result describes the magnitude of the fluctuations of a random walk. Specifically, for

a symmetric simple random walk:

Sn

lo —_ =1
Ssub J2nloglogn
with probability 1.

This last result implies that while a random walk will oscillate and have fluctuations, it
won't deviate too wildly from its mean when properly scaled.

These results give a glimpse into the rich tapestry of theorems and insights related to
random walks and the behaviour of sums of random variables. They have profound implications

in areas ranging from finance to physics.

4.7  Summary

In this comprehensive unit, we began by exploring Rank Order Statistics, which serves as

a cornerstone for non-parametric statistical analysis. This method assigns ranks to data points in



a dataset, allowing for an analysis that is less influenced by outliers or specific data distributions.
The r'" rank order statistic, for instance, corresponds to the r'" smallest value in a given dataset.
This approach's utility becomes especially clear in the context of non-parametric tests, where
there is no assumption of a particular underlying data distribution.

Our journey then led us to Dwass’ Technique, a specialized non-parametric method
tailored for making multiple comparisons of group medians. Especially beneficial when working
with three or more independent samples and in situations where sample sizes are small, Dwass'
Technique elegantly extends the foundation of the Wilcoxon rank-sum test to encompass
multiple comparisons. This ensures that the overall type | error rate is consistently maintained,
offering a robust methodology for various analyses.

Further deepening our exploration, we delved into the Ballot Theorem and its subsequent
generalization by Bertrand. This theorem offers a fascinating glimpse into the probabilities
associated with sequential processes. Specifically, in the case of two candidates, A and B,

receiving a and b votes respectively (with a>b), the Ballot Theorem states that the odds of
candidate A always leading during a random vote tally is Z%Z Bertrand’s broader perspective

posits that during any random moment within the vote counting, the likelihood of A leading
remains the same. While its roots might lie in electoral processes, the applications of this
theorem stretch far and wide, encompassing scenarios from stock market shifts to evolving sports
scores.

Lastly, the unit pivoted to the realm of Random Walks, providing a window into the
fluctuations of sums of random variables. A random walk can be envisaged as a sequence of
steps, each determined by a random variable—often represented as a move to the right or left.
For a simplistic random walk model, where probabilities p and q dictate right and left moves
respectively, it emerges that the expected position after n steps can be described as n(2p—1).
Beyond mere academic intrigue, the significance of understanding these fluctuations resonates in
real-world phenomena ranging from stock market behaviors, the intricate dance of particles in
physics, to the challenges posed in queuing theory. An especially riveting extension of this
concept is Brownian motion—a continuous-time interpretation of the random walk, which finds

relevance in diverse fields.

4.8  Self-Assessment Questions




Here are some self-assessment questions for the unit on Rank Order Statistics, Dwass'

Technique, Ballot Theorem, and the fluctuations of sums of random variables:

Rank Order Statistics:

1. Define rank order statistics.
2. How is the rth rank order statistic represented mathematically?

3. What is the significance of rank order statistics in non-parametric statistical tests?

Dwass' Technique:

4. Explain Dwass' Technique in your own words.

5. How does Dwass' Technique help in multiple comparisons?

Ballot Theorem and its Generalisation:

6. State the Ballot Theorem.
7. How does Bertrand's Ballot Problem generalize the original Ballot Theorem?

8. Provide an example where the Ballot Theorem can be applied in a real-world scenario.

Extension and Application to Fluctuations of Sums of Random Variables:

9. Define a simple random walk. How can it be modeled as a sum of random variables?

10. How does the expected position change in a random walk after n steps if the probability
of moving to the right is p and to the left is q?

11. What is the significance of the Reflection Principle in the context of random walks?

12. Describe the Arcsine Law and its relevance to random walks.

Practical Application:

13. In an election, candidate A receives 60 votes and candidate B receives 40 votes. If the
votes are counted in a random order, what is the probability that candidate A always leads
throughout the count?

14. Consider a simple random walk where you move one step forward with a probability of
0.7 and one step backward with a probability of 0.3. What is the expected position after
100 steps?

15. Given the importance of rank order statistics in non-parametric tests, why might one opt

for a non-parametric test over a parametric test in statistical analysis?



16. True or False:

17. In the Ballot Theorem, if two candidates A and B receive equal votes, then the probability
that A leads throughout the counting process is 0.5.

18. Dwass' Technique can only be used in pairwise comparisons.

19. The fluctuations in the sums of random variables have no applications in the stock

market.

These questions should provide a comprehensive assessment of the learner's understanding of the

unit. Properly answering them should demonstrate a solid grasp of the concepts discussed.
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The Block - 2 — Sequential Analysis is the second block with two units.

In Unit — 5 — Sequential Tests is discussed with SPRT and its properties, Wald’s Fundamental

identity, OC and ASN functions, Wald’s equation.

In Unit — 6 — Sequential Estimation has been discussed, Cramer Rao Inequality of sequential
estimation, Stein’s two stage procedure.
At the end of every unit the summary, self assessment questions and further readings are

given.
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51 Introduction

In classical Inference the size of the random sample to be drawn from the distribution is a
fixed number. We shall consider the situation where the sample number is not fixed but is itself a
random variable dependent on the observations. A procedure of making inference about the
distribution of one or more variables in which the size of the sample is a random variable is
called sequential procedure. The principal feature of such a procedure is a sampling scheme
which lays down a rule under which one decides at each stage of the sampling whether to stop or

to continue sampling, this decision being taken in the light of the observations already obtained.

5.2 Objective




The objective of this unit is to provide a basic understanding of concepts related to
Sequential Tests. The concepts of SPRT and its properties, Wald’s Fundamental identity, OC and

ASN functions, Wald’s equation should be clear after reading this material.

5.3 Sequential Procedure

In classical Inference the size of the random sample to be drawn from the distribution is a
fixed number. We shall consider the situation where the sample number is not fixed but is itself a
random variable dependent on the observations. A procedure of making inference about the
distribution of one or more variables in which the size of the sample is a random variable is
called sequential procedure. The principal feature of such a procedure is a sampling scheme
which lays down a rule under which one decides at each stage of the sampling whether to stop or
to continue sampling, this decision being taken in the light of the observations already obtained.

Suppose we want to judge whether a coin is unbiased or not. In the usual procedure, we
toss the coin a fixed number of times, say n times, and note in how many throws head appears.
However, we may as well fix a number, say k, and then go on tossing the coin until k heads
appear. In this case, attention is focused on the number of throws needed to get k heads. This
number of throws is now a random variable, unlike in the usual type of sampling, and it may take
any integral value greater than or equal to k with positive probabilities. Hence the procedure

used here is of the sequential kind.

5.3.1  Two Aspects of a Sequential Procedure

A general sequential procedure has two aspects: (I) a stopping rule or a rule which tells us
when to stop sampling and (I1) an action rule, which tells us what type of inference (or decision)
to make after sampling has been stopped.

To visualize the stopping rule, note that we have in view a sequence of random variables,
say X1, X5, ... ... ..., such that for every m = 1, 2, ... the distribution of X,,, = (X1, X5, ..., X;)" is
determined by the value(s) of the parameter(s) 6, where 8¢ 0, the parameter space.

The mth observation, x,,, is an observation on X,,, (which may itself be a vector random

variable). Let us write x,,, = (x4, x5, ...., X;;,)" and let x,,, be the set of all possible values of X,,,.



A stopping rule is then equivalent to a specification of sets 4,, € x,,, form = 1,2, ... ... ,
such that sampling is to be stopped as soon as x,,,€ 4,,.

Let N be the number of observations actually taken according to a sequential procedure.
ThenN =mifandonly ifx; € A;,j = 1,2,....,m — 1, and X, € 4.
If the set S,,, is defined as

S ={Xmlxj € 4j,j = 1,2, ..., (m — 1);Xpp€ Ap }; (1)
Then we might as well say
N =m & x€ Sy, (2)

It may be seen that S;, S, .... are mutually disjoint sets.

As regards the action rule, it specifies, which decision to take if sampling has been

stopped after m observations say and the observed values are x,,,.

54  Sequential Testing of Hypotheses and SPRT

Suppose our problem is to test a hypothesis H, about 8. Then the action rule will dictate
which of the two actions, a, (denoting acceptance of H,) and a; (denoting rejection of Hy), is to
be taken after sampling has been stopped in accordance with the stopping rule.

The action rule may be defined in terms of sets
Apm,and 4; , (m=1,2,...),

Where A 1,,, A1 1 are disjoint subsets of »,,,. The action rule will be as follows:
1) Take action a if x,,€4,, m
and (2) take action a, if x,,€ A, m.

Note that for a given stopping rule, which specifies S,,,, an action is taken at the mth
stage iff x,,e S;,,. Hence the action rule could be defined only for A4, ,,, < S,,,. However, since the
action does not depend on the stopping rule, it is better to define 4, ,, independently of S,,,.

For a given sequential test procedure, let A; denote the event that the observations result
in action a; being taken (i = 0,1). Now, the action a; is taken after m observations iff
Xm€ Sy N A; 1, Which event is equivalent to [N = m] N 4; = S, *N A;.

Hence
Po(A;) = Zqm=1Pe(IN =m] N 4))

= Z%zlpg [XmESm N Ai,m], fori = 0,1 (3)



We exclude from the above sums the case m = oo, for in that case no action is taken. We have
Py(Ap) + Py(41) <1 (4)

and equality if the experiment terminates with probability 1, i.e. if

55 OC and ASN Function

In order to judge the merits of sequential tests, we use the OC function and the ASN
function.

Operating characteristics (OC) function of a test the probability of the hypothesis H,
being accepted when 6 is the true value of the parameter, regarded as a function of 6, denoted by
L(6) such that

L(6) = Ps(Ao) (5)

The OC function is closely related to the notion of the power function in the function is
the probability of rejecting H, when @ is the true value.

An OC function is considered the more favorable the higher the value of L(6) for 6
consistent with H, and the lower the value of L(8) for 8 not consistent with H,.

The number of observations N required by a sequential procedure to reach a decision is
not predetermined but is a random variable. A sequential procedure preferable if it requires a
small value of N on the average. This average value of N is called the average sample number
(or ASN) of sequential procedure denoted by Eg(N). The smaller the value of Ey(N) the better
is the sequential procedure. The OC function describes how well the procedure achieves its
objective of making correct decisions, while the ASN function represents the price one has to

pay to reach a decision, in terms of the number of observations required by the test.

5.6 Wald’s SPR Test

The sequential probability ratio (SPR) test was developed by Wald. Suppose the random
variables Xy, X5, ... ... are independently and identically distributed with the common p.m.f. or
p.d.f. fo. Further suppose that there are just two values of 6 interest to us, say 6, and 6, and that

we have two hypotheses Hy: 68 = 6, and H;: 60 = 6.



For any positive integer m, the probability or probability density that the observations

X1, X3, .. .., Xy, @re obtained is given by
fom = T2 fa,(x:) (6)
When H,, is true and by
fim = 21 fo, (x1) (7)
When H, is true.
The SPR test for testing H, against H, is defined in terms of the ratio =™ Lim a5 follows:
om
Specify two constants A and B such that
0<B<1<A (8)
Continue taking observations as long as
p<lim g 9
fO m
Stop taking observations as soon as one of inequalities is violated and
Accept H,, ]’:1—’” <B (10)
om
And reject H, ]’:1—’” > A. (11)
om
It is convenient to deal with the logarithm of the ratio f; ,,,/fo,m than with the ratio itself.
Therefore,
me feo( X;)
=Xmz (12)
Where

2 = 1o (fel (xl)>
f00)xp)
And sums are easier to deal with than products.
Using the quantities z; (i = 1, 2, ....), the procedure is continue taking observations as long as
logB < I, (13)

Stop taking observations as soon as one of the inequalities is violated and

Accept Hy if 212, 7; < logB (14)
And reject H, if £2,z; > logA



Determination of A and B

Now, we need to determine the constant A and B in the SPR test for the event that

sampling is stopped exactly after m observations,

S = {xm|B < & <Aj=12, ..., (m- 1);f1—’m <Bor = A} (15)
fO,j fO,m
Also, for the event that sampling is terminated at the mth stage with the acceptance of
H,,
_ fl,j . fl,m
Aom = 1Xp|B<7+=<4,j=1,2,......,(m—1);=—-—<Bor=> 4 (16)
fO,j fO,m

And, for the event that experiment is terminated at the mth stage with the rejection of H,

Aim = {Xm|B < fij <Aj=12,u..,(m— 1);f1—"" > A} (17)
fojj fO,m

Clearly, A, ,,, and A, ,,, from a portion of S,

If, we denote by A, the event that ultimately H, is accepted, then we have
PHO (AO) = lemsoopeo (AO,m)
= lemsovo‘mf fO,mdxm
1 1 1
= lemsovo'm f E fl,mdxm = Ezlsm<ooP61(AO,m) = E-Pel(AO)’

i.e. Pg, () = = Py, (Ag) (18)
Similarly, denoting by A; the event that ultimately accepted,

POO (A)) = lem<ooP60 (Al,m)

= Xi<m<ow fO,mdxm using (17)

A1,m
1 1 1
< Zicm<oo Ll‘mel,mdxm = 221Sm<ooP91 (Al,m) = Zpel (A1)

i.e. P, (A1) < = Pg, (A1) (19)



from (18) and (19) the upper bounds to the probabilities of wrong decisions
Py, (Ap) < B (ignoring Py (4,) < 1)
Py, (A1) < % (ignoring Py (A4;) < 1)

Also, from (18) and (19), we have
1
1— Py, (A1) = §P91 (4o) (20)

1
And Py, (A) < 5 [1— P, (A)] (21)
Let
a' = P(Rejecting Hy|H,) = Py,(A;) and B' = P(accepting H,|H, ) = Py, (4), so that (20)

and (21) give

Bzt (21a)
And 4 <ZE (21b)
Ora’+—.f <1 (21¢)

And a’+%.ﬁ’$

1
A
Suppose consecutive values of f; ,,,/fo . do not differ too much from each other. It will then be
possible to replace the above inequalities by equalities.

To examine what the consequences of this substitution will be, let us define @ and 8 by

the equations

Fip=1
a B.,B—

1 1
And a+;.ﬁ—z

Subtracting these, we have



(R

_ B(4-1)
or p= A-B ’
anda =1-2L =12
A—-B A—B
In other words,
B 1-p
B = , A= 22
1—«a a (22)

Equation (22), determine the constants B and A in terms of the error probabilities, a and
B. It is tacitly assumed that a < %,ﬁ < % The actual error probabilities a’ and ', resulting from

the use of constants so determined will, however, be different, although the differences are not
likely to be serious.

From (21a) and (21b),

B' < 1€a(1—a’)
da < ¢ 1 ' (23)
and « _m( - BN
Or
1-a)p'<pA-a)
and (1—pR)a’ < a(l-— /3')} (24)
Adding these two inequalities, we get
a+p <a+p (25)
Further,
@ <75 (26)
andﬁ’s1€a (27)

As is obvious from (23).



The chosen values of a and g will usually be small in applications of the sequential
procedure. Quite often they will vary between 0.01 and 0.05.

In other words, for all practical purposes one may take

= (-0 ()

When the prescribed levels of the probabilities of wrong decision are a andp.

Example: Let X be a discrete random variable having the p.m.f.

X 1-— 1-x ; — 1
folw) = {#70 =07 If x =0,
0 otherwise

In other words,

_ {1 with probability 6
~ |0 with probability 1 — 6,

Where 0 < 6 < 1.
If X;,X,, ... are independent and identically distributed random variables having the same
distributed X has, then for testing Hy: 8 = 6, against H,;: 8 = 6;, we have

fim = 6;"(1 = 6,)"5m

And
fom = 65" (1= 6p)™*m
Where Sm = LIt X

i.e. the number of 1’s among the first mobservations. Thus
fim _ (ﬂ)s’” (1 = 91)
fom  \bo 1-6,

Or log (fl‘m) = Sp,.log (z—;) + (m — s,,,).log (1:—22) (28)

fom

m—sm

Hence in case the prescribed levels of the probabilities of wrong decision are a and 3, the SPR
test procedure will be as follows:

Continue taking observations as long as



log(lfa) < log(?(t:) <lo g( ;'8>

Stop taking further observations as soon as one of the inequalities is violated, and

Accept H, if log (f1 m) <log (1ﬁa)

reject H, if log (f“”) > log (1 B)

By virtue of (28), the procedure may be laid down as follows:
Continue taking observations as long as
A < Sm < T
Stop taking further observations as soon as one of inequalities is violated, and

Accept H, if s,,, < a,,,
And reject Hy if s, = 13,
) el
log(ge)-log(sgs)  lo8(ige)-1oe(i5)
10g<1;ﬁ) log(i 9)

0
+
og () -0 (=5)  1og (32) ~0s (1=)

and 1y, =

Example: Suppose the random variables X;, X2 ... are independently and identically distributed

N(6,0?), with unknown 8 and known ¢2.Suppose we want to test Hy: 8 = 8, againstH,: 6 =

0.
Here
PR N i ORI,
m =
" (aVZn)m I 202
And
for = 1 exp __ it (e — 60)°]
om = ——
" (aVZn)m I 202

So that, since
Zln=ll(xi - 9)2 = m(fm - 9)2 + Zml(xl JZm)z



=m(x2 — 20 X, + 02) + I, (x; — %)

f 1m

1
- = exp [F{Z'{Zl(xi —69)% — 2%, (x; — 91)2}]
m

m m
= exp [F Xm (01 — 6,) — 252 67 - 93)]

m 1
And log (22) = L3 x,(6, — 6) - 2% (67 - 62)

(3D

0, — 6, m(6; + 6,)
B

Where Sm = Z21%;.

