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Block-I UGSTAT-01

Introduction

This is the first block on Statistical Mcthods. It consists of the followine

o)
three units :

Unit-1 : In this unil, we introduce origin of sfatistics, its meaning
definition and applications along with methods of data collection.
measurcments and scales.

Unit-2 : In this unit, frequency distribution has been given. Here. Pie
Charl. Bar Diagram. Piclograms and leal chart have also becn discussed.
Unit-3 : It deals with graphical representation of data along-with
histogram. frequency polygon. [requency curve and Ogives.
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Unit -1: Data Collection and Tabulation Structure

Structure

1.1  Introduction

1.2 Objectives

1.3 Meanings and Dcfinitions of Statistics
1.4 Universe /population

1.5  Statistical problems/ Limitations

1.6  Measurements and scales

1.7 Measurcment of Qualitative Data

1.8 Methods of data collection

1.9 Summary

1.10  Self assessment questions

1.11  Further Readings

1.1 Introduction

The word "statistics" mcans status in Latin and "an organized
political state” in German and may have been derived from cither of
then. Initially statistics was known as the science of statecrafi and was
used by the government to collect the various inlormation needed 1o
administer the state. The great philosopher Chanakya also recognized in
his "Arthshaastra" that for an efficient state management, the ruler
should keep himsell' informed about the composition of the sate
population with respect to its various aspects such as: literacy. public
health, income. and cost of living, ctc. In absence of thesc facts. (which
were named statistics later on) the administration may become like

aroping 1n darkness.
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However with passage of time Statistics did not remain to look
simply as the political arithmetic restricted to the swudy of a state
population or to the problems affecting ils administration but has
assumed quite significani developments by now. In the span started
from the later 19" century till date Statistics have taken up
unprecedented dimensions and now embrace almost every sphere of
naturc and human aclivity. Evervday statistical thinking is becoming
more and more indispensable for an efficient citizenship. Through the
comparative studies of the qualities and prices of the commodities. even
a layman makes use of the statistica! methods when as customer one
decides as to what quality and from which dealer onc should purchase
one's daily provisions. There is no newspaper or a periodical these days
without having a definite bearing upon statistics. Because of this rapid
development and tremendous advancement in recent past, the
elemenlar_\," knowledge of Statistics has become a parl of the general
education in many advanced and developing countries these days. There
is no ground for misgivings regarding practical realization of the dream
of H.H.G. Wells "statistical thinking one day be as necessary for

efficient citizenship as the ability to read and write.”

1.2 Objectives

After going through this unit you should be able to

* Kpow origin of Statstics, 1ts meaning, definitions and

applications

* Define universe / Population

¢ Distinguish between discrete and continuous data

°  Know methods ol data collection, primary and secondary dala




1.3 Meaning and Definitions of Statistics

{a)  Statistics and Statistical Data :

The word Statistics is used to convey two dilferent senses and is
defincd differently in cach case. Onc the plural of "statistics” referring
to the numerical data collected in an orderly manner with some specific
objective in view. A, L. Bowley detfines Statistics as numerical
statcments of facts in any department of enquiry placed in rclation to

each other. However, Prof. Hrace Secrist dehined it as

"By Statistics we mean aggregate ol facts affected 1o a marked
extent by muitiplicity of causes numerically cxpressed, enumerated or
cslimated according to reasonable standards of accuracy, collected in a
systematic manner for a predetermined purpose and placed in relation to

each other."
(b}  Statistics as Statistical methods or as a tool of analysis:

When the word carries a singular sense it refers to the science of
theory and techniques that are used to collect, represent. analyze and
draw conclusions from the data. A. L. Bowlcy defined Statistics as the
“science ol measurements of social organism. rcgarded as a wholce in all
its manilestation™. In [act, a number of definttions of slatistics denoting
singulurity are avarlable bul perhups the best one available so lar is

given by Croxton and Cowden as:

"Statistics  may  be  delined as  the science  of  collection,

presentation.
analysis and interpretation of numericat data.™

On the basis of these ideas. we can broadly summarize that Statistics is

a science of

= Collecting numerical information (data)

. Classihcation, summarization. organization and analysis of data
8 Gvaluation of the numerical informmation (data)

. Drawing conclusions based on evaluation of data
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Applications of Statistics

There have been a tremendous growth in the last century that
Statistics keeps a role to play in almost every branch of human
knowledge; it may be the proper functioning of business and industry,
understanding the principles of commerce and economics or the
development of the various scientific theories and what not. A few of
the multitudes of channels that confront statistics these days are as

follows:

. Statistics in business commerce and industry: The important
areas of business or industry are ( a) Production (b) Marketing (c)
Personnel (d) Finance and (¢) Accounting, where the main
functions of Statistics in a practical field of working are planning
of operations. establishment of standards and their control. In
business problems these statistical functions are conducted either
in isolation or in mutual combinations. For example, Statistics is
used for quality control in production and is employed for the
analysis of sales and marketing in business. Wages and
allowances of employees are fixed up on the basis of index
numbers. Statistical analysis of costing and accounting dala is
made for asccrtaining profit or loss and for knowing the financial
position of the concern al a particular point. Statistical methods
are very common and useful to accounts. Audits are done with
speed and reliance through sampling. An estimate of the
refationship between the cost and volume of production can be

made through statistical studies of the past data.

= Statistical methods provide a valuable assistance for the study:.
solution and formuiation of economic policies on topics like
production. distribution of wealth. demand and supply. ctc. that no
cconomist can afford to go without their exhaustive studies. The

government intervention in the national cconemy, the growth
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of  large scale entrepreneurial activity and introduction of
scientific methods into various parts of business administration has
stimulated and contributed to the rapid development of economic-

statistics.

. A sludent of Physics or chemistry or of any other pure science,
while conducting an experiment in the laboratcry has necessity to
rely upon the application of statistics. An experiment is repeated,
its readings vary and in order to reach closest 1o the accurate
result. one has to labulate them and an average is calculaled. In
lact higher studies in every science nced application of the
staustical — laws  like  correlation. rcgression.  dispersion,

approximation. probability and the tests ol significance, etc.

" Innumerable illustrations can be given to show that in biology
there are frequent applications of statistics. Tests of significance
are applied 10 compare the effects of two or more drugs; the law of
probability is employed in irradiation when the cells in the retina
of eye are exposed to the light; chart is used to study heart beats
through electrocardiograms, and the like. In agriculture; the
comparison of varicties of seeds or of fertitizers is made through
the principles of analysis of variance based on sampling (heory.
The very fact that industrial, medieal, agricultural, bio statistics
and many more like that arc now separate branch of study which
speaks of the every expanding scope of statistics and its
indispensability in (hese areas. Statistics also provides a good

device of saving time. material and personnel in different studies.
Statistical Applications may broadly be classified under
following two disciplines :

(1Y Deserintive Statisties ;

In descriptive siatistics we summarize or describe the data set at
hand and evaluate the data sets for patterns and reduce information to a

convenient from.
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(ii} Inferential Statistics

In Inferential Sratistics we use the sample dala 1o make estimates
or predictions aboui a large sel of data (also known as population or

universe) and test their suitability.

1.4 Universe/Population

The aggregate collection or whole group of individuals or objects
possessing certain common characteristics which is of the interest of
study is called a population or universe. e.g.. population of some college
students. population ol library books. population of biscuit factories,

Cic.

Sample is only a part ol [taction of population. It is selecled with
at object ol drawing inferences about the various population
characteristics (parameters). Each population unit open for sampling is
termed as sampling unit and of them units selected in the sample are

called sample units.

1.5 Statistical Problems/Limitations

Despile of vast usc of Statistics in different dimensions, there are
certain mitations of the Statistics und Statistical Methods. which we

may call as Statistical problems. T'hese stated as tollows -

. Statistical Taws are not exact laws like mathematical or chemical
lws. They are derived by taking a majorily of cases and are not true for

every individual. Thus statistical inferences arc uncertain.

2 Staustical methods deal with population or aggregate of
individuals rather than individuals. When we say the average height of
an Indian is 160 cms, it does not show height of an individual but as

lound by the study oF average or an aggregalte of individuals.

3. Statistical teciiniques apply generally to dala which are reducible

o quantitalive forms. Consequently. the characteristics which can not be

10
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expressed i figures  can not be  studied satislaclorily. Such
characteristics are beauty. goodness. health. intelligence. honesty. etc.

4. Statistical results might lead to fallacious conclusion if they are
quoted short of their context. The argument thet "in a country 15000
vaccinated persons died of small pox, thercfore vaccination 1s useless" is
statistically defective. since we are not told what percentage of the

persons who were not vaccinated and had died.

5. Stalistical technique is the same for the social and physical

sciences, while both are dilferent in nature,

6. Only one, who has as expert knowledge of Statistical methods,
can handle the Statistical data property. The data placed in the hands of

ane iexpert may lead to tallacious resulls or wrong conclusions.