SPR test procedure may be defined as follows:

Continue taking observations as long as

o? 1-p

o P 1 + 26, + 6y
Hl_go.og a 2 1 0/

z
0. — 0, 91—«

m
+7(61+60) <Sm<

Stop taking observations as soon as one of the inequalities is violated, and

2

B m
% . loga + ; (91 + 60)

(4

Accept H, if 5, < 5

o? 1-

B m
0,—0, .lOgT + ? (61 + 60)

reject H, if s,,, =

5.7 Wald’s Fudamental Identity and Equation

The sample number N in a sequential procedure is a random variable that can take any
positive integral value. If the probability for N being finite be less than 1, it will mean that the
procedure may not terminate, i.e., no decision may be reached in following this procedure.

However, that for the SPR test this is not the case.

Theorem: Let Z,,Z,, .... be independently and identically distributed random variables such that
Further, let a and b be real numbers such that b < a, and let N denote the least positive integer

m such that



Then

(i) P[N < »] =1

(i) E(N®) <o fork=1,2,..
(iii) E(etN) < oo, forsome t > 0
Proof: Let

Qs = P[IZz1Zi] <a—b]
We shall show that s can be so chosen that Q, < 1.

By virtue of our assumption regarding the Z's,

P[Z, < 0] >0and/orP[Z, > 0] > 0.

Assume, without any loss of generality, that
P[Z;>0]>0

Then by choosing a sufficient large s, we can have
a—>b
P [zl > —] >0
S
For such an s,
1-Qs=PlIZ,Z; Za—Dl]
> P[X}_,Z; = a—b]

a—>b
>PlZ; = . alli=1,2,...,5s]

=I;_,P [Zl- > as;b] since the Z's are mutually independent.

{ a-bNS .. ' . . o
=1{P [Zi > T]} since the Z's are identically distributed.
>0

= Qs < 1.



We may now proceed to prove the theorem.

(i) Let us take fixed s such that Q, <1 . For any positive integer r , we have
PIN>r+s]=Pb<3_ Z <a al j=1,2,..,7+5]
<Plb<3_ Zi<a al j=1,2,...,1b <27 <ad
<Plb<3_ Z;<a all j=1,2,...,1;b—a<ZE25.Z <a—Db]
=P[b<3_ Z;<a, al j=1,2,...,7|*P[b—a<ZIX5,Z; < a—b]
=P[b<z_,Z;<a, all j=1,2,....,7] *P[b—a<3I*Z <a-b]
= P[N > r]Q..
Hence for any positive integer r, we have
P[N > r +s] < P[N > r]Q;.
Now, putting r = (k — 1)s, where k > 2,
P[N > ks] < P[N > (k — 1)s]Qq
< P[N > (k — 2)s]Q?

< P[N > s]Qk1

< Q!
= fork > 1
P[N > ks] < Qk-1
Again,
Qs <1 = lim @5~ =0,
So that

limP[N >m] =0

k—oo

= P(N<w»)=1



Let us first prove the part (iii),
(iii)  Assumet > 0. Then
E(etN) = 22_ P[N = m]e'™
= Zh=1P[N =m]e"™ + 320 ., ,P(N = m)e'™
+ -
< P[0 <N <sleSt +P[s < N < 2s]e?t
+ -
=32  Plks <N < (k + 1)s]ek+Dst
< 22 P[N > kslel+Dst
< eSt 4 E;o=1Q§c—le(k+1)st
Qsest <1 22 ,(QseH)F < oo
But by a suitable choice of ¢ (i.e. by taking t small enough), we can make Q,e®t < 1 because
Q < 1. This means that, for such that a t,
E(e™N) < w

(i) This result follows from (iii).

k 0 k
x . Yrp—oX
—<e*ifx>0 | e¥ ===

k! x!

k
N %S E(e™) < oo for some t > 0

= E(N¥) < o0

5.7.1 OC Function of the SPR Test

The SPR procedure is a test for the simple hypothesis Hy: 8 = 6, against the simple
alternative Hy: 6 = 6;. However, it may be that the true value of 8 is neither 8, nor 6;. Hence it
is of interest to study the nature of the OC function L(0) of the test over the whole parameter

space.



Lemma 1. Let Z be a random variable with distribution function F. (1) Let E(e'?) exist for all
real t and be denoted by ¢ (t) and (Il) let P[Z > 0] > 0, P[Z < 0] > 0. Then we have

(A) E(|Z|%) < o forallk = 1,2, .....;

(B) The equation ¢(t) =1 has the only real root t =0 if
E(Z) = 0 and exactly one real root h # 0 if E(Z) # 0 such that h and E(Z) are of opposite

signs.

Proof: We first show that under condition (1), derivatives of ¢ (t) of all orders exist and that

B (t) = f°° zke?dF (2)

(i. e. differentiation under the integration sign is permissible), which will imply result (A).
For this it is sufficient to prove that for any t,, 3 g(z) such that
|t —tol <& = |z"e%| < g(2)

Where
foo g(2)dF(z) < o

Since |t — t,| < 6,
et < max [e(to+8)7 4 ¢(t=8)7]
< eto+®z 4 o (tg=8)z
Also,

5k|Z|k

k| —
25 = 0=

< cedll < C(e‘sz + e‘5z),

k!
Where C = 5%

From these two inequalities, we have the new inequality

|Zketzl < C[e6z + e—&z][e(t0+8)z + e(t0—6)z]



Let us define g(z) to be the expression on the right hand side of the inequality. Then g(z) has
the property that f_°°oo g(2)dF(z) < o, g(z) being integrable because ¢ (t) has been assumed to
exist for all real t.

In order to prove result (B), we note that the result on ¢ ¥ (t) gives, in particular,

¢'(0) = E(Z)
And ¢ (t) = [ z%et?dF(z)
> 0 for all real ¢,

By condition (I1). So the function ¢ (t) is convex (with increasing first derivative).

Hence if E(Z) = 0, ¢(t) has a unique minimum att = 0. If E(Z) > 0, then ¢(t) is
strictly greater than ¢(0) = 1 for t > 0. To show that the equation ¢(t) = 1 has aroot h < 0, it
is sufficient to prove that ¢(t) — oo ast — —oo. Similarly, to show that the equation has a root
h > 0 when E(Z) < 0, it is enough to prove that ¢(t) - o ast — oo.

We prove the second result, the proof of the first being similar.
By condition (11), 3 n > 0 such that
P[Z >n] > 0,P[Z < —n] > 0.

Suppose, for definiteness, that t > 0. Then
b0 = | e dr@)

> [*et? dF (z) since e > 0 even if tz > 0
n
> et”j dF(z) = e""P[Z > n].
n

ASt — oo,
eP[Z > n] - o (since P[Z > n] > 0)
= ¢(t) - o,
This completes the proof of the lemma.

Let us consider the problem of determining L(8). Taking



fo,(x)
5 F0, 0

Z =log

Where fy is the p.d.f. of a continuous random variable X, we have

fel()
f()

¢(t) = l fo(x)dx.

If it is assumed that

fo,(x)
50,0

And that the conditions of the lemma are satisfied, then follows that 3 h(8) # 0 such that

® h(6)
[ 5] oo

E, |log %0

So that the integrand has the properties of a p.d.f; i.e.,

h(0)
9o = |22 =1 s

May be regarded as a p.d.f.

Since h(0) # 0, either h8) > 0, or h(08) < 0. First let us consider the case h(8) > 0.

We shall denote by H the hypothesis that fy is the true p.d.f. of X and by H* the hypothesis that
Je 1S the true p.d.f. We may consider the SPR test for testing H against H* defined as follows :

Continue taking observations as long as

BhO) ~ go'xi) < ARG6) (32)

Stop taking observations as soon as one of the inequalities is violated,

Accept H if H{"l‘?egxg < BM®) (33)
And reject H (i.e. accept H*) if H{”liegli > AM®) (34)

Since



h(0)

fo,(x)
fo,(x)

go(x) _
fo ()

And h(6) > 0, the inequalities (32), (33) and (34) are equivalent, respectively, to

m f@l(xi)
<l (feo (x») <A

m fo, (x)
= <f90 (xo) =B

and i (es) = 4

These inequalities are identical with those which define the SPR test for H, against
H,, when the constant A and B are used. It is thus seen that the SPR test for H, against H, leads
to the acceptance or rejection of H, according as the SPR test for H against H* leads to the
acceptance or rejection of H. It follows that the probability of accepting H, in using the former
test when @ is the true value of the parameter is the same as the probability of accepting H in

using the latter test when fy is the true p.d.f. of X.
Leta’ = P(rejecting HlH) & B' = P(accepting H|H")

Applying the inequalities (21a) and (21b) to this test, we then have

ar® <=8 (35)
gh® > _P (36)
1-a
When the excess of Hﬁil‘?zgzg over the boundaries A and B at the termination of
experiment is negligible, the equality sign holds
Ammszl_ﬁ'
a

And Bh® ~ &

1-a

!

1 — Bh®
!

R TIC) B-TI0))



Since a' = 1 — L(6), this means

AR® —q

LO) = 5@ —pr@

(37)
These results hold good even when h(8) < 0, only A and B are to be interchanged.

Example: Consider the first example of previous section

Here the equation giving h(6) is

()]
fo, 001"
Zx fgl(X) f9 (x) = 1!
0
Which can be written
91 h(6) 1— 01 h(6)
0(5) +a-0(=) =1

For determining the OC function L(8), it is not necessary to solve this equation
w.r.t. h(6). We may just regard h = h(0) as a parameter and solve the equation w.r.t. 8. This

root is

_ h
1-(1=8)

0 = (38)
0\"  1-0,\"
@) -G=2)
Now putting A = (1 — 8)/a and B = B/(1 — «), we have from (37)
(=5) -
L(B) = 5 (39)

(=) - (L)
a 1—«a
For any arbitrarily chosen value of h, the point with co-ordinates 6 and L(8), given

by (38) and (39), respectively, will be a point on the OC curve. So the OC curve can be drawn by

plotting a sufficiently large number of such points corresponding to different values of h.

Example: Consider second example of previous section, in this case h(8), for any given 6, is the

non-zero root of the equation



h(6)

av— exp| - =0 -t G0

(x — 61)*
exp
exp[—(x — 6)?/207]. [ ) ]‘

Since the integrand equals

——exp [~ 5oz o = 210 + h(O)(0: ~ 60)] + (67 — h(O) 6 ~ 6]

= P |~ 523 0 = 6 — h(O)(8: — 60)F| = exp [~ 575 (81 — 60) (h(6)(8: + 6, — 260) -

oV2m

h?(6)(8; — 60)}|

Equation (40) reduces to

=1

(601 — 00)h(0){(8, + 6, — 260) — h(8) (61 — 6,)}
xP1T 20°

91+90_29

= h(0) = -

(41)

For any given 6, we can approximation get the corresponding value of L(8) by substituting
(6, + 6, —26)/(6, — 8,) for h(6) in formula (39). The OC curve may be drawn by taking a
sufficient number of values of 6 and plotting the points (0, L(8)) on graph paper.

5.7.2 Wald’s Equation

Theorem 2:

Suppose

@) Z;,Z,, ..... are identically distributed random variables;

(b) E(Z,) exists (and is finite);

(c) N is arandom variable whose values are the positive integers, and
(i) the event [N < j] and the random variable Z, are independent for j < k
(i) E(N) is finite.

Then the expectationE (2, Z;) exists and



E(EX,Z) = E(N)E(Zy)

Proof: Let us define the random variables Y; (j = 1,2, ....) by

1 if N> j
Y, = 42
] {0 otherwise (42)

Then'Y; is the indicator function of the event [N = j], or one minus the indicator
function of the event [N < j — 1]. By condition (i) of (c), ¥; and Z; are mutually independent.
Also, condition (ii) of (c) implies that N is finite with probability one. Hence ZN 1Zj is also
defined (i.e. is convergent) with probability one.

Also, because (42),

IN.Z = £2,Y,Z; (43)
Now, we have
E(22,1,Z;]) = £72,E(Y;)E|Z;|) since Y; and Z; are independent
= 32, P[N > JIE(1Z;)
= E(N)E(|Z;])
< o
By (b) and (ii) of (c), noting that
E(N) = %2P[N =]
= ij’ilP[N > J]
Hence from (43), it follows that E (2L, Z;) exists and
E(3%17;) = E(372,%Z))
=32, E(YZ)
=32 E(Y)E(Z))
=32, P[N = jIE(Zy)

= E(N)E(Z,)
From this theorem, we have the result that
Ee( 1Z;)
Eo(N , 44
(V) =—5-75 7 (44

Provided E¢(Z,) # 0, where E, denotes expectation when 6 is true value of the parameter.



If the excess of the probability ratio f; ,,,/fo.n Over the boundaries A and B at the
termination of sampling is neglected, then the random variable EjN:le may be supposed to take
only the values log A and log B with probabilities 1 — L(6) and L(8), respectively. Hence

Eo(Z/L1Z;) = L(B)log B + [1 — L(6)]logA,
So that we obtain the following approximate formula for the ASN function:
L(O)logB +[1—L(8)]logA
Eg¢(Z1)
Example: Consider the first example of previous section, we have already obtained an

Eg(N) = (45)

approximate formula concerning L(6). Hence to obtain an approximate formula for Eq(N) we
need only compute Eg(Z;).
fo(x) = 0*(1 —0)1* forx = 0,1,

- -l
@ f(0)
= 6 log f (1)+(1 0) log fO(O)

0, 1-06;
=6?log9—0+(1—49)10g1_‘90

Example: Consider the second example of previous section.
(x — )2
exp o

[2X1(6, — 6,) + 65 — 67]

fo(x) =

fo, (X 1)
fa (X1 202

— Zl == l
Since Eg(X,) = 6, we then have

1
Eg(Z1) = 55120(61 — 6o) + 05 — 071

5.7.3  Efficiency of the SPR Test

Consider sequential tests of the simple hypothesis Hy: 8 = 6, against the simple
hypothesis H: 8 = 6;.
Let us restrict ourselves to the class of sequential tests of a given strength («, ).

Then a test may be regarded as preferable to another test of the class if the former requires a



smaller number of observations, on the average, than the latter. Hence if a test exists in the class

for which Eg ,(N) and Ey, (N) are smaller than the corresponding numbers for any other test of

the class, then the former test may be called an optimum test.

We shall denote by Ny(a,B) the minimum value of Eg (N) in the class and by
N, (a, p) the minimum value of Ey (N). The efficiency of a given test in the class under H, we

mean the ratio.

No(C{, ,8)
Eg,(N)

And by its efficiency under H; we mean the ratio

NO(C(, B)
Eg, (N)

Clearly, both under H, and H,, the efficiency of the given test lies between 0 and 1.

5.8 SPR Test for a Composite Hypothesis

Let us consider the simple case where 6 is a single parameter and the simple
hypothesis Hy: 8 = 6, is tested against a one-sided composite alternative, say H: 6 > 6,. The
zone of preference for acceptance of H, may be said to consist of the single value 6. The degree
of preference for rejection will generally increase with increasing 8 in the domain 6 > 6,. It will
then be possible to find a value 8; > 6, such that the acceptance of H, is considered an error of
practical importance whenever 6 > 6,, while for 6, < 6 < 6, the acceptance of H, is an error
of no particular importance. Thus 8 = 6; may be said to constitute the zone of preference for
rejection while 8, < 8 < 6, constitutes the zone of indifference.

The following restrictions may be imposed on the OC function:

L(Oy) =1—«a
And
L(6) < pforo >0,

In most cases, the SPR test of strength (a, 8) for testing Hy,: 0 = 6, against H;: 8 =
6, will satisfy these requirements, since L(68) will be monotonically decreasing in 6 for 8 > 6,.
Hence in all such cases the SPR test for Hy,: 8 = 6, against a properly chosen H;:0 = 6,

provides a satisfactory solution to our problem.



The case where Hy: 0 = 6, is to be tested against the composite alternative H: 8 <
6, may be similarly treated.

Again, if our problem is to test Hy: 6 < 6, against H;: 8 = 6, (where 6, < 6,), and
we imposed the restrictions

1-L(0) <aiff <6,
and L(6)<pifo =0,

Then too the SPR test for Hy: @ = 6, against H,: 8 = 6; will generally provide a

satisfactory solution to our problem.

5.8.1  Wald’s Approach

Assume that we have a sequence of random variables, X3, X5, ....., such that fy ,, is
the joint p.d.f. of X3, X,, ....., X,,. Suppose our problem is to find a sequential test for Hy: 6€®,
against H;: 6e0,, where 0, and ©; are mutually exclusive sets of the parameter space ©.

Let us introduce a weight function (a distribution function) ¢, for 8¢0 and a second
weight function ¢; for €0, .

Hence
{o(8) = 0 for Be®, and fOo d,(8) = 1; (46)

¢,(6) = 0 for Be®, and f®1 dg,(0) = 1; (47)
Consider g, , and g, ,, defined forn = 1, 2, ... as follows :
Then Jon = f@o fé),nf(O(g)' Iin = f@l fe,nd(1(9)- (48)

Then gy, and g, , may themselves be looked upon as p.d.f.’s (under H, and Hy,
respectively) of the joint distribution of the first n random variables in the sequence X;, X5, ... ....

Wald’s suggestion is to choose the weight functions {, and ¢; in a suitable way and
then to test the simple hypothesis H; that the joint density (of X;,X,, ......, X, for n =
1,2,.....) s go, against the simple alternative Hy that the joint density is g ,,.

If  be the probability according to this test of rejecting Hy when it is true, while

a(60) is the probability of H, being rejected when the true value of the parameter is 6 (€0,), then



| a@ds© =« (49)
(C]

0

Similarly, if g be the probability according to this test of accepting Hj when Hy is
true, while 8(6) is the probability of H, being accepted when the value of the parameter is
0(€0,), then

B(6)de,(8) =B (50)
01

Hence a and g may be looked upon as the averages of the error probabilities of the
original problem under {, and ;, respectively. When the desired values of a and g are given, we

may for all practical purposes take A = (1 —f)/aand B = /(1 — a).

Example: Let X be distributed as N(u, o), where u and o2 are both unknown. Consider the
hypothesis Hy: u = u,. If the true value u differs only slightly from pu,, i.e. if [u— puol/o is

small, then the acceptance of H, will not be a serious error. The importance of the error

committed in accepting H, will increase with @ We may thus find a value § > 0 such that

the acceptance of H, is considered as error of practical importance only when @ >4.

Accordingly, we may say that our problem is to test H,: 08¢0, against H;: 8e®,, where 0, =
{(m,0®)|u = po}and 0, = {(u, )|l — po| = 80}
Wald choose as the weight functions under H, and H,, respectively, the distribution

functions ¢, and {; of o such that

1

— ] <
dzo(a)={c Ioo=c

0 otherwise,

And

1 ] <
dzl(a)={zc Ioosc

0 otherwise,

Where ¢ — oo.

For fixed c, the probability ratio is

9 %focin e—Z?zl(xi—uo—&r)z/Zaz + e—Z?=1(xi—u0+6cr)2/202]do.
N o

c 1 —_yn - 2 2
Yon fo —me I (Xi—po)?/20% {5

when ¢ — oo, the ratio becomes in the limit



1 f0°°a_1n (et (imo=60)2/20% | =3y (rimko+50)2/20%| 4 s

Lol 1 —_yn o 2 2
gO.Tl fo Fe 2:i=1(xl HO) /20 do‘

Wald shows that this ratio is a strictly increasing function of
Vn|% = pol/s
The test procedure, called the sequential t-test, may be enunciated as follows:
Continue taking observations as long as
9in

B < —/— < 4;
gO,n

Stop taking observations as soon as this fails to hold and

Accept H, if 22 < B

Jon

And reject Hy if 22 > 4

don

It has been shown that in order to make a(8) < a in 0, and S(6) < B in ©,, we may take A =

8y B
a

1-a

5.9 Summary

This unit provides a thorough understanding of concepts related to Sequential Tests. The
concepts of sequential procedure, sequential testing of hypotheses and SPRT, OC and ASN
functions, Wald’s Fundamental Identity and Equation, SPR test for a composite hypothesis are
described in detail. The learner should try to solve the self-assessment problems given in the next

section.

5.10 Self-Assessment Exercises

QL. Describe sequential probability ratio test, OC and ASN functions.
Q2. State and prove Wald’s Fundamental Identity and Equation.
Q3. Describe the procedure of SPR test for a composite hypothesis.



Q4. Determine the SPR test for testing H,: 6 = 6, against H,: 8 = 6,(6; > 6,), where 6
is the parameter of a Poisson distribution. Find approximations to the OC function and the ASN
function of the test.

Q5. Consider the SPR test for testing Hy: 6 = 6, against H;: 6 = 0, where 0 is the mean
of a normal distribution with known variance. If o« = (in usual notation), prove that the ASNs
under Hy and H, are equal.

Q6. Let X be a random variable having the normal distribution N(w,0), where p is
known. Consider the problem of testing Hy: 6 = 6, against H;: 6 = 6,(6; > 6,). For type | and
type Il error probabilities a and {3, respectively, and using the approximations for B and A, show
that the SPR test is as follows:

Continue taking observations as long as

0,6, Zlog1 +mlog9—0] » 00641 [210g1;3+m10gg—;
6, — 6, Z(xl W7 < 6, — 0,

Stop taking observations the first time this fails to hold, and

0
9061[2 log%+m loge—;]
81-6o

accpet Ho if X2, (x; — w)? <

6061[2 log%+m logg—;]

and reject Hy if X2, (x; — w? =

61—60
Q7. (Continuation) Show that the OC function L(6)) is given by
h
(=5 -
a

L(B) =

() -(Ea)
0,6, [1 - (g—‘l’)ml

h(61 — 6o)
Q8. (Continuation) Show that the ASN function Eg(N) is given by

Where h = h(8) is such that

9 =

20,6, [L(H) log 7 f z T {1 —L(6)}log : ; : ]

9
(0, — 0,)8 + 6,6, log (9—‘1))

Eg(N) =~
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6.1 Introduction

A sequential procedure may also be used for the estimation of a function of the
parameters. However, it has not been possible to develop a general theory of sequential
estimation. In general, it is not easy to determine the most appropriate estimator or to formulate a
rule for the termination of sampling.

One principle is to do just enough sampling to be able to obtain an estimate that would
have a preassigned degree of precision (independent of all the parameters being estimated). In
the case of point estimation, the precision may be measured in terms of variance or mean square
error of the estimator. In interval estimation, this may be expressed by the length of the interval

with a given confidence coefficient.

6.2 Objective

The objective of this unit is to provide a basic understanding of concepts related to
Sequential Estimation. The concept of the Cramer Rao Inequality of sequential estimation,

Stein’s two stage procedure should be clear after study of this material.

6.3 Sequential Cramer-Rao Inequality

A sequential estimation procedure may be said to be defined by a sequence 6 ={ ¥, T, },
where ¥, represents the stopping rule and T, the estimator to be used in case the experiment

stops at the nth stage.



More precisely,

1, if N=n

W (Xy, Xgyeoeenns X ={0 if N %1

and in case N = n, the procedure requires that the parametric function y(0) be estimated by
th=Tn (X1, X2,...... , Xp)-

We shall assume that ).,,—; ¥, = 1; i.e., the procedure will be supposed to terminate with
probability one, for all 6 € ®. Further, let T, be an unbiased estimator of y(0). We make the
following assumption:

()] O is a real non-degenerate open interval;
() =%, [ ¥ fon dxo exists

(00} af ,n .
=Yzt [ ¥ == dxn

() =3, [ Pty fon dxa exists

(o] af N .
= 2n=1 f l‘Un tn ;9 an ’

(IV) vy'(0)existsforall 8 €0 ;

d
(V) Ep [-=10gfon(XpXas s Xa)| 0.

Unser these assumptions,

Theorem: For all 0 £ ®, we have
[y’ (6)]?

varg (Ty) = >
Eg %logfe’lv (Xl' ...... 'XTl)

Proof : We have Y5y [ ¥, fonOXn=1

9 voo
:£Zn=1fllunf9,ndx” =0

o a
= iy [ ¥ (35108 o) fom dXn=0 (50)

Again,



P (Tn) = Z?f:lflpntn fH,n an='Y(e)
= :_‘92?:;1 f l’Un tnf@,ndxn = ]/’(9)

= 25 [ Yatn (35108fo.n) fondXa =¥'(6) (51)

Multiplying (50) by y(8), subtracting the product from (51) and lastly squaring the difference,

we have
9 2
[Zres f Wt = V(0)] (55108 om) fondxa| = [v' (6)12

Noting that left-hand side equals
a 2
|56 (7 = v(®)) (55108 )|
and is, by Schwarz’s Inequality, not greater than
2

EalTy — v ()1 [Eo (2 108fa. )|

we have finally

[y'(6)]?
varg (Ty) = >
Eg [66 log fo N]
Special Case: Consider now the case where the random variables X;, X,, ... ... , X, (for each n) are

independently and identically distributed with common p.d.f. fy. Then

fon = ﬁfe (x:)

n
= logfpn = ) logfy(x:)
i=1

Further, putting Z; = %log fo (X;) and assuming E4 (Z?) exists, we get



2

a 2
Eq = Eg(N)Ey [%logfg (X)]

N
9]
Zl —5108fo (XD
1=

Hence the above inequality takes the form

[y’ (©)]?

2
Eq(N)Ejg [66—9108 fo (X)]

varg (Ty) 2

Example: Suppose X;, X5, ... ... are independent random variables having the common
distribution with p.m.f.

~ _(e*(1 - 9)(1—x) if x=0,1
fo(x) = f(x) = { 0 otherwise,

Where 0 <0 <1.

forx=0,1,
O logfo() = x5+ (1—x) (12
59 08/o(x) = x5 Y \T1 e

_ 1 N X
T 1-6 6(1-6)

2

o] =00 (-] +o(2)

1
T 6(1-96)

Here the regularity conditions are satisfied, so that for any unbiased sequential estimator
Tn of y(8), we have

'©)]°
varg(Ty) = 6(1 —0) %.

Equality holds

N
0
Ty = ¥(0) = c(6) ) ==logfy (X



= c1(8)[Sy — ON],

say,

Case 1: Let N = n, a constant.

To have equality, we must have
Sn
TN =a+ b 7,
where a and b are constant.
y(0) = E4(Ty) = a + bO

(52)

(83)

Case 2:  Let N be the least n such that S,, = k. It can be proved that this sequential procedure

terminates with probability one.
Again, to have equality, we must have

Ty =a+ by

and the only parametric functions for which MVB estimators exist are of the from
y(0) = a+ bEy(N).
From (52)
bln — Eg(N)] = ¢, (8)[k — 6N],
and this must be an identity in N. Such, equating coefficients of powers of N, one gets
b=—c, ()8 0orcy(6) = —2

and ~bEg(N) = c;(0)k = — 5k,
so that

Eq(N) = g-

Hence in this case the parametric functions y(8) with MVB estimators are of the form

y(c) = a+b§.



Case 3: Let N be the least n such that n — S,, = k (a positive integer). Again, it can be proved

that the sequential procedure terminates with probability one.
Proceeding as, we find E4(N) = ﬁ and that the functions with MVB estimators have

the form
bk
y(@) =a+ -9
The sequential sampling procedures used in Case 2 and 3 have been called inverse

sampling, since they yield, MVB estimators of the reciprocals of 8 and 1 — 6.

6.4 Stein’s Two-Stage Sampling

Let X be normally distributed with unknown mean p and unknown variance c2. If it is our
aim to find a confidence interval for p at a given confidence level a in such a way that the
interval will be of a specified length, then it is not possible to achieve this on the basis of a single
sample of fixed size. For, the length of the interval will vary from one sample to another and so it
is not possible to ensure that its length for a given sample will have the specified value. Hence
Stein suggests a two-stage sampling procedure which will enable us to fulfill this condition.

The sampling procedure is as follows:

Draw a first sample size m, say X; + X, + X3 + -+ ...+ X5, and let

Xm = =~ 221 X1, §? = — NiZ (Xi — Xm)?. (54)
Define
N=N(S) (55)
as the smallest integer n such that
2
n > max {m,i—zSz}, (56)

where b? is the variance of the t-distribution with df = (m — 1) and c¢ is a preassigned
constant.
With n so defined, now take a second sample of (N — m) observations, say,

X1 + X + -+ + Xy and calculate

> 1
Xy =-ZL i X



Before proving that the related point estimator or test or confidence interval has the stated

properties, we shall prove two lemmas:

Lemma: P,[N(S) >n] - 0asn — o for all ¢, which implies that the procedure terminates
with probability one.

2
Proof: By definition, N(S) = least integer greater than or equal to the larger of m and IC’—ZS2

Since finally we shall let n — oo, consider those values of n which are greater than m.

For such n,
b2
N(S)>n (E)C—ZSZ > n,
So that
PIN(S) >n] = [—Sz>nl
n(m — 1)c?
— 2
- PO' [X > bzo_z l
where > (1S 1)5 has df(m —1).
However,
, _ n(m—1)c?
P;lx >W > 0asn — oo,

and so the result is established.

Lemma: The random variable
has Student’s t-distribution with df (m — 1).

Proof: Let 9 be a fixed integer > m. Consider the random variable v9(Xy — ) /o, which is
distributed as N(0,1).

Now,



9

i=m+1
Xm+1)Xm+2s -, Xg are independent of X, X,, ..., X,,, and X,,, is independent of S2. Hence X, is
independent of S2. As such,
VO(Xy — /S
has Student’s t-distribution with df (m — 1) when 9 is fixed. This is the conditional distribution
of T, given N = 9. But since the conditional distribution does not depend on 9, the unconditional
distribution of T is also of Student’s form with df (m — 1).

Theorem: X, is an unbiased estimator of u with variance < ¢?

Proof: Since VN(Xy — ) /o is distributed as N (0,1),

E, [@l o

Also,
o= l o ml
VN(Xy —
= () for all 0.
Hence
Eg(Xy) = p for all 0.
Furthermore,

N(Xy —p)? §?
—Wl

Eq (XN - U)Z = Ey l S2



NXy —w)? c*

< Eg 52 ﬁ

c? [N(XN ) l

= p2 ke

2
_S e
bZ

= CZ’

i.e., varg(Xy) < c*forall 6.

Theorem: Let 21 be the specified length of the confidence interval estimator of 6. Then the

confidence interval estimator of 0. Then the confidence coefficient of the estimator Xy + [ is not

less than 1 — « if we take ¢ = bl/ta ..
>

Proof:
_ VN(Xy —w)| /NI
P9<|XN—u|s1)=Pe| 5 . Sl
N(Xy —
SPQ[—N—( : ”)lsﬁl
S c
since — < <.
VN — b’

bl

However, since VN (Xy — 1) /S has the t-distribution with df (m-1) and ¢ = bl/ta e, —=

,m—1’

|\/N(X_N—u)| bl
e = —
8 3 =z|71l-@
Hence
Po[l(Xy — | <] =21 —aq,

and this is true for all 8.

6.5 Summary




This unit provides a thorough understanding of concepts related to Sequential Estimation.
The concepts of sequential Cramer-Rao Inequality and Stein’s two-stage sampling procedure are
described in detail. The learner should try to solve the self-assessment problems given in the next

section.

6.6 Self-Assessment Exercises

QL. State and prove Sequential Cramer-Rao Inequality.
Q2. Describe Stein’s two-stage sampling procedure in detail.
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Block & Units Introduction

The Block - 3 — Nonparametric Tests and Inference has three units.

Unit — 7 — One-Sample and Two-Sample Location Tests dealt with One and two sample

location tests, Sign test. Wilcoxon test, Median test.

Unit — 8 — Other Non- Parametric Tests dealt with Mann- Whitney U- Test, Application of U-
statistic to rank tests. One sample and two sample Kolmagorov-Smirnov tests. Run tests.

Unit — 9 — Non-Parametric Inference, The Kruskal-Wallis one way ANOVA Test, Friedman’s
two-way analysis of variance by ranks, efficiency criteria and theoretical basis for calculating
ARE, Pitman ARE.

At the end of every block/unit the summary, self assessment questions and further

readings are given.
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7.9 Introduction




The parametric inferential methods are based on stringent assumptions about the
probability distribution of the parent population like the form of probability distribution is apriori
available, availability of observations either on ratio scale or atleast on interval scale etc.
However, these assumptions may not be satisfied in many practical situations. For instance, the
measurement on the units under study is often made on nominal or ordinal scale owing to
practical difficulties. Usually, we do not know the distribution characterizing the phenomena of

the experiment. However, we can often choose a sufficiently large class of distributions {FH (x)}

invariably indexed by an unknown parameter €. The range of & is Q which is called the
parameter space. The statistician has to decide upon the particular probability distribution which
explains most the phenomena of the experiment. That is, the statistician has to make a decision
about the value of the parameter, by means of the observable random variable X. However, in
many situations the outcome X is a complicated set of numbers. If at all feasible, he would like to
condense his data and come out with a magic number which contains all the relevant information
about the parameter @. In such situations where the stringent assumptions of the parametric
inferential methods are not satisfied, we resort to non-parametric methods. The non-parametric
methods rely on relatively mild assumptions about the probability distribution of the parent
population.

The statistical methods which are not concerned with estimation of testing for
parameter(s) of probability distribution functions are known as NON-PARAMETRIC
METHODS. Nonparametric statistical procedures are widely used due to their simplicity,
applicability under fairly general assumptions and robustness to outliers in the data. Hence they
are popular statistical tools in industry, government and various other disciplines. Also, there an
extensive amount of literature is available on nonparametric statistics ranging from theory to
applications.

The term non-parametric is sometimes synonymously used with distribution free methods
as if both have the same meaning. There is a slight difference between the two methods. The
statistical inferential procedures whose validity does not depend on the form of probability
distribution of the population from which the sample has been drawn are known as
DISTRIBUTION FREE METHODS. The distribution free procedures are primarily devised for
non-parametric problems; hence the two terms are used interchangeably. Also, the non-

parametric methods are devised for no parameter problems.