1.6 Measurements and Scales

Characteristics under study termed as "variable" js a quantitative
or numerically expressed qualitative characteristic which varies from
one object to another within its domain. Any variable of interest is
measured on the units under siudy to generale the observations known as
statisticat data. Hence we may say that Statistical dala refer o the
numerical description or measurement of quantitative aspects of things
under observations. For example. number of students in 4 class. number
ol colleges in a city, temperature. rainfall. ctc. Observations or statistical
dala may be mecasured according to their classitication shown in a

diagram below-

Types of
Data
I
=TT e e
I i
Quatitative Quantitative
qata I?a!a
B 4 - S S
] ] [ !
Nomina) Ordinz! Dlscréts  Continuaua
! i
) E__J_i
L interval Ratio

1]
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1.7 Measurecment of Qualitative Data

For a qualitative characteristic cailed altribute we can simpiy.
observe or note their presence or absence in under observation. There is
no natural numeric scale for its measurement. For example. gender. eye
colour. beauty, etc. cannot be measured in number or numericals. In
such siluations we use two types of measurements known as nominal
and ordinal scales and resulting into nominal and ordinal data according
(o tieir iype of measurements.

Nominal Scale

To classify characteristic of people. objects or events mto
categorics under some name is known as nominal scale. For example.
aender is classified under name of the male and lemale. color may be

classilied as black and white, cle.
Ordinal Scale (Ranking Scale)

Characteristic  which can be put under ordered catcgories
measured on ordinal scale are known as ranking scale and data thus
senerated arc known as Ordinal Data. For cxample. socio-cconomic
stalus may be measurcd as low. medium or high status.

Quantitative Datn

Statistical data which rcfers o the numerical description of the
charactey under study of things under observations i1s known as
L]LIEII"Ilili‘lIi\'L‘ data. Fhis description may be in the form of counts or
measurements, For example. number of students in a class, and separate
counts for various kinds suctt as male and fomale siudenis. Tnese counis

roiui 1o disciviv sy ol variad voalen melude
measurements as heights and weights. which sre referred as continuous
variable. The type of variable classilies the type ol data as well., There is
s natural numeric scale to measure discrete variable or continuous

variable such as age. height. weight which is cxpressible in numbers. It
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can be measured according to two scales known as interval and ratio

scale of measurement.
Interval Scale

The interval scale is morc sophisticated than nominal or ordinal
scale. This scalc can nol only be ordered bul the distance between two
measurements can be obtained. The distance between these ordercd
category values are equal because there is some acceptable physical unit
of measurement. However, the zero point is arbitrary. It can take

continuous or discrete values.

Example :-  Fahrenhit (or Celsius) scale for measuring temperaturc
where a (emperature of 0’F does not mean that there is no hear. In facl.
there is still some heal at lemperatures 10°F, -20"F, and so on. Because
there is stll some heat (the variable being measured) when zcro is

assigned as the measurement. the zero is not an absolute zero.
Ratio Scale

The highest level of mcasurement is the ratio scale. This scale has
a true zero point and has the "cqual ratio” properties. It consists of
meaningful ordered characteristics with equal intervals between (hem.
Presence of zero point is not arbitrary and is absolute. It is possible to
muitiply or divide across a ratio scale. Ratio between two values on the
scale s a meaningful measure ol the relative magnitude of (he two
measurements. The reason for the name ratio makes sense 1o say that a
line that is 2.5 cms long is half the length of a 5 ¢ms line. Similarly. it

miakes sense o say that a 20 seconds is twice the duration o 10 seconds.

1.8 Methods of Data Collection

Once 1t is decided what type of study is 1 be made. it becomes

necessary to colleet information aboul the concerned study, mostiv in
the form ol data. For this information has to be collected from certain
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individuals directly or indirectly. Such a techniques is known as survey
method. These are commonly used in social sciences. i.e.. the problems
relating o sociology, political science. psychology and various
economic studies. In surveys the required information is supplied by the
individual under study or is based on measurements of certain units.

Types of Data

There are two categories of data namely primary data and

secondary daia depending upon the method of its collection.
Primary data and its collection

The data which are collected from the units or individual
respondents directly for the purpose of certain study or information are

known as primary data.