7.10 Objectives

The objective of this unit is to provide a basic understanding of concepts related to One-
sample Location Tests. The concept of the one and two sample location tests, Sign test.

Wilcoxon test, Median test should be clear after study of this material.

7.11 Non-Parametric Inferences

The classical statistical inference techniques are based on the assumptions regarding the
nature of the population distribution from which the samples are drawn. i.e. form of the
population distribution and the parameters of the population distribution. The exact sample tests
are based on the assumption that the parent population is normal. Most of the standard statistical

techniques are based on the assumptions of normality, independence and homoscedasticity.

Remark:
The statistical methods which remain valid under violation of assumptions of normality,

independence & homoscedasticity are called ‘robust’.

Parametric Test:

The parametric tests are those tests in which certain conditions are imposed about the
parameters of the population from which the samples are drawn.
Ex- t-test, F-test.

General Assumption of Parametric Tests:
The parent population from which the samples are drawn is assumed to be normal.

The form of the basic distribution is always known.

Non-Parametric Test:

The non-parametric test are those tests in which no assumption, regarding the test of the
population from which the samples are drawn is made.

The non-parametric tests are the tests for a hypothesis which is not a statement about the

parameter values. Here, the hypothesis is concerned with either form of the population (e.g-



goodness of fit) or with some characteristic of the probability distribution of the sample data

(e.g- test of randomness).

General Assumption of Non-Parametric Tests:

1. The parent population is continuous.

2 The sample observations are independent.

3. The distribution of the parent population is symmetrical.
4 The lower order moments exist.

7.12 Advantages and Dis-Advantages of Non- Parametric Methods

Advantages of Non-Parametric Tests:

1. Non-parametric tests are quick and easy to apply and do not require complicated sample
theory.
2. No assumption is required about the form of the distribution of the parent population

from which the samples are drawn.
3. Non-parametric tests can be used even in the situations where actual measurements are
unavailable and the data are obtained only as ranks. i.e. if measurements scale is nominal or

ordinal, non-parametric methods can be used.

4. The probability statements obtained from most of the non-parametric tests are exact
probabilities.
5. Non-parametric tests are used in the situation where sample data are taken from several

different populations.

6. With non-accurate and dirty data (e.g: contaminated observations, outliers etc.), many
non-parametric methods are appropriate.

7. Non-parametric tests require no. of minimum sample size for valid and reliable results.

8. Non-parametric tests require minimal calculation.

Disadvantages of Non-Parametric Tests:

1. If all the assumptions of a statistical model are satisfied by the data and if the

observations are of required strength, then non-parametric tests are wasteful of time and data.



2. Non-parametric tests are designed to test the statistical hypothesis only and not for
estimating the parameters.

3. Power efficiency on non-parametric tests are always less than parametric tests.

4. No non-parametric test exists for testing interactions in the analysis of variance model
unless specific assumptions about the additivity of the model are made.

5. It is not possible to determine the actual power of non-parametric test due to want of

actual situation or actual probability distribution.

7.13 Non-Parametric Test for Location

The following are the non-parametric test for location parameter of a population or the
non-parametric tests for the location parameters of two populations.

In non-parametric theory, the most frequently used measure of location is “population median”

Mor K, 5, which is the unique real solution of the equation.

1 1
F(M):E or F(Ko.5):E

7.13.1 SIGN TEST

The sign test is a non-parametric test for the location parameter median M of a

population.

7.13.1.1 Hypothesis and Assumptions

In this test, we make the assumption of independence and homoscedasticity but the
assumption of normality for the parent population is not required.
We wish to test the null hypothesis
H,: M =M, (agiven value)
against
Q) a one-sided alternative
H,: M <M, (left tailed test)

H,: M > M, (right tailed test)



(i)  atwo-sided alternative
H :M =M,

7.13.1.2 Test Procedure

Let Xy),-.., Xy, e the order statistics corresponding to a random sample X;,......X

n

of size N drawn from the population having distribution function F with unknown median M ,
where F is assumed to be continuous in the neighborhood of M so that P(X =M ) =0.

By definition of median, we have
P(X>M)=P(X < M)z%

If the sample data are consistent with the hypothetical value of median M, then on the
average half of the sample observations will be greater than M. We replace each observation
greater than M, by a plus sign (+) and each observation smaller than M, by a minus sign (-).
Further, we count the numbers of plus signs and the minus signs and denoted it by r and S

respectively, with I +S < N. The number of plus signs (r) may be used to test H,,.

When the population is dichotomized, the sampling distribution of r given (r + s) is binomial

1
with parameter p=P(X >M,) ZE. Thus, the testing of H, becomes an equivalent testing

1 1
for the hypothesis that the binomial parameter P has the value E ie Hyip==

2
The critical region for

Ho:M =M, or H,: ng

against H,:M =M, or Hl:p;t%

for & level of significance is given by

rZr% and rsr%.



where r% is the smallest integer such that

r+s

z r+ka.pr+s < g
k:r% 2

r+s 1 r+s a
i.e. C (—j <=
Z/ “12 2

and ro'/ is the largest integer such that
2
'

a
rsC .pr+s <Z
; ‘ 2
r% 1 r+s o
ie. » "C .| =] <=
kz_:; ‘ (2) 2
. 1
For testing H,:M =M, or H,: p:E

against H,:M >M, or H,: p>%

the critical region for & level of significance is given by

r>r,

where r is the smallest integer such that

r+s

Z r+ka.pr+s <a
k=r,
r+s 1 r+s
ie. Y ”SCK.(—) <a
k=r, 2
In this alternative hypothesis the sample will have excess of plus signs.

For testing H,:M =M, or H,: p:%

against H,:M <M, or H;: p<%



the critical region for & level of significance is given by

r>r

where ro'! is the largest integer such that

r

a

r+s r+s
Z C,p" =«

k=0

r

i.e. 2 ”SCK.(%) <a

k=0

In this alternative hypothesis the sample will have less plus signs.

7.13.1.3 Large Sample Test

If (r +S) > 25, then we use the normal approximation to the binomial to perform the

test.

In this case, under H,
r—e(r
L _r-E(r)

W)

since E(r)= (r;S) and V (r)=

— N(0,1)

—~

r+s)

Hence, under H,,

r—((r+s)j
7 _ 2 _ r-s
(r+5s) J(r+5s)

4

— N(0,1)

Examplel. Test the null hypothesis that the median length € of ear-head of a variety of wheat is

6, =9.9 cm. against the alternative that 8, # 9.9 cm., with & =0.05, on the basis of the

following 25 ear-head measurements:

9.5 8.9 10.5 115 8.5 9.4 10.6 8.8 11.7 10.5




11.2 9.2 9.8 9.5 9.9 10.9 10.2 9.1 10.8 9.4

11.6 8.7 8.3 11.3 8.1

Solution: First, we determine the signs of all measurement and replace each measurement

greater than 6, by + sign and each measurement less than 6, by — sign. Measurement which is

equal to 6, is ignored.

9.5(-) |8.9(-) | 105 115 8.5 9.4(-) | 10.6 8.8(-) | 11.7 10.5
) & |6 (+) +) | )

112 9.2(-) |98(-) |95(-) |99 109 102 |91(-) [108 |9.4(-)

(+) ignored | (+) | (+) (+)

11.6 8.7(-) |8.3(-) | 113 8.1

(+) ) )

From the above table, we observe that no. of plus signs r =11 and the no. of minus signs
=5 =13 and one observation is ignored.

So we have to test whether r =11 support the hypothesis H,:6,=9.9, or equivalently to
judge how likely are 11 successes (the number of plus signs) to occur in 24 trials from a
binomial distribution with p=0.5. The critical region for the level & two-sided test is given
by

r>r,andr<r,,
where I, is the smallestand I, is the largest integer such that

s3] <%

)

and razlz: "C, (%j < %




From binomial tables, we find that I, ,,. =18 and I, ., =6 for N=24 and p=0.5. Thus, for

I =11 null hypothesis is to be accepted.
Note: The critical region for one-sided test alternative

24 1 24
ZMC{E) <0.05

since under the alternative hypothesis the sample will have an excess of plus signs. In the case of
the other one-sided alternative, viz.
H:0<99cm.or H: p<0.5

The critical region for the level & will be r < r‘; , Where ro'! is the largest integer such that
r 24
< 1
> #c, (—j <a
0 2

Example. The weights of 12 persons before they are subjected to a change of diet and after a
lapse of six months are recorded below:

S. No. Weight (in kg.)
Before After

1 57 62

2 48 55

3 55 62

4 45 53

5 62 59

6 42 45

7 49 45

8 60 55

9 65 64

10 51 55

11 46 50

12 58 66




Test whether there has been any significant gain in weight as a result of the change of diet.

Solution: Let y and X be the weight of a person before and after the change of diet, then the
hypothesis to be tested is H, : & =0 and the alternative is H : @ >0, where @ is the median of

the distribution of differences d.. The gain in weight (di) for 12 persons are:
+5,+7,+7,+8,-3,+3,-4,-5-1,+4,+6,-8

Here, the no. of plus signs= 7 and the no. of minus signs=5. Under the null hypothesis,
the expected number of plus signs among the differences in a sample of 12 pairs is 6. The
sampling distribution of the number of plus signs is the binomial distribution with probability of
plus signs 0.5. From table, we find that the probability of 7 or more plus signs is 0.387. So the
null hypothesis is accepted at the 5% level.

7.13.1.4 Merits and Demerits

Merits
e Itis very simple to calculate.
e It requires minimum effort for calculation.
Demerits:
e The disadvantage of the sign test is that, although it takes account of signs of the

deviations, it makes no allowance for their magnitudes.

7.13.2 WILCOXON TEST

Now discuss

7.13.2.1 One Sample Wilcoxon Signed-Rank Test

It is a non-parametric test for the location parameter (median) of a population.

7.13.2.2 Hypothesis and Assumptions




In this test, we make the assumption of independence and homoscedasticity but do not
assume normality for the parent population. Also, if we assume that the parent population is
continuous and symmetric, the Wilcoxon signed rank test is more efficient than the sign test for
testing median of the population, since it takes into account both the magnitudes and signs of the
deviations.

We wish to test the null hypothesis
H,:M =M, (agiven value)
against

a: one-sided alternative

H,: M <M, (left tailed test)

H,:M > M, (right tailed test)
or b: two-sided alternative
H :M =M,

7.13.2.3 Test Procedure

Let X, X,,.....,X, be a random sample of size N drawn from a population which is
continuous and symmetric about median M. Then, under H, , the differences

D, =X, -M,, Vi=12,...,n are symmetrically distributed about zero, so that the positive

and negative differences of the equal absolute value have the same probability of occurrence.
Thus,

P(D,>C)=P(D,>-C)
or P(D,2C)=1-P(D, <C)
Suppose we order these absolute differences ‘DlHDZ‘, ...... ,‘Dn‘ from smallest to largest

and assign them ranks i =1,2,....,n. Let T* be the sum of ranks of the positive D, and T~ be

the sum of the ranks of the negative D,.



If H, is true (i.e. M, is the true median of the symmetrical population), then

expectation of T equals the expectation of T~. Since the sum of all the ranks is a constant

given by
. . . n(n+1)
T +T = 2 I:T

The tests based on T", T~ and T, T will be equivalent (since they are linearly
related). In practice, the minimum of T and T~ is used as the test statistic.

Let us define a new random variable:

{1 if D,>0fori™ smallest|D, |

Dy =14 - "
0 if D,<0fori" smallest|D,|

D(i) are independent Bernoulli random variables but are not identically distribute such that

E|:D(i)_: P;

V|:D(i) =p(1-p)

and cov_D(i),D(j)]:O, 1 ]

We can write
T* :iz:l:iD(i) and T~ =i§i[1— D) |
Thus E[T*}zzn:iE[D(i)}zzn:ipi
i=1 i=1
andV[T*]zzn:iz\/[D(i)]:zn:izpi (1-p))
i=1 i=1

: 1
under H,, i.e. when p, ZE



and V [T*] :Zn:iz(%j(l_%j:%iiz _n(n +12)L(12n +1)

i-1 i1
Similarly, for T,
LetT = min[T*,T_] and T, be such that P[T <T_ ]=a.

Then the critical regions for & level of significance for testing H, : M =M against different

types of alternatives are given as

Alternative Hypothesis Critical Region

H :M>M, T <T,

H,:M <M, T'<T,

H,:M =M T"<T,or T <T
1 0 % %

If n> 25, then distribution of T is taken to be approximation normal i.e. under H, we have
T-E|T
L _TE[T]

WIT]

—N(0,1)

where T = min[TﬂT‘} and

E[T]:n(n4+l)
V[T]- n(n +1§L(12n +1)

Also, the sample size N is adjusted to include only non-zero differences.

Example. Test the null hypothesis that the median length @ of ear-head of a variety of wheat is

6, =9.9 cm. against the alternative that g, #9.9 cm., with & =0.05, on the basis of the

following 25 ear-head measurements:

9.5 8.9 10.5 115 8.5 9.4 10.6 8.8 11.7 10.5
11.2 9.2 9.8 9.5 9.9 10.9 10.2 9.1 10.8 9.4
11.6 8.7 8.3 11.3 8.1




Solution: First, we determine

Sno. | x | d;=% -6 | Rankof |d|
1 9.5 -0.4 3.5
2 8.9 -1 13.5
3 10.5 0.6 7.5
4 11.5 1.6 20.5
5 8.5 -1.4 18.5
6 9.4 -0.5 5.5
7 10.6 0.7 9.5
8 8.8 -1.1 15
9 11.7 1.8 23.5
10 10.5 0.6 7.5
11 11.2 1.3 17
12 9.2 -0.7 9.5
13 9.8 -0.1 1
14 9.5 -0.4 3.5
15 9.9 0

16 10.9 1 13.5
17 10.2 0.3 2

18 9.1 -0.8 11
19 10.8 0.9 12
20 9.4 -0.5 5.5
21 11.6 1.7 22
22 8.7 -1.2 16
23 8.3 -1.6 20.5
24 11.3 1.4 18.5
25 8.1 -1.8 23.5




Here T" =153.5, T~ =146.5, so that T =150 From table, for =24 and a =0.05, we

have T, =81. Since T* and Tare both greater than T, there is not sufficient evidence to
reject H,.

In the case of the one-sided alternative H : 8 <9.9cm. (H : 8 >9.9cm.), we shall compare
T"=1535 (T* :146.5) with the critical value T, =81, at & =0.025, and arrive at same
conclusion that there is no ground for rejecting H, (in favour if the appropriate on-sided

alternative) since T >T_ .

Example. The weights of 12 persons before they are subjected to a change of diet and after a

lapse of six months are recorded below:

S.no. Weight (in kg.)
Before After

1 57 62

2 48 55

3 55 62

4 45 53

5 62 59

6 42 45

7 49 45

8 60 55

9 65 64

10 51 55

11 46 50

12 58 66

Test whether there has been any significant gain in weight as a result of the change of diet.

Solution: Let y and X be the weight of a person before and after the change of diet, then the

hypothesis to be tested is H, : & =0 and the alternative is H : @ >0, where & is the median of



the distribution of differences d.. The gain in weight (di) and the absolute rank for 12 persons

are:

S.no. Weight (in kg.) di =% -, —6 |Rankof|d|
Yi X;

1 57 62 +5 6.5
2 48 55 +7 9.5
3 55 62 +7 9.5
4 45 53 +8 115
5 62 59 -3 2.5
6 42 45 +3 25
7 49 45 -4 45
8 60 55 5 6.5
9 65 64 -1 1
10 |51 55 +4 45
11 |46 50 +6 8
12 |58 66 -8 115

Here, T" =52 and T~ =26 here T~ will be used. From table, we have, for n=12 and
o =0.01 (one-sided), T, =10 . Since T~ >T_, therefore we conclude that there is no

sufficient evidence to reject the null hypothesis that there is no effect of diet in favour of the

alternative hypothesis at the 1% level.

7.13.2.4 Merits and Demerits

The Wilcoxon Signed rank test takes into account the magnitude of the deviations.
As one of the assumptions made here is that intendance of observations continuity

everywhere and symmetry which is not practically possible all the time.

7.13.2.5 Comparision of Sign Test and Wilcoxon Signed Rank Test




1. In sign test, the assumptions required are independence of observations and the
population is continuous at media. In Wilcoxon signed rank test, the assumptions required are the
population is continuous everywhere and it is symmetric about median.

2. In sign test, we consider only the directions of the deviations while in Wilcoxon signed
rank test, we consider directions of the deviations as well as the magnitudes of the directions.
Thus, Wilcoxon signed rank test is more efficient than the sign test.

3. Both the tests are useful generally for the same type of problem. But only Wilcoxon
signed test is suitable for a test of symmetry as well.

7.13.3 MEDIAN TEST

If N =m+n iseventhen
N +2

N
Median = any number between Eth and ( jth order statistic

Let U be the number of X sample observations that are less than the sample median for the
combined sample.

The test based on U , the number of observations from X sample median which are less than the

combined sample median, is called the sample median. Then

%, if Nisodd

%, if Niseven

The probability distribution of U for fixed T is

f(u):%; u=012,....... 1

t

where t = —.
2

If H, is true, then P(X <M):P(X >M);VM and here M is combined sample

median. i.e. the two populations have a common median which is estimated by M .



7.13.3.1 Hypothesis and Assumptions

The general location alternative is
H, :F (x)=F (x—0); for somex& &0
if U istoo large, then
H :F (x)>F (x); if >0 and ¥x
ie. H :F(x)>F (x); if >0 and for somex
i.e. the median of the X population is smaller than the median of Y population.
If U is too small, then
H, :F (X)<F (x); if <0 and V¥x
ie. H :F (x)<F (x); if #<0 and for somex

i.e. the median of the X population is greater than the median of Y population.

The critical region for o level of significance is given as

Alternative Hypothesis Critical Region

0>0o0r M, <M, u>c,

6<0or M, >M, usc,

#0or M, #M, USCQOI’UZC‘Q
2 2

7.13.3.2 Test Procedure

1. Consider the observations in the order in which they are obtained.
2. Determine the median of those observations i.e. determine the sample median M.
3. For each observation note that whether it is above or below the sample median. Denote

the observation below the sample median M by B or (-) sign and observations above the sample
median M by A or (+) sign . The zero values will be ignored.

4. Denote the number of minus signs or the numbers by B’sbyni1  and the number of
plus signs or the number of A’s by n2.

5. Count the number of runs and denote this number by R.



6. Reject the null hypothesis Ho the sample is random if
R>R or R<R,.

where R, and R, are critical of R to be determined from the distribution of R ni and nz. The

critical values of R required for significance have been have been tabulated.

Example:  Suppose in a random sample of size 30, there 12 runs above and below the sample
median where ni=number of minus (-) sings=10
n2= number of minus (+) sings= 20

Test the hypothesis the sample is random.

Solution

R= Number of runs above and below the sample median =12
ni=number of minus (-) sings=10

n2= number of minus (+) sings= 20

from table the lower critical value of R, R1=9

the upper critical values of R, R,=20

since 9<R<20

the hypothesis of randomness is accepted at 5% level of signifance. i.e. sample is random.

7.13.3.3 Merits and Demerits

Median test when the sample observations are divided into two types on the basis of

deviations from sample median.

7.14 Summary

This unit provides a thorough understanding of concepts related to Location Tests
pertaining to one sample. The concepts of non- parametric methods, sign test, Wilcoxon test,
median test are described in detail. The learner should try to solve the self-assessment problems

given in the next section.

7.15 Self-Assessment Exersises

Q1. What do understand by sign test. Describe the procedure by giving an example.



Q2. Describe Wilcoxon test by giving a suitable example.
Q3. Explain the procedure median test stating clearly the assumptions. Give an example for

illustration.
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8.1 Introduction

This section disucsses some other non parameteric test like one sample and two sample

location test, one sample and two sample Kolmagorov-Smirnov tests and run test.

8.2 Objectives

The objective of this unit is to provide a basic understanding of concepts related to some
Other non- parametric tests. The concept of the Mann- Whitney U- Test, Application of U-
statistic to rank tests. One sample and two sample Kolmagorov-Smirnov tests. Run tests should

be clear after study of this material.

8.3  One Sample Location Tests

There are some following tests are given.

8.3.1 MANN-WHITNEY U TEST

Now Discuss

8.3.1.1 Introduction and Assumptions

Mann Whitney U test is a non-parametric test for testing that the two populations differ
in their location. It is useful to the t -test, if the assumption of 1 -test are violated, we use Mann

Whitney U test. We assume that the two samples are drawn from continuous populations.



Let we have two populations X and Y with cumulative distribution functions F, and
F, respectively. A random sample of size M is drawn from the X population and another

random sample of size N is drawn from the Y population, denoted as

XX, X and Y, Y,
These N =m+ n observations drawn from two populations are arranged in order of magnitude
from smallest to largest.

Like run test, this test is based on the idea that the particular pattern is exhibited when m
observations of X random variable and N observations of Y random variables are arranged
together in increasing order of magnitude.

The test criterion is based on the positions of Y ’s in the combined ordered sequence. A
sample pattern where most of the Y ’s are greater than the most of the X ’s or vice-versa can be

used as statistical criteria for rejection of null hypothesis of identical distribution.

Since, in this case, we see that there is no random missing in the sample observation. The

Mann Whitney U statistic is defined as the number of times Y proceeds X in the combined

ordered arrangement of two independent random samples.

8.3.1.2 Test Procedure

If MmN random variable is defined as
1 if Y, <X vi=12,...m
D. =
Yl0 if Y > X Vi=12,...,n

Thus Mann-Whitney U statistic is defined as
m n
U= ZZ D;
i=1 j=1
We wish to test the null hypothesis
Hy:F (X)=F (x) ; Vx
i.e. two samples are drawn from the identical populations.

The general location alternative is

H :F (x)=F (x—6); for somex& &0



If U istoo large, then

F (X)=F, (x); ¥xand ifd>0

ie. Fy (x)>F, (x); for somexifd >0

If U is too large, then

F (X)<F (x); Wxand ifd <0

ie. Fy (X)<F, (x);for somexif 6 >0

We define,

7=P(D; =1)=P(Y <X)
=P[—0< X <o0,—0<Y < X]

o X

:jjf(y)f(x)dydx

Under Hy, i.e. Hy: Fy (X)=F, (X)
Then

n:IFX(x)f(x) dx

—00

For solving above integration, let F, (X):V and differentiate this equation w.r.t X, we get
f(x)=dv . Also, the limits changes as X=-o0=F(—0)=0=v and
Xx=0=F(c0)=1=v

Therefore, integral reduces to
1 2 1
7z=J‘v dv:{v—} =1
0 2 0 2
1

Hence H,: Fy (X)=F, (x) or HO:7Z'=E



Also H, :F, (x)=F(x) ;
1
Is equivalentto H E VX
ie. H iR (x)>F,(x) ; for somex
. _ 1
is equivalentto H :7z>§ - for some x

and H, :F, (X)<F, (X) ;

1
isequivalentto H, iz <— ; VX

2
ie. H iR (x)<F(x) ; for somex

: , 1
is equivalentto H, : 7z <§ - for some x
The MN random variables D; are Bernoulli variables, with parameter 7 . i.e.
2
E[D,]=E[Df]==
V|D; |=7(1-7)
We define the parameters 7; and 7,as,
K 2
=P(Y, <X, NY, < X;)= [[F (x)] f(x)dx
and

_P(X, > Y, X, <X, )= [[1-F (0T £ (y)dy

m n
Since U = zz Dij
i=1 j=1
Therefore, mean and variance of U are defined as

E[U]=YYE[D,]=3 3"

i=1 j=1 i=1 j=1



and

v[u]:v@ j”l D,Jj
=mnz(1-7)+ mn(n—l)(n1 —7[2)+ mn(m—l)(;r2 —7z2)
= mn[;z—ﬁz +(n—1)(7r1—7z2)+(m—1)(722 —72'2):|

= mn[;z—;zz +(m+n-1)+(n-1)7, +(m—1)7z2}
V[U]=mn[z-7z°+(N -1)+(n-1)z,+(m-1)z, |

E[U/mn]=7z and V[U/mn]—0

Hence U / mn is a consistent estimator of 7 .

If we define another random variable

m n

u 222(1_ Dij)

i=1 j=1

The critical region for o level of significance is given as

Alternative hypothesis Critical region
ﬂS% or F, (x)<F(x) Y =C.
7> or F,(x)2 () U=t

U<C,oruU'<C,

2 2

7= o Fy(x)#Fy (X

Under Hy, i.e. Hy i Fy (X)=F, (X)

1
Then 7 =—
2



3
Thus E[U]="20
2
viul=mn| 2 -L(n-1) (n_1)+(m_1)}
2 4 3 3
1 N 1
V[U]=mn E—Z+§(n+m)}
[1 N N}
= - 4+ —
12 4 3
V[U]_mn(N+l)
12
If N is large, then under H,
mn
_ U-—-
7 Y_EN] Z_ 5N(02)

NI \/mn(N +1)

12
Example: The following are the marks secured by two batches of salesmen in the final test taken
after completion of training. Use the U -test with ¢ =0.02 for the null hypothesis that the
samples are drawn from identical distributions against the alternative that the distributions differ
in location only.
Batch A: 28, 25, 27, 29, 25, 19, 23, 26, 30, 22, 21, 28
Batch B: 20, 24, 25, 26, 18, 28, 23
Solution: Here n, =7, n, =12 and N =n, +n, =12

U=51U =26
where U is the number of times X; precedes y; among all (Xi,yj)pairs and U is the number
of times Y precedes X; among all (Xi, Y )pairs assuming no X =Y ties. From table, we find

that for two-tail test N, =7 and N, =12 at the level 0.02, the critical value is 14. Since 20(the



smaller of U and U ') is greater than 14, so we have no reason to believe that the samples are not

drawn from identical distribution.

8.3.1.3 Merits and Demerits

It is a good substitute for t-test when the conditions imposed on parent populations are

not met.

8.3.1.4 Application of U-Statistic to Rank Tests

Let X;,X,, -, X, and Yy, Y,, -+, Y, be two random samples from two populations with
continuous cdf Fx(x) and Fy(x) respectively. Now to test Ho: Fx(x) = Fy(x) V X, the two samples
are combined and arranged in an ascending order of magnitude. The ranks of the X values in the
combined ordered arrangement of the two samples would generally be larger than the ranks of
the Y values if the median of the X population exceeds the median of the Y population. Hence
Wilcoxon (1945) proposed a test, known as Wilcoxon rank sum test, where the null hypothesis is
rejected if the sum of the ranks of the X values is too large if the alternative is Hi: Fx(x) > Fy(x)
for some X, or if the sum of the ranks of the X values is too small if the alternative is Hi: Fx(x) <
Fy(x) for some x, or if the sum of the ranks of the X values is too large or too small if the
alternative is a two- sided, i.e. Hi: Fx(x) # Fv(x) for some x. The test statistic of this test for N =
m + n, is defined as
Wy =X, iZ;,
where Z;,i = 1,2,---, N, are indicator random variables defined as

1 if the i**random variable in the combined ordered sample is X

LT {0 if the i*"random variable in the combined ordered sample is Y.

This test is actually same as the Mann-Whitney U test, since a linear relationship exists
between the two test statistics. As U is defined as the number of times a Y value precedes an X
value, we have

U =35 Xjo1 Dy= Xiz1(Diy + Diz + -+ Diy),
1ifY; < X;

where Dij:{Oifyj > X,

foralli=1,2,--,mandj =1,2,---,n.



Then Y7, Dy is the number of values of j for which ¥; < X; or the rank of X; reduced by
n;, the number of X values which are less than or equal to X;. For example consider the sequence
YYXXY , where m =2 and n =3. Here, D,,=1, D;,=1, D,3=0,D,, =1, D,,=1, D,3=0.
21D =1+1+0=2=rank(X;) —1=3-1=2 (heren; = 1)
and Y3, D,;=1+1+0=2=rank(X;) —2=4-2=2(here n, = 2).
Thus, if r(X;) denotes the rank of X;, then
U=XT[rX)— n]=X"7rX)— (g +ny, + -+ ny)

- Zfl— 7 — m(m+1) - WN _ m(rr21+1).

Hence, all the properties of the tests are the same, including consistency and the
minimum asymptotic relative efficiency relative to t-test. Also, we have
E(U|Ho) = mn/2 and V(U|Ho) = mn(N + 1)/12. Hence,

E(Wy|Ho) = E(U[Ho) + ™2 and V(Wy[Ho) = V(U[Ho) = mn(N + 1)/12.

Just as U, the statistic W), is also symmetric about its mean.

8.3.1.5 Test of Goodness of Fit

This type of test is designed for a null hypothesis which is a statement about the form of
the cumulative distribution function or probability function of the parent population from which
the sample is drawn.

Let a random sample of size n is drawn from a population with unknown cumulative

distribution function say F. We want to test the null hypothesis
Ho: F(X)=F,(x); ¥x
against the alternative hypothesis
H,: F(x)# F,(x); for some x
If F, is specified with all its parameters, then H is a simple hypothesis. If F; is not

completely specified, then H, is a composite hypothesis and the unknown parameters are to be



estimated from the sample data in order to perform any test. The alternative hypothesis in both

the cases will be composite therefore rejection of H, does not provide any result.

8.3.2 One Sample Kolmogorov-Smirnov (K-S) Test

Goodness of fit tests are used when only the form of the population is in question, with
the hope that the null hypothesis will be found accepted. The two types of goodness of fit tests
are:

1. Chi Square goodness of fit test

2. Kolmogrov Siminirov test

8.3.2.1 Chi Square Goodness of Fit Test

Hypothesis and Assumptions:
If a random sample of size n is drawn from a population with unknown cumulative distribution
function F.

We wish to test the null hypothesis

Ho: F(X)=F,(x); ¥x

against the alternative hypothesis

H,: F(x)# F,(x); for some x

In order to apply the chi-square test in continuous distribution, the sample data must be grouped

according to some scheme in order to form a frequency distribution.

Assuming that the population distribution F; is completely specified by the null hypothesisH,,,

we can obtain the probability p, that a random observation will be classified in the i" category

(i=12,...K).

These probabilities multiplied by n, the sample size, give the expected frequencies under H, . i.e.
E, =np, (1=12,..,k)

Let the N observations have been grouped into k mutually exclusive categories, O, and E; are

the observed and expected frequencies respectively, for the i" group (i =1,2,....,K).



We use the test statistic
2 X i i
=2 1)

k k
with >0, = > E,

i=1 i=1
The exact sampling distribution of this test statistic is complicated. But for large samples, it has
' distribution with (K —1) degree of freedom. This approximation is good for every E =5.

For E; <5, we combine the adjacent categories till the expected frequency in the combined

category is at least 5.
If

2 2
cal y* >tab v, 4
then H, is rejected at ¢« level of significance.
If F, is completely specified, then H, is a composite hypothesis and the unknown parameters

are to be estimated from the sample data in order to perform the test.

In this case, the test statistic described by (1) has y? distribution with (K —r —1) degree of
freedom, where r is the number of independent parameters of F; estimated from the sample
data.

Thus mSm(X) is the number of X sample observations that are less than or equal to X. And
nT, (X) is the number of Y sample observations that are less than or equal to X.

For large m and N , the deviations between two empirical distribution functions,

‘Sm (x)-T, (X)‘ should be small for all values of X.

Thus, the test statistic

D =max

m,n
X

Sn (X)_Tn (X)‘
is called Kolmogrov-Smirnov two sample test statistic.
The probability distribution of D, , does not depend upon F, and F, as long as F, and F,

are continuous.



Therefore, D, , may be called a distribution free statistic.

n

The directional deviations are defined as

D, = mxax|Sm(x)—Tn(x)|
Dn;,n = mXaX|Tn(X)_Sm(X)|

D,,and D

m,n

are called one-sided kolmogrov-smirnov statistic. These are also distribution

n
free.
We wish to test the null hypothesis
Hy:F (x)=F (x) ; Vx
i.e. under H,, the population distributions are identical and we have two samples from the
sample population.
against
Q) One sided alternative
H,:F (X)>F (x) ; vx (right tailed test)
The appropriate test statistic is

Dy, = m§x|8m(x)—T (x)|

n
or

H,:F (X)<F (x) ; Vx (left tailed test)
The appropriate test statistic is

Tn(x)_Sm(X)|

D, , =max
' X

8.3.2.2 Comparison of Chi-square test with Kolmogrov-Siminirov test for

Goodness of Fit

1. Both types of tests are distribution free because the sampling distribution of the test

statistic does not depend on the cumulative distribution function.



2. The chi-square tests are specially designed for use with categorical data, while K-S tests
are for random samples from the continuous populations.

3. The chi-square test is sensitive to vertical deviations between the observed and expected
histograms, whereas the K-S test is based on vertical deviations between the observed and
expected cumulative distribution functions.

4. K-S test can be applied for any sample size, while chi-square test can be applied for large
sample size when each expected cell frequency is not too small.

5. The advantage of K-S test is that the exact sampling distribution of K-S test statistic is
known and tabulated, whereas the sampling distribution of chi-square test statistic is

approximately chi-square for finite sample size.

6. When H, is composite, the chi-square test is easily modified by reducing the number of

degrees of freedom (as some parameters are estimated) while K-S test can’t be modified in the

situation.
7. The K-S test is more powerful and more flexible than the chi-square test.
8. The chi-square test also comes in the category of parametric tests whereas K-S test is

only a non-parametric.

9. In K-S test, we can use one side test also which is not possible chi-square test.

8.3.3 RUN TEST

If we are given an ordered sequence of two or more types of symbols, a run is defined to
be a succession of one or more identical symbol which are followed and proceed by a different
symbol or no symbol at all.

In any situation, if the sample observations may not behave random, it is necessary to test
the randomness of the sequence before the usual statistical methods based on randomness are
applied.

Too few runs, too many runs, a run of excessive length or too many runs of excessive
length etc. can be used as statistical criteria for rejection of the null hypothesis of randomness,
since these situations should occur rarely in a truly random sequence.

A null hypothesis of randomness would be rejected if the total number of runs is either
too small or too large.



8.3.3.1 Advantages

1. Test of randomness are an important addition to the statistical theory, because almost all
the classical statistical techniques are based on the assumption of a random sample.