Secondary data and its collection

It is the data which has been collected by certain people or
agencies and statistically treated. Now the information contatned i it is
used again from the records processed and statistically analyzed to
extract some information for other purpose. Usually sccondary data is
obtained {rom year books, census reports, survey reporis. oflicial
records or reported experimental findings ‘arge scale data can nol be
collecied repeatedly because of the paucity of time, money and
personnel. Hence the use of secondary data for certain studies is
inevitable. While making use of secondary data. onc should always take

care of the lollowing points:

(a)  Oneshould see whether data are suitable for study,

o aae il & Rraniiie SO A R E L

{by  I'he source of data should aiso be vicwed. Keeping in mind
whether at any time. it is reliable or not. Il there is any doubt

about the reliability of data, it should not be used.

14

CTTTTTTIIETTE R T T hT AT T

il e o bl

feT—T =

e e il b

ri



{c) It should be noted that the data are not obsolete.

(d)  In case the daia are based on a sample, one should see whether

the sample is proper representative of the population.
Discrete and continuous Data

Statistical Data may be looked upon as a collection of [facts.
observation or information in numerical terms on variables under study
regarding population/universe or a sample from the universe to achieve
the objectives of study or research. That variable which is capable of
assuming every possible fractional value within its possible limits
{callcd domain). when measured on different units, is called continuous
one; e.g. individual weighl. height, age. rod-length. etc. Therefore,
continuous data are those whichi have uninterrupted range of values and

can assume either integral or fractional values.

A variable assuming certain specific or the integral values only,
when measured. is called the discrele or discontinuous one e.g.. the
number of members in a tamily. number of petals in a flower. number of
fruits is a ba.skels and the like. So the discrele data are distinct, separate
and mvariable whole numbers. Statistical duta are also calied discrete or
continuous data according to the nature of the variable they are

associated with,

The statistical methods are applicable only when some data are
available. The daia can be quantitative as well as qualitative. If the data
are qualitalive they are quantified by using techniques like ranking,
scoring, scaling or coding. ctc. The data are coliected either by
experiment or by survey methods (directly or indirectly) and they are
tabulated and analyzed statisticallv. Whatever may be the resulting value
obtained from analysis. proper and correct infercnces have 10 he drawn

from these numerical values, These inferences lead 1o hnal decision.
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Preparation of Tables

Tabulation should not be confused with classification as the two
ditfer in many ways, Mainly the purpose of classification is 1o divide the
data into homogeneous groups or classes whereas the data are presented
into rows and columns in tabulation. Hence classification is a
preliminary step prior to tabulation. The I[ollowing steps for the

preparation of table are as follows:

b, The shapc and size of the 1able should contain the required
number of rows and columns with stub and captions and the whole data
should be accommodated within the cells formed corresponding to these

rows and columns.

2. If a quantity is zero, it should be entered as zero. leaving blank

space or putting dash in place of zero is confusing and undesirable.

3. In case, two or more figures are the same. ditlo marks should not

be used in a table in the place or original numerals.

4. The unit of measurements should cither be given in parenthesis
Just below the columns captions or parenthesis along with the stubs in
the row.

5. If any figure in a table has to be specified for a particular
purpose. il should be marked with an asterisk or a dagger. The
specification ol the marked figure should be explained at the loot of the

table with the same mark,
Processing Classification of Data

Before labulation of primary data, it should be ecdited for (i)
acy and (i) homogencliy.
Consistency :

Some information  given by the respondent may not be

compatible in the sense that information {urnished by the individual

16
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cither does not justify some other information or is contradictory to
earlier one, For example, the totai expenditure exceeds the total income
reported by the respondent. the number of children mentioned. is less
than total number of sons and daughters, and then respondent should
again be contacted to rectify the mistake so that there may be

consistency in data.
Accuracey :

Accuracy is of vital importance. If the data are inaccurate, the
conclusions drawn from it have no relevance or reliability. By checking
the schedules and questionnaires only a little improvement can be made.
For example. if the sum of certain figure is wrong it can be corrected but
if the investigation has either made a false report or the respondent has
deliberately supplied wrong information about his income, age, assets
etc. editing will be of no usc. In recent times, checks have been evolved
lo attain accuracy e.g., by sending supervisors to check work of
investigators or reinvestigating a few respondents after a certain gap of

time.
Homogencity :

To maintain the homogeneity, the information sheets are checked
to see whether the unit of information or mcasurements is the same in all
the schedules. For instance some people might have reported income per
month and some annual income. In such a situation it has to be
converled to the same unit during editing. It should also be checked
whether or not the same information has been supplied for a particular
questions in all the intormation sheets. The ambiguity arises due ro

various interpretation of same questions and should be removed.