2. The run tests are applicable to either qualitative or quantitative data.

8.3.3.2 Distribution of Runs

Let us suppose an ordered sequence of n elements of two types, n, of the first type i.e.

values of X and n, of the second type i.e. the values of y such that
n+n,=n.
If r, = number of runsof typelstelementsi.e.X's

r, = number of runsof type2ndelementsi.e.Y's
The total number of runs in this sequence is
L+r=r ; r=<n
The probability distribution of the random variable ‘R’ is obtained as follows:

We can select n, positions for the n, values of X from (n, +n,) positions in nl+nzCnl ways.

The probability of each arrangement =

n1+n2C
M

Now, we have to determine how many of these arrangements yield R = I . Here, two cases arise:

Case (i): When risodd ie. r=2k +1;k el" ie. there are (K +1) runs of ordered values of

X and K runs of ordered values of Y or vice-versa.

First we consider the number of ways of obtaining (K +1) runs of n, values of X . This can be
done in ™C, ways.
Similarly, we consider the number of ways of obtaining K runs of n, values of Y . This can be

s Nl
donein #7°C, , ways.



The joint operation can be performed in (”1_1Ck )( nz_1Ck_l)ways.
Secondly, considering the number of ways of obtaining (K +1) runs of n, values of Y . This
can be done in™'C, ways.
Similarly, we consider the number of ways of obtaining K runs of n, values of X . This can be
donein "'C, , ways.
.. . . m-1 n,—1
The joint operation can be performed in ( Ck_l)( Ck) ways.
Thus,
-1 ,—1 -1 -1
("C)("C) + (") Cus)
(nl+n2C )
N

P(r=2k+1)=

Case (ii): When risevenie. r=2k ; kel i.e. there are k runs of ordered values of X and

Kk runs of ordered values of Y or vice-versa.

First we consider the number of ways of obtaining K runs of n, values of X . This can be done
in "C,_, ways.

Similarly, we consider the number of ways of obtaining K runs of n, values of Y . This can be
done in ™7'C,_, ways.

The joint operation can be performed in (”1_1Ck_1)( ”2_1Ck_1) ways.

Secondly, considering the number of ways of obtaining k runs of n, values of Y . This can be
donein ™7'C,_, ways.

Similarly, we consider the number of ways of obtaining K runs of n, values of X . This can be
done in "'C, _, ways.

The joint operation can be performed in (”1_1Ck_1)( ”2‘1Ck_1) ways.

e
( n+n, Cnl )

Thus, P(r=2k)=



Thus the probability distribution of R, the total number of runs of n, + n, = n objects, n, of

type 1% and n, of type 2" is given as:

2(nl—lCr i )(nz—lcr ) )
e e - 1fr is even
(n1+n2Cnl)
f(X): n -1 n,-1 n-1 n,-1
(e (e ) (o)) L
| (c.) |

where r =2,3,...,n, +n,

8.3.3.3 Test of Randomness

Sometimes, it is desirable to test whether the sample observations can be regarded as
random or not. To test the randomness of the sample observations, we use run test.

Let X, X,,...., X, be a random sample of size n taken from continuous distribution. In
the given sequence X,, X,,...., X, for each observation we note whether it is above or below

the sample median.

8.3.3.4 Hypothesis and Assumptions

Run test is used for examining whether or not a set of observations constitutes a random
sample from an infinite population. Test for randomness is of major importance because the
assumption of randomness underlies statistical inference. In addition, tests for randomness are
important for time series analysis. Departure from randomness can take many forms.

H,: Sample values come from a random sequence

H, : Sample values come from a non-random sequence.

8.3.3.5 Test Procedure

Let r be the number of runs (a run is a sequence of signs of same kind bounded by signs
of other kind). For finding the number of runs, the observations are listed in their order of

occurrence. Each observation is denoted by a ‘“+’ sign if it is more than the previous observation



and by a ‘-‘ sign if it is less than the previous observation. Total number of runs up (+) and down
() is counted. Too few runs indicate that the sequence is not random (has persistency) and too

many runs also indicate that the sequence is not random (is zigzag).

Critical Value: Critical value for the test is obtained from the table for a given value of n and at

desired level of significance (¢ ). Let this value be r .
Decision Rule: If r, (lower) <r < r, (upper), accept H,. Otherwise reject H,.

Tied Values: If an observation is equal to its preceding observation denote it by zero. While

counting the number of runs ignore it and reduce the value of n accordingly.

Large Sample Sizes: When sample size is greater than 25 the critical value r, can be obtained
using a normal distribution approximation.

The critical values for two-sided test at 5% level of significance are

r. (lower) = 4 -1.960

r, (upper) = u+1.960

For one-sided tests, these are

r. (left tailed) = £ -1.650,if r <r_, reject H,

r. (right tailed) = 4 +1.650,if r >r_, reject H,,

where
[Zn—l} [16n—29j
e and o =
3 90

Example: Data on value of imports of selected agricultural production inputs from U.K. by a

county (in million dollars) during recent 12 years is given below: Is the sequence random?
5.2 55 38 25 83 21 1.7 100 100 69 75 10.6

Solution:

H,: the sequence is random.

H, : the sequence is not random.



52 55 38 25 83 21 17 100 100 69 75 106
+ - - + - - + 0 - + +

Here n = 11, the number of runs r = 7. Critical n values for & = 5% (two-sided test) from the

table are r, (lower) =4 and r, (upper) = 10.
Since r, (lower) <r < r, (upper), i.e., observed r lies between 4 and 10, H, is accepted. The

sequence is random.

8.3.3.6 Merits and Demerits

e The number of runs a sequence indicative of randomness.
e any set patterns of symbols in a sequence shows lack of randomness.

e Too0 many or too less runs show lack of randomness.

8.4 Two Sample Problem

In two sample problem, we are concerned with the data which consists of two
independent random samples; i.e. random samples are drawn independently from each of two
populations. Not only the elements within each sample are independent, but also every element
in the first sample is independent of every element in the second sample.

We have two populations called as X and Y populations, with cumulative distribution

functions F, and F, respectively.
A random sample X, X,,...X _ of size m is drawn from the population X and
another random sample V,,Y,,....Y, of size N is drawn from the population Y .

Generally, the hypothesis of interest in two sample problem is that the two samples are

drawn from the identical populations. i.e.
Hy:F (X)=F (x) ; VX

We shall discuss three types of alternatives:



@ In the first type of alternative, we consider the alternative hypothesis that the two
populations differ in any manner i.e. the two populations may differ in location or in dispersion
or in skewness or in kurtosis etc.

Q) The two-sided alternative is

H,:F, (x)=F (x) ; for somex

(ii)

(i) A one-sided alternative is

H iR (X) <K (X) 5 VX

ie. H 1 F, (X)<F (x) ; for somex

i.e. the variable is stochastically larger than the variable Y .
or

H iR (X) =R (X) ; VX

H,:F, (x)>F (x) ; for somex

i.e. the variable is stochastically smaller than the variable Y .

For this type of problem, we shall discuss the following tests:
1. Wald-Wolfowitz Run Test

2. Kolmogrov-simirnov two sample Test

(b) In the second type of alternatives, we consider the alternative hypothesis that the two

populations differ in location only, this type of alternative is called the location alternative.
H, :F (x)=F (x—0); for somex& &0

i.e. the cumulative distribution function of Y is shifted to left if & <0

ie. Fy (X)< R (X); Vx or F(x) <R (x);for somex

and

the cumulative distribution function of Y is shifted to right if & >0

ie. Fy (X)=F, (x); vx or Fy (x)>F, (x); for somex



For this type of problem, we shall discuss the following tests:
1. Median Test
2. Mann-Whitney U Test

3. Wilcoxon Test

(© In the third type of alternative hypothesis, we consider the alternative hypothesis that the
two populations differ in scale parameter only, this type of alternative is called the scale
alternative.

H :F (6x)=F, (x); for somex & 61
i.e. the cumulative distribution function of Y is with compressed scale if & >1 and the

cumulative distribution function of Y is with enlarged scale if & <1.

For this type of problem, we shall discuss the following tests:
1. Mood Test
2. Sukhatme Test

8.4.1 WALD-WOLFOWITZ RUN TEST

This two-sample test is based on the assumption that the populations under consideration
are continuous.

We wish to test the hypothesis that the two independent samples have been drawn from
the identical populations against the alternative that the two populations differ in any manner i.e.
in location, in dispersion, in skewness or in kurtosis etc.

Let X,,X,,..X,, and Y,,Y,,...Y, be two random samples of sizes M and N

m
respectively drawn from two populations. These N =m-+ N observations drawn from two
populations are arranged in order of magnitude from smallest to largest, keeping in view which
of the observations correspond to the X sample and whichto Y sample.

For example, with m=4 & n=5 the arrangements might be
XYY XXY XYY, m+n=09.

We have 6 runs, 3runsof X 'Sand Y'S.



The total number of runs in the ordered pooled sample is indicative of the degree of random

mixing. We wish to test the null hypothesis

Hy:F (X)=F (x) ; Vx

against H, : F, (x) = R, (x) ; for somex

where F, & F, are the cumulative distribution functions of the populations.

Let r be the total number of runs in the group of N observations.
A run is defined to be a succession of one or more identical symbols which are followed and
proceed by a different symbol or no symbol at all.

Under H,, the two samples are drawn from the same population. i.e. Under H,, the two samples

are expected to be well mixed and r is expected to be large.

But r is small, if the two samples come from the different populations. i. e. if H, is fase.

If all the values of Y are greater than all the values of X (or vice-versa), then there will be only
two runs.

Since too few runs will provide the critical region (or rejection region for null hypothesis H, ).
The Wald-Wolfowitz run test for @ level of significance has the critical region r <r,
where r_ is the largest integer such that

Pl[r<r,/H)|<«a
If H, is true, then all the ""C_ = ""C different possible arrangements of m X 'S and n
Y's in aline are equally likely.
When r is odd i.e. r =2k +1; k € | " i.e. there are (K +1)runs of ordered values of X and
kK runs of ordered values of Y or vice-versa. Then,

P[r=2k+1/H,]= ("C)("C) +("C)("C)
0 m+nCm

When r isevenie. r=2k: kel™.
i.e. there are K runs of ordered values of X and K runs of ordered values of Y or vice-versa.

Then,



2("C)("C)

P[r:2k/H0]: mnc

Under H,, the mean and variance of r are given as
2mn

E[r]= +1
m+n

2mn(2mn—-m-n)

V[r]:(m+n)2(m+n—1)

For large M, N under H,
r—E[r]

WIrl

Note: It is the test for equality of distributions based on runs.

Z= 1N(0,2)

8.4.1.1 Rank Order Statistics

If the rank order statistics of a random sample X,, X,,....., X are denoted by

F(%) P (%) T(X,)-

The i" rank order statistic r(xi) is called the rank of the i"" observation in the unordered
sample.
Ex: r(x)=i

The functional definition of the rank of any x. in a set of N observations is given as,

r(x)=35(x )

1:ifu=0
where S(u) = 0 ifu>0

8.4.1.2 Linear Rank Statistics




If the two independent random samples X,, X,,....., X and Y,,Y,,......Y, are drawn
from the two populations with cumulative distribution functions F, and F, respectively.

We consider the null hypothesis
Hy:Fy (X)=F (x) ; VX, Funknown

The set of m+n =N observations are assigned ranks 1,2,.....,N .

The functional definition of the rank of observations in the combined sample (with no ties) is

given as,
m n
r(xi)=ZS(xi —xJ.)JrZS(xi - yj)
j=1 j=L
n n
r(yi)zz (Yi _yj)"‘ZS(Yi _Xj)
j=1 j=1
1:ifu=0
where S(u) ={ _
0;ifu>0
we denote the combined ordered sample by a vector of indicator random variables as follows:

Let Z = (Zl, Zyyey Iy ) be the combined ordered sample. Then we describe

L 1 ;ifi"randomvariablein thecombined orderedsampleis X
0 ;ifi"™ randomvariablein thecombined orderedsampleisY ’

The vector Z indicates the rank order statistics of the combined samples. The linear rank order

statistics is defined as

N
T, =Y az,
i=1
Where a, are given numbers or weights.

Note: under H,

()=
V(z)=~3



—mn
cov(z,z )= . V1, 1=12,.....,N
8.4.2 Two Sample Kolmogorov-Smirnov Test

Hypothesis and Assumptions:

Suppose a random variable is continuously distributed in each of two populations, the
distribution functions being denoted by F and G. Further, suppose that independent random
samples, say

Xis Xy Xgyeeennnnn X, and YL Yo, Vo eeennnn. , y,, have been drawn from the two continuous

distributions F_ and G, respectively.

Here our problem is to test the hypothesis that the to distribution are identical i.e.
H,:F(0)=G(0)

against H,:F(6)=G(0); vt

Then an appropriate test criterion for testing hypothesis is K-S statistic which is as follows

R (0)-G, (0)

If the hypothesis is true, one expects the value of D__ to be small, while a large value of D_

D,, = max

m
so<t<oo

may be taken as an indication that the parent distributions are not identical.

8.4.3 MOOD Test for Dispersion

If we have two populations called as X and Y with cumulative distribution functions

F, and F, respectively. A random sample of size M is drawn from X population and another

random sample of size N is drawn from Y population denoted as:
X Xy Xoand Y, Y, .00 Y,

n
These m+n= N observations drawn from the two populations are arranged in order of

magnitude from smallest to largest.



In this combined ordered sample of N observations (with no ties), the average rank is

the mean of first N integer. i.e. (NTH)

N +1

The deviation of the i™ ordered variable about its mean rank is [1—( H The amount of

deviation is an indication of the relative spread.
In linear rank statistic, we may take weights either the absolute value of the deviations or
the squared values of the deviations to measure the relative spread.

In Mood test, we take weights as the squared values of the deviations. We define the Mood Test

A5

i=1

Statistic as

It gives the sum of squares of the deviations of the X ranks from the average combined
rank.
We wish to test the null hypothesis that the two samples are drawn from the identical

populations.

The general scale alternative is

H,:F (x)=F(6x) ; Vxand 6=1

If M, istoo small, then

H,:F (x)>F(6x) ; Vxand 0>1
ie. H 1R (x)>F(6x) ; Vxand 6>1
If M istoo large, then

H,:F (X)<F,(6x) ; Vxand 0<1
H,:F (x)<F(6x) ; Vxand 0<1

Since,



NT N+1T
M, = Z|:I - } 4
Then mean and variance of Mood’s test statistic is
m( N? —1)
12
Also variance is obtained as

V[M,]=E[M, —E[M, ]

E[MN]:

By solving it, we get

When m, N are large, then under H,

z - My _E[MN]D N(0,1)
WM, ]
8.4.4 Sukhatme Test for Dispersion

If we have two populations called as X and Y with cumulative distribution functions

F, and F, respectively. A random sample of size M is drawn from X population and another

random sample of size N is drawn from Y population denoted as:
Xy Xy X and Y, Y, 0000 Y

n

These m+n= N observations drawn from the two populations are arranged in order of
magnitude from smallest to largest.

Here the X and Y populations have or can be adjusted to have equal medians; without
loss of generality, we assume that this common median is zero.

In this case, we arrange the observations such that most of the negative Y ’s should
proceed negative X ’s, and most of the positive Y ’s should follow positive X s, if Y ’s have
a larger spread than X ’s.

If MN indicator random variables are defined as



1 iij<Xi<00r 0<X;<Y,; Vi=12,....., m
"o otherwise; Vj=12,....,n

Thus, Sukhatme test statistic is defined as

m n

T :ZZD”

i=1 j=1

i.e.

= _ji[FY (X)=Fy (X) ] (x)dx+I[FX (x)—F, (x) ]f (x)dx

+j|: ) f(x)dx — jF f(x)dx+jf(x)dx

zz_ji[FY (X)—Fye (%) ]f (x)dx+I[Fx (X)-F, (x)]f (x)dx+%

1
Under H,, 7 =—
4

Hence HO:FY(X)z Fy (X) or Ho:n:%

The MN random variable D; are Bernoulli variables, with parameter 7 .i.e.

E[Dij]: E[Diﬂ:”
V|D; |=7(1-7)

We define the parameters 7, and , as

=P|(Y; <X;<00r 0<X; <Y;)N(Y, <X, <00r 0<X; <Y,)]

=P[(Y, <X, <O)N(Y, <X, <0)+(0< X, <¥,)N(0< X, <Y,)]

7, = .T [F, (x)]2 f (x)dx + T[l— F, (x)]2 f (x)dx

and



7, =P|(Y; <X, <00r 0< X; <¥;)N(Y; <X, <00r 0< X, <Y, )]

=P (Y; <X <0)N(Y; < X <0)+(0< X, <¥;)N(0< X, <Y,)|

n2=IB—FX(y)} f(y)dy+I[Fx(y)—ﬂ f(y)dy

m n
Since T = Zz Dij
i=1 j=1
Then mean and variance of T is defined as

E[T]:iiE(Du):izn:”:m””

i=l j=1 i=1 j=1

and V [T]:vﬁzm;i DU.}

=
V[T]=mn| 7z -7*(N-1)+(n-1)z,+(m-1)z, |
As m,N —> o0

E[T/mn]=7

V[T /mn]—0

Hence T / mn is an unbiased ad consistent estimator of 7 .

If we define T as

TI:Zm:ZH:Di'j

i=1 j=1

where

1 if X;<Y;<0or 0<Y,; <X,
! 0 otherwise

The critical region for & level of significance is given as

Alternative Hypothesis Critical Region



- 0 1 a
7z<4( > )
7>t (6<1) T =€,

4

4 2 2

Under Hy, ie. Hy: R, (X)=F, (x)

1
Then 7 =—

4
and 7, =7, =

Thus E [T

V[u]= mn{ (n- 1)+(m_1)}

3 3

v[u]=m(N+7) (N+7)

If N is large, then under H,

8.45 Contingency Table




A contingency table is an array of natural numbers in matrix from where those natural
numbers represent counts, or frequencies. For example, an entomologist observing insects may
say he observed 37 insects, or he may say he observed
Moths Grasshoppers others Total

12 22 3 37

using 1x 3 (one by three) contingency table. This is one-way contingency table because it has
only one row.

The entomologist may wish to be more specific and use a 2 x 3contingency table, as follows.

Moths Grasshoppers others Total
Alive 3 21 3 27
Dead 9 1 0 10
Total 12 22 3 37

The totals, consisting of two row totals, three column totals, and grand total. It is a two
way contingency table and may be extended to include several rows (r ) and several columns (c )

asan I' X S contingency table.

8.45.1 The 2x2Contingency Table

In general I' X Ccontingency table is an array of natural numbers arranged in to I rows
and Ccolumns and thus has I'C cells or places for the numbers. This section is concerned only
with the case where r = 2 and ¢ = 2, the 2x 2 contingency table, because there are four cells,
2 x 2 contingency table is also called the fourfold contingency table.

One application of the 2x 2 contingency table arise when N objects (or persons),
possible selected at random from some population, are classified in to one of two categories
before a treatment is applied or an event takes place. After the treatment is applied the same N
object are again examined and classified in to two categories. The question to be answered is,
“Does the treatment significantly alter the proportion of object in each of two categories?”” The
appropriate statistical procedure was seen to be a variation of the sign test known as the

McNemar test. The McNemar test is often able to detect subtle differences, primarily because the



same sample is used in the two situations (such as “before” and “after”’). Another way of testing
the same hypothesis tested with the McNemar test is by drawing a random sample from the
population before the treatment and then comparing it with another random sample drawn from
the population after the treatment. The additional variability introduced by using to different
random sample is undesirable because it tends to obscure the changes in the population caused
by the treatment. However, there are times when it is not practical, or even possible, to use the
same sample twice. Then the procedures to be described in the section may be used.

In the first procedure, two random samples are drowned, one from each of two
populations, two test the null hypothesis that the probability of event A (some specified event) is
the same for both populations. The null hypothesis may also be stated as “the proportion of the

population with characteristic A is same for both populations.”

8.4.5.2 The Chi-Squared Test for Differences in Probabilities, 2x 2

A random sample of n, observations is drawn from one population (or before a treatment

is applied) and each observation is classified in to either class 1 or class 2, the total numbers in

the two classes being o,, and o,, respectively,
Whereo,, + 0, =n,. A second random sample of n, observations is drawn from a second

population (or the first population after some treatment is applied) and the number of population

inclass 1 or class 2 is 0,,0or 0,, respectively, where o,, + 0,, =n,. The data are arranged in to

the following 2 x 2 contingency table.

Assumptions

1. Each sample is a random sample.
2. The two sample are mutually independent.
3. Each observation may be categorized in to class 1 or class 2.

Test Statistic:  If any column total is zero, the test statistic is defined as T, = 0. Otherwise,

T = \/ﬁ(onozz — 012021)

' Jnn,CC,

@



Null distribution the exact distribution of T, is difficult to tabulate because of all the different

combination of values possible for o

11 !

0, , 0,, and o,, . Therefore, the large sample

12 !
approximation is used, which is the standard normal distribution whose quintiles are given in
Table.

Hypothesis: Let the probability that a randomly selected element will be in class 1 be denoted

by p,inpopulation 1 and p,in population 2. Note that it is not necessary for p,and p, to be

known. The hypotheses merely specify a relationship between them.

A. (Two-Tailed Test)

H, p=p,

H,:p, #p,

Reject H, at the approximate level ¢ if T, is less than the & / 2 quintile of a standard normal
random variable Z, or if T, is grater then the 1-& / 2 quintile of Z, where the quintiles of Z are

given in table.
The p-value is twice the smaller of the probabilities that Z is less then the observed value of

T, or grater then the observed value of T , from table.

Note that for the above hypotheses, le Is often use instead of T, as the test statistic. Then the

rejection region is the upper tail of the chi-squared distribution with 1 degree of freedom given in
table.

B. (Lower-Tailed Test)
H,:p,=p,
H :p, <p,
Reject H, at the approximate level ¢ if T, is less than the & quintile of a standard normal

random variable Z, where the quintiles of Z are given in table.

The p-value is the probability that Z is less than the observed value of T, , obtained from

table.

C. (Upper-Tailed Test)



Hoop<p,
H p.<p,
Reject H, at the approximate level & if T, is greater than the 1— ¢ quintile of a standard

normal random variable Z, where the quintiles of Z are given in table.

The p-value is the probability that Z is greater than the observed value of T, obtained from

table.

Example: Two Carloads of manufactured items are sampled randomly to determine if the
proportion of defective items is different for the two carloads. From the first carload 13 of the 86
items were defective. From the second carload 17 of the 74 items were considered defective.

Defective Non defective Totals
Carload 1 13 73 86
Carload 2 17 57 74
Totals 30 130 160

The assumptions are met, and so the two-tailed test is use to test

H, : The proportion of defective is equal in two carloads using the test statistic

T = \/W(Onozz — 012021)

' JnnCC,
_ V160((13)(57) - (73)(17))
~/(86)(74)(30)(130)
=-1.2695

The 0.975 quintile of a standard normal random variable is found from Table Al to be

1.9600. therefore, the rejection region of approximate size 0.05 consist of all value of T, grater

then 1.9600, or less then -1.9600. The observed value is -1.2695, so the null hypothesis is
accepted at the a = 0.05 level of significance.

The p-value is twice the probability of Z being less then the observed value -1.2695, which
is found from the table as 0.102, so the p-value is approximately 0. 204.Therefore the decision to

accept H, seems to be a fairly safe one.



The following example illustrates the use of one-tailed test.

Example: - At the U.S. Naval Academy, a new lighting system was installed throughout the
midshipmen’s living quarters. It was claimed that the new lighting system resulted in poor
eyesight due to continual strain on the eyes of the midshipmen. Consider a (fictitious) study to
test the null hypothesis,

H, : The probability of good vision is less now than it was
Let p, be the probability that a randomly selected graduating midshipman had good vision
under the old lighting system and let p, be the corresponding probability with the new light.
Then the preceding hypotheses may be restated as

H,:p.<p,

H,:p,>p,
Which matches the set C of hypotheses. The random sample are taken to be the entire
graduation class just prior to the installation class to spend 4 years using the new light system for
population 2. it is hoped that these sample will behave the same as would random samples from

the entire population of graduating seniors, real and potential.
Suppose the results were as fallows.

Good vision Poor vision
Old lights O,=714 0,=111 n, =825
New Lights 0O,, =662 O,,=154 n,=816
Totals 1376 265 1641

Decision rule C defines the critical region « = 0.05to be all values of T, greater than

1.6449 from table. Computation of T, gives

T=Y N (011022 _ O12021)
1
Jnn,CC,

_ J/1641((714)(154) — (111)(662))
~ . /(825)(816)(1376)(265)




=2.982
So the null hypotheses is clearly rejected. From Table we see that the null hypotheses could have
been rejected at a level of significance as small as about 0.002, so that p-value is 0.002.

We may there for conclude that the population represented by the two graduation classes do
differ with respect to the proportions having poor eyesight, and the direction predicted. That is,
population 2 (with the new light) has poor eyesight then population 1 (with the old light).
Whether the poorer eyesight is result of the new lights has not been shown. However, an
association of poor eyesight with the new lights has been shown in this hypothetical example.
Data: The N observations in the data are summarized in a 2 x 2 contingency table as previously
both of the row totals, r and N-r and both of the column totals, ¢ and N-c, are determined

beforehand and are therefore fixed not random.

Col 1 Col 2

Row 1 X r—X r

Row 2 C—X N—-r—-c+x N—r

Total C N-c N
8.4.6 Fisher’s Exact Test
Now Discuss
8.4.6.1 Assumptions
1. Each observation is classified into exactly one cell.
2. The row and column totals are fixed, not random. (However see the comment at the end

for random totals in rows, columns, or both.)

8.4.6.2 Test Statistic

The test statistic T, is the number of observations in the cell in row 1, column 1.

8.4.6.3 Null Distribution




The exact distribution of T, when H_ is true is given by the hyper geometric distribution

0

=0 for all other values of x @

For a large approximation use

rc

_ N

- rc(N -r)(N —c)
\/ NZ(N -1)

which has the standard normal distribution given in table as an approximation. If row totals or

column totals, or both, are random it is more accurate to use T, given by

T = \/ﬁ(ollOZZ - 012021)

' \l nl nZCICZ

in the large sample approximation.

8.4.6.4 Hypotheses

Let p, be the probability of an observation in row 1 being classified into column 1. Let
p, be the probability of an observation in row 2 being classified in column 1. Let t be the

observed value of T, .

A. (Two-tailed test)
Hy:p,=p,
Hl pl * p2
First find the p- value using equation (1). The p-value is twice the smaller of P(T, <t ) or

P(T, >t,.). Reject H, at the level of significance « if the p-value is less than or equal to « .



B. (Lower-tailed test)
Hoip 2 p,
H, i p, <p,

Find the p- value P(T, <t_ ) using equation (1). Reject H, at the level of significance « if

obs

P(T, <t_,) is less than or equal to .

C. (Upper-tailed test)
H,:p =p,
H,:p,>p,
Find the p- value P(T, >t ) using equation (1). Reject H, at the level of significance « if

P(T, >t,,) is less than or equal to .

Example: Fourteen newly hired business majors, 10 males and 4 females, all equally
qualified, are being assigned by the bank president to their new jobs. Ten of the new jobs are as
tellers , and four are as account representatives. The null hypothesis is that males and females
have equal chances at getting the more desirable account representative jobs. The one-sided
alternative of interest is that females are more likely than males to get the account representative
jobs.

Only one female is assigned a teller position. Can the null hypothesis be rejected? The
information given is sufficient to fill in the following 2 x 2 contingency table, because the row

totals and column totals are already known.

Account
representative Teller
Males 1 9 10
Females 3 1 4
Total 4 10 N =14
H,:p, > p,
H :p <p,

The exact lower-tailed p-value is given by Equation (1) as



P(M, <) =P(T,=0)+ P(T, =1)

ool (4l
nan

=t — =
1001 1001
The null hypothesis is rejected at @ =0.05.

0.041

8.5 Summery

This unit provides a thorough understanding of concepts related to non- parametric tests.

The concepts of Mann-Whitney U Test, U-Statistic and Rank Tests, One Sample Kolmogorov-

Smirnov Test, Two Sample Kolmogorov-Smirnov Test, Run Test, Wald-Wolfowitz Run Test,

Mood Test for Dispersion, Sukhatme Test for Dispersion, Contingency Table. are described in

detail. The learner should try to solve the self-assessment problems given in the next section.

8.6 Self-Assessment Exercises

QL. Describe the utility of U-Statistic and Rank Tests.
Q2. Explain the following test:

a. Mann-Whitney U Test,

b. One Sample Kolmogorov-Smirnov Test,

c. Two Sample Kolmogorov-Smirnov Test,

d. Run Test,

e. Wald-Wolfowitz Run Test,

f. Mood Test for Dispersion, and

g. Sukhatme Test for Dispersion.
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9.4.1 Assumptions
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9.6  Large Sample Approximation

9.7  Tukey’s Test for Non-Additivity

9.8  Summary

9.9 Self-Assessment Excersises

9.1 Introduction

This section provides a deeper understanding of non parametric inference by exposing to

the concept of one way and two-way analysis of variance along with the concept of Pitman ARE.

9.2 Objectives

The objective of this unit is to provide a basic understanding of concepts related to
Nonparametric Inference. The concept of the Kruskal-Wallis one way ANOVA Test, Friedman’s
two-way analysis of variance by ranks, efficiency criteria and theoretical basis for calculating

ARE, Pitman ARE should be clear after study of this material.

9.3 Asymptotic Relative Efficiency (ARE)




In point estimation, the efficiency of two unbiased estimators for a parameter is defined
as the inverse ratio of their variances. In the case of tests, the power efficiency; is defined as
follows:

Definition (Pitman)

LetT,, and T,;, n = [, 2,... be two sequences of test statistics of the same null hypothesis
H,, at the same significance level a. Let the distributions be indexed by a real parameter, so that
& = 0 gives a distribution in H,, and other 's correspond to distributions under the alternative
hypothesis. Let us consider a sequence of alternatives §;. If, for the same power with respect to
the same alternative &§;, the test T, , requires n; observations and the test T,; requires n;
observations, then the relative efficiency of test T,,, with respect to test T, is given by the ratio

e=10 1)
n;

In general, e depends on «, §;, and n;. The evaluation of e = e(«, 6;,n;) as a function of
the three arguments is not simple. Some asymptotic value of e(«, §;,n;) may be computed
keeping one argument constant and letting the others approach some suitable limits. If the tests
T,,, and T, are consistent, then their powers will approach 1 with increasing sample size. Now let
the sequence §; be such that §; - 0 asi — oo, and such that the power of each test lies in the
open interval (a, 1) for finite sample sizes and approaches some limit between « and 1. We thus

have the following definition of ARE:

Definition:  Let T,, and T,, be two sequences of level «a tests of a null hypothesis § = 0 against
an alternative hypothesis §;. The asymptotic relative efficiency (ARE) of the test T, relative to

test T;, is the limiting value of (1) while simultaneously n; — oo and §; — 0, i.e.

*

n.
ARE = lim = = lim e(a, o;,n;), (2)
nj-oo Ny Moo
6;—0 §;—0

if this limit exists and is constant for all increasing sequences of sample sizes n;, n;.
In many Important applications (2) does not depend on @. The ARE is also called the

local asymptotic efficiency since it is the large-sample power in the vicinity of H,.



There is difficulty of us exact power calculation with non-parametric tests, the above two

criteria have found use in non-parametric inference. Also, in some cases (2) provides an

approximation to the exact efficiency. There are some theorems for the evaluation of ARE.

Let E(T,) and var(T,) denote the mean and variance of T, under an appropriate

distribution.

I
(@)

(b)

V.

The following regularity assumptions will be made for the sequences of tests T,, and T, :
dE(T,)/dé exists and is non-zero and continuous at § = 0.

There exists a positive constant ¢ such that
dE(T,)/d8|s=0

= nvar(Ty) ls=o

For the sequence of alternatives &,, = d/vn,

dE(Typ)/d6ls=s,
noco AdE(Tp)d8|s=0

lim Vvar(Tn)ls=s, _
n-ooo var(Ty)ls=o

Corresponding to &,, = d/+/n, T,, is asymptotically normal with mean E (T,,) and variance

var(Ty)|s=s,-

Now consider the case of a one-sided alternative H: §,, > 0.

Theorem 1 Under the above regularity conditions, the limiting power of the test T, is 1 —

®(t, — dc), where @ is the standard normal distribution function.

Proof: The limiting power of the one-sided test T,, is

Now,

lim P[T, = Ty.|6 = 8,], where Ty, is the level « critical value

n—-oo

— lim P Tn - E(Tn) > Tn,a - E(Tn)

n-e | Jvar(Ty,) 5=5n_ Jvar(Ty,) 5=,

=1 — ®(1),say, due to regularity condition IV.



im Tn,a — E(Ty,) — lim [Tn,a — E(T,) |6=6n V var(Tn)l(S:O
noe Jvar(Ty) | noe ) Jvar(T,)|s=o var(T-) |«
5=6n ar( n)|5_5nJ

 —

= lim Tn,a_E(Tn)|6=6n

n-oo var(Ty)ls_,

, due to regularity condition I11(b),

Since, by Taylor’s expansion,

dE(Ty)

E(Ty)|s=s, = E(T)|s=0 t+ 6n.T|6—0 +€,

where lim € = 0 due to regularity condition Il1, we have

n—->oo

7 = lim Tn,a - E(Tn)|5=0 _ 6n[dE(Tn)/d5]|6=0+E
n=e | Jvar(T,)| s=o Jvar(Ty)ls=o
I T Tn,a_E(Tn)|8=0 _ H H
= T}gg —\/Wm ] dc, due to regularity condition Il

=71, —dc

Thus the limiting power is 1 — ®(t, — dc).

Theorem 2 (Pitman) If T, and T, are two sequences of tests satisfying the four regularity

conditions, then ARE of T, relative to T, is

dE(T
lim d(é\n) UCLT(TTT)
n-o | dE(T)Y) var(T,) 5=0
T ds ls=o )

Proof: From Theorem 1, the limiting powers of the tests T;, and T,; are, respectively,

1—P(r, —dc)
And 1—®(t, —d*c").
The tests will have the same limiting power if dc = d*c*, i.e. if
a ¢
d c*

From regularity condition 111, the sequences of alternatives will be the same if



d
N

It follows, then, that the two tests will have the same limiting power iff

L )
(

Tn)
s dEd((; D) ~var(Ty)|,_,
dé  ls=o
Definition: The efficacy of a test of the hypothesis H, = § = 0 based on the test statistic T, is
defined as
dE (Tn)]
var(Ty,)

5=0

Thus, under the regularity conditions, the ARE of T, relative to T,; is the ratio of their
efficacies.

The ARE does not depend on the significance level or power of the test when the
regularity conditions are satisfied. The above theorem is also true if both T,,, and T,, are two-
sided tests with the same values a;, and a,, for the sizes of the left- and right-hand critical
regions, with a; + a, = a.

Example: Let T denote the test statistic using sign test for testing Ho: u, = 0 against Hi: u, =
1,where u, is the median of the population, using a sample of size n from a normal distribution
with mean u and variance unity and T* the test statistic using normal theory for testing Ho: u= 0
against Hi: u = 1 using n* observations. Then the above hypothesis sets are identical as for a
normal distribution, the mean and median coincide. Suppose we are interested in obtaining the
power efficiency of sign test relative to normal test for a power of y = 0.90 with a significance

level @ = 0.05.In the normal theory, the test based on n* observations,

Pr[T* > T,|H,] = 0.05



X-0

1NF> 1.64 = Vn*X > 1.64.

=

Setting the power y equal to 0.90, n* is found as follows.

PriT* = T,|H,]=Prlvn*X > 1.64| u = 1] = 0.90.

Or Pr[{/n*(X — 1) = 1.64 —vn*] =0.90

= 1 - Pr[{/n"(X — 1) < 1.64 — Vn*] = 0.90Type equation here.
= Pr[{/n*(X — 1) < 1.64 —vn*] =0.10

= ®(1.64—vVn")=010=> 1.64 —Vn*=-128>n" ~ 9.

In case of sign test,

Pr(T > T,|H,] = 0.05 gives

() = 8

where r is the number of positive observations X; and r,, is the critical value for rejection of the
null hypothesis. The power of the test T is then given by
Pr[T > TalHl] =Y

n =7 —
>3, (D)pra—pnr =y, 0
where p=Pr[X > 0|y, = 1] =1 —Pr[X < 0|u, = 1]

-1 _ _ _X—le 0—pte _ ; : I
=1-"Pr [Z = T < Traro e = 1] (since mean and median coincide for

normal distribution)
=1—-Pr[Z < —-1|u, = 1]=1—- ®(—1) =0.8413.

The number n and r,, will be those values which satisfy (1) and (2) simultaneously for a
=0.05 and y = 0.90. If p is rounded off to 0.85, then ordinary tables of binomial distribution can
be used. On solving this, the value of n turns out to be 14 or 15. Thus the normal test requires
only nine observations to be as powerful as a sign test using 14 or 15 observations, so that the

power efficiency is around 0.60 or 0.64. This value of efficiency applies only for the particular



value of @ = 0.05 and y = 0.90 and therefore is not in any sense a general comparison. More over
the hypotheses under consideration were simple hypotheses. General conclusions for composite
hypotheses and any values of a and y are certainly impossible to obtain.

In many cases the limit of the ratio n*/n may not be a function of a and y or even the
parameter value when it is in the neiborhood of the hypothesized value. In such cases, the

asymptotic relative efficiency is a more suitable criterion, as it leads to a single number.

9.4 One-Way ANOVA and Kruskal-Wallis Test

Let the data consist of N = Zlenj observations, with n; observations from the jth

treatment, j =1, ..., k.

Treatments
1 2 k
X11 X12 X1k
X2 X22 Xok
Xn,1 Xn,2 X,k

9.4.1 Assumptions

Al. The N random variables {X,; , X5}, ..., Xy },j = 1, ..., k, are mutually independent.

A2. For each fixed j € {1,...,k}, the n; random variables {X,;, Xj, ..., X,;} are a random

sample from a continous distribution function F;.

A3. The distribution functions F;, ..., F;, are connected through the relationship

F@t)=F(t—1), —o<t<o, (1



For j=1,..,k, where F is a distribution function for a continous distribution with
unknown median 6 and t; is the unknown treatment effect for the jth population.

We note that the assumptions A1 — A3 correspond directly to the usual one-way layout
model commonly associated with normal theory assumptions; that is, Assumptions A1 — A3 are
equivalent to the representation

Xij :9+Tj+ ei]-, [ = 1,...,7'1]',

j=1,..,k,

where 6 is the overall median, 7; is the treatment j effect, and the N e's from a random
sample from a continous distribution with median 0. (Under the additional assumptions of
normality, the medians 8 and 0 are, of course, also the respective means.)

The null hypothesis of interest is that of no differences among the treatment effects
Ty, -, T, NAMely,

Hy: [ty = = 1] (2)
This null hypothesis asserts that each of the underlying distributions Fj, ..., F is the same

, correspondingto F; = F, = -~ = F, = F in ().

942 KRUSKAL-WALLIS TEST

We present a procedure for testing H, (2) against the general alternative that at least two
of the treatment effects are not equal, namely,
Hy:[tq,..., T} not all equal] 3
To compute the Kruskal-Wallis statistic, H, we first combine all N observations from the

k samples and order them from least to greatest. Let 7;; denote the rank of X;; in this joint

ranking and set

n:
j Rj .
R; = Zh’j and R; = P L.k (4)
i=1 g

Thus, for example, R, is the sum of the joint ranks received by the treatment 1
observations and R is the average rank for these same observations. The Kruskal-Wallis

statistic H is then given by

k
g 12 2 (R N+1)2
_N(N+1),1"f JT T
]:



k
B 12 R}
- N(N+1);n_j —WED )

where (N +1)/2 = (Z;;lzzlrij/N) is the average rank assigned in the joint ranking.
To test

versus the general alternative
Hy:[tq, .., T not all equal],

At the a level of significance,
Reject Hy if H > h,; Otherwise do not reject (6)

where the constant h,, is choosen to make the type | error probability equal to a. The constant h,
is the upper a percentile for the null (z; = --- = t;) distribution of H. When H, is true the
statistic H has, as min(ny, ..., n;) tends to infinity , an asymptotic Chi-square(?) distribution

with (k — 1) degrees of freedom. The chi-square approximation for procedure (6) is

Reject Hy if H > xi_, o ; Otherwise do not reject, (7)

where y7_; . is the upper a percentile point of a chi-square distribution with k — 1 degrees of

freedom.

9.5 Two-Way ANOVA and Friedman Test

The procedure is associated with within-blocks rankings (known as the Friedman ranks).

Treatments
Blocks 1 2 k
1 X111 X121 Xik1
2 X11C11 X12C12 e Xlkclk

X211 X221 X2k1



X21C21 XZZCZZ e XZkCzk

n Xn11 Xn21 Xnk1

anCm XnZCnZ Xnkan

The data consist of N = Z?zlzle c;j observations, with c;; observations from the

combination of the ith block with the jth treatment (i.e., the (i, j)th cell), fori =1, .....,n and
j=1,..,k.

9.5.1 Assumptions

Al.  The N random variables {(Xijl,...,XijCij),i =1,..,nandj =1, k} are mutually

independent.

A2.  For each fixed (i,j) with i € {1,..,n} and j € {1,...,k}, the ¢;; random variables
(Xijl, ...,Xijcl,].) are a random sample from a continuous distribution with distribution function
Flj'

A3.  The distribution functions Fiq,...,Fx, ..., Fpq, ..., Fyx are connected through the
relationship

Fij(u)=F(u—[3i—‘tj),—00<u<00, (1)

fori =1,..,nandj =1,...,k, where F is a distribution function for a continuous distribution
with unknown median 6, 3; is the unknown additive effect contributed by the block i, and ; is
the unknown additive treatment effect contributed by the jth treatment.

We note that Assumption A1-A3 correspond directly to the usual two-way layout additive (See
Comment 6) model associated with normal theory assumptions; that is, Assumption A1-A3 are

equivalent to the representation



Xijt =0+ Bi +eijt! = 1,...,Tl}j = 1,...,k;t = 1'""Cij,

where 6 is the overall median, t; is the treatment j effect, 3; is block i effect, and the N e’s form
a random sample from continuous distribution with median 0. (Under the additional assumption
of normality, the medians 6 and 0 are, of course, also the respective means.)

The null hypothesis of interest is that of no difference among the additive treatment effects

Ty, -, T, NAMely,

Hy: [ty = - = 1¢]. 2)

The null hypothesis asserts that the underlying distributions F;4, ..., F;;, within block i are
the same, for each fixed i = 1, ...,n; thatis, F;; = F, =...= F, = F;,fori =1, ...,n,in (1).

We consider the special case of one observation per treatment-block combination
(commonly known as a randomized complete block design), corresponding to c;; = 1 for every
i=1,..,nand j=1,..,k. For ease of notation in these five sections, we drop the third

subscript on the X variables, since it is always equal to 1 in this setting.

9.5.2 FRIEDMAN TEST

We present a procedure for testing H, (2) against the general alternative that at least two

of the treatment effects are not equal, namely,
H,: [Ty, ..., g NOt all equal], 3)

whenc;; =1,fori=1,..,nandj =1, .. k.
To compute the Friedman statistic S, we first order the k observations from least to
greatest separately within each of the n blocks. Let 7;; denote the rank of X;; in the joint ranking

of the observations X;;, ..., Xjx in the ith block and set
=3 dR; =L 4
R] —Zizlrij an ]—: ( )

Thus, for example, R, is the sum (over the n blocks) of the within-blocks ranks received
by the treatment 2 observations and R., is the average within-blocks rank for these same

observations. The Friedman statistic S is then given by



k 2
12n ( k + 1)
J—

ST rter DL \E 2
Jj=1
_ 12 k 2] _
_ [nk(k+1) v Rj] 3n(k + 1), (5)

where (k +1)/2 = ?=1Z§-‘=1 rj/nk is the average rank assigned via this within-blocks ranking
scheme.
To test

Versus

Hy: [Ty, ..., T, NOt all equal],
at the a level of significance,

Reject H, if S > s,; otherwise do not reject, (6)
where the constant s, is chosen to make the type | error probability equal to «. The constant s is

the upper a percentile for the null (t; =...= t}) distribution of S.

9.6 Large-Sample Approximation

When H, is true, the statistics S has, as n tends to infinity, an asymptotic chi-square (x?)
distribution with k — 1 degree of freedom. The chi-square approximation for procedure (6) is

Reject H, if S > xi_, o Otherwise, do not reject, (7)

where x;_, . is the upper o percentile point of a chi-square distribution with k — 1 degree of

freedom.

9.7 Tukey’s Test for Non-Additivity

In the analysis of variance with one observation per cell (fixed effects model), we
assumed the interaction between the row and column to be absent, as it cannot be estimated with
only one observation. But in case of any doubt regarding the presence of interaction, Tukey has
proposed a test under the following set up.

The model for a two-way lay-out with interaction effect is given by



Vi = ptraitpityijtei;i=1...p;j=1,...,0Q; (1)

where a; is the additive effect due to i row, g; is the additive effect due to j™ column,y; is the
additive effect due to the interaction of i row and j* column and ej is the random component

which is assumed to be iid and distributed as N( 0, ). The side conditions are

zai = Zﬂ, = iZ?’ij = Z?ﬁj =0.

If we have model (1), then we have p — 1 degrees of freedom for rows, g - 1 d.f. for columns, (p
— 1)( q — 1) d.f. for interaction and we are left with no d.f. for the error, since the total d.f.

available with us is
pg-1=(p-1)+@-1)+(p-D(qg-1).

Therefore we write down the model (1) in another form as follows :
Vi = utaitfitlaifitei;i =1,...p;j=1,...Q; (2

where 4 is a constant quantity, the side conditions are Z“i = Zﬁj =0 and ejj's are independent
i i

normal variates with zero mean and unknown variance o .

In model (2) we have expressed yij to be equal to 4 a; fj and we are justified in expressing it in
this way as shown below.
Since yjj is the interaction effect due to i row and j™ column, therefore it will be a function of o

and ; and let us assume that y;; is a function of «; and f;j upto the second-degree term, then
yij:A+Bai+Cﬁj+Dai2+ﬂ,aiﬁj+Hﬁj2_ (3)

Summing (3) over j and dividing by g, we have

—0

q
yi.=A+Bai+Da’+HY, where ==L (4)

j=1

B
q



=0since » 7, =0.
j

Similarly summing (3) over i and dividing by p, we have

y_j:A+Cﬂj+D(p+Hﬂj2,where (pzza—‘

=0.
Hence, from (4), we have
Bai+Da?= -A—H0
and from (5),
Cpj+Hp'=-A-Do.
.. from (3),(6) and (7), we get
Yii=A-A-HO-A-Do +1aifj
=-A—-HO-Do + 1 ai f.
Summing (8) over j, we have
0=-A—H6- De.
Hence, from (8), we arrive at

vii = A ai Bi.

The null hypothesis for testing interaction will be Ho : A = 0. In this case we cannot apply the

usual mean square theory because the expectations are non-linear, but however, we find from (2)

that

j=1

corresponding value of the error. Similarly, the j* block mean is given by

- — P -
y;=utpite;, where y; = lZYij and e; =
pi=

o |

()

(6)

()

(8)

- _ q — q
y, =u+oi+e., wherey = EZyij is the i row mean and e; = 1Zeij is the
' - q E



Finally the overall mean is given by

— _ 1 K3 — 1 &3
y =ute, wherey =—>>y ande =—>>e,.

Pq = = Pq = =
Hence, E(y, -y )=E(4 +ai+ ei- y(-e.)=a
In other words, we can say that y. - y is an unbiased estimate of oi. Similarly,
E(y;-y)=E(u+pi+ej- y -e)=p =y, -y isan unbiased estimate of fj, E(y
) =E(u+ 5__) =u= 9 is an unbiased estimate of x, and finally,
E(Yi- Y-y, + Y)=E(p+ai+fi+iaifi+ej- y -ai-e- u -fi-ej+ y +¢e)
=E(laifj+eij- e -e;+e)=laf

= yij- Y- Y, + y_isan unbiased estimate of  ai f;
If we assume that x, oi and fj are known, then from (2), we find that it is linear in A and we can
find the estimate of 4 by making use of the usual least square procedure, which is by obtaining
the residual sum of squares
P9
SSE = ZZ(yij —H—G _ﬁj _ﬂ’aiﬂj)z :
i=1 j=1

Differentiating this with respect to A and equating to zero, we have

o =0 = 2w ke a0
= Zzalﬁj(yij —H—Q, —ﬂj) = ZZa?ﬂf .
Zzaiﬂj(yij —p—a; = f)

Or /1*= i=1 j=1

When g, ai and gj are not known, then they are replaced by their unbiased estimates and we

obtain



S -V, Y)Y —Y ~Vi+Y —Y, +Y)

*k i=1 j=1
j. — J

DQZZ(Y. 9)(;/, _9..)(yij _yi. _3_/,1' +9)

i=1 j=1

SaSs

where Sa = ZZ(y. -y )= qZ(y.

i=1 j=1

and Se= Y ) (y,-y) = pi(?_,— -y).

i=1 j=1

Now, ST (3, —¥ )Y Y )%y~ Y ¥, + )

ZZ( =30, -% - 290 —9,,)1_22&,- -y)
36N, ) Y6, 1%G, )
:.Z;,ZZ(_' YY)V
) pqii(y. Y=YV
Hence, A == :

SxSs

Thus, if our null hypothesis Ho is true, then E(A™|aif;) = 0

- 2 ‘G s T 2 2_ P9
And V(% Iaiﬁj)— ZZ(yi.—y_.) (y,-y) o= s
i=1 j=1 AYB
P )
g , *“




Also we know that

P9

ZZ(yij_yi _9,1"'3_/..)2 2

i=1 j=1

2
(o3

~ X(p-1)(q-1)

b S (Y)Y -V )=y Vi +Y — ¥, +Y)F

Ll SSN
and = — -2
S, S, o2 A
P a _ - — —_ —_ —_ — —_ —
PAY_ D (Vi =Y )Y =YYy =Y. =Y+ Y. =Y+ V)]
where SSN = —=1=

SaSs

.". SSE — SSN = SS due to residuals (SSR) and SSR will have (p-1)(g-1) -1 df. In other words,

SSR

SSN /1

MSN

T SSRI[(p-D)(q-1-1 _ MSR

Analysis of Variance Table

2
-z X (p-1)(g-1)-1 - Hence the test statistic for testing Ho is

~Fip-1a@-1-1.

Source of Variation | d.f. SS MSS Variance
Ratio
Rows p-1 Sa = ZZ(B_,L_}I)Z MSA = S,
p-1
Se= > >(y,~y) |MSs= >
Columns q-1 o q-
MSN = SSN
Non-additivity 1 SSN } SSE MSR _ MSN
Residuals (p-1)(q-1)-1 SSR SSR MSR
(p-D(q-1)-1
Total pq-1 TSS = ZZ(yij _9__)2

9.8 Summary




This unit provides a thorough understanding of concepts related to Nonparametric
Inference. The concepts of Asymptotic Relative Efficiency, One Way ANOVA and Kruskal-
Wallis Test, Two-way ANOVA and Friedman Test. are described in details. The learner should

try to solve the self-assessment problems given in the next section.

9.9 Self-Assessment Exercises

Q1. What do you understand by Asymptotic Relative Efficiency by Pitman.

Q2. Describe the procedure of One Way ANOVA and Kruskal-Wallis Test by clearly stating the
assumptions.

Q3. Explain the procedure of Two-way ANOVA and Friedman Test.