Once the primary data have undergone (he above process it is {il

for lurther analvsis,
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1.9 Summary

L]

The word “slatistics" meaning "status” and "an organized
political state” 1s derived [rom German or Latin. Statistics as a discipline
may be defined as the science of collection. presentation, analysis and
interpretation of numerical data and it is applied in various fields like
business. commerce. industry, government, biological sciences, social
scicnice, agricultural sciences ele. The aggregate collection or whole

group of individuals or objccts posscssing certain  common

characteristics which is of the interest of study is called a population or

universe. The characteristics under study is called variable. Limitation of

Statistics 1s that statstical result are applicable only on group and not on
mdividuals. There are ditferent measuremenl scales known as nominal,
ordinal. interval and ratio scales, Depending upon the finite or infinite
number of values taken by variables they are classificd as discrete or
continuous. Data collected directly by thc method of interview,
neasurements or questionnaire, etc is called primary data whereas those

laken {rom previous records are called sccondary data.

[.10  Self Assessment Questions

I Give difterent senses in which word "statistics"” is used.
2 Pescribe the scope of statistical methods and - specily  their

limitations.
3. Which of the following are statistical statements? Give reason.

= Shakespeare was a great poct.

s The average age ol students ol this [nstilute is 20 vears.
. The nroduction of snem

) ar i certaim dclriel svene anintale noer
ncon ehian AU oeriain Eiricl wWag Ju H

acre in a particular year.
] Comment on the [ollowing

*  Statistics can prove anything.

18
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* Figures won't lie but lairs figure.

5. What is a statistical data and how it is classified ?

6. Ditferentiate between the following :
* Quantitative and qualitative data
* Discrete and continuous data
* Nominal and ordinal scale
* Interval and ratio scale
* Prirary and secondary data

7. Discuss various methods of measurements of data

8. Write a note on mcthods of collection of data?

9. State briefly the advantages of "secondary data” over 'primary
data”.

10.  What are the precautions to be taken while handling the
secondary data?

1.11. Further Readings

1 Goon. A.M. Gupta. M. K. and B. Dasgupta : Fundamental of
Statistics, vol. One, the World Press Pvt. Ltd.. Calcutta.

2. Yule. G and Kandall. M.G.: An Introduction to the theory of
Statistics. Charles Griffin & Company Limited.

3. Weatherburn, C.L. : Mathematical Statistics.
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Unit-2: Representation of Data-1

(Diagrammatical representation)

Structure
2.1 Introduction
2.2 Obijcctives

I~

Frequency distribution

TR I

LALJ

3
2.4 Diagrammatical representation

%]
o

Bar diagram °
2.6 Multiplc bar diagram

2.7 Sub-divided bar diagram

2.8 Pereentage bar diagram
2.9  Pie chart

2.10  Piclogram

2.1l Leaf chart

212 Shmmary

2.13  Self assessment exercises
2.14  Further Readings

2.1 Introduction

Woe have sceen in the last unit how Statistics and Statistical
Methods provide a valuable assistance for the study. solution and
[ormulation of difterent kind ol problems in almost all spheres of human
activities. The statistical data arc collected either by experiment or by
survey methods (directly or indirectly). The way dala is coming as and
when obscrved. these data foliow no order and are offered perhaps the
wity originaiiy reported. There may be a compiete tack of any systemalic
arrangement by size or sequence. Such unorganized data are known as
rev data o ungronped data. The data collected through surveys or

experiments is the raw dala and will be in a haphazard and unsyslcmatic

20
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form. Such a data is not appropriately formed to draw right conclusions
about the group or population under study. Hence it becomes necessary
o arrange or organize data in a form. which is suitable for identifying
the number of units belonging 10 a more classilicd group for comparison

and for lurther statistical treatment or analysis of data.

Statistical data which usually refers to the numerical description of

the character under study of units or things under observations is known
as quantitative data and may be in the form of counts or measurements.
For example. number of members in a [amily. and separate counts for
various kinds such as male and female. Thesc counts refer to discrefe
type of data. The observations may also include measurements as
heighls and weights. which are referred as continuous data, There is a
nalural numeric scale (0 measure discrete variable or continuous variable

such as age, height. weight which is expressiblc in numbers.

The placement of these data in different homogeneous groups.
formed on the basis of some characteristics or criterion is called
classification or tabulation of data leading to better undersianding and

slatistical analysis.

Let us consider an example where the raw data is collected about
the group or population under study. For instance the people may be
divided into different age groups like <10, 10-20. 20-30, 30-40. e(c, Or
may be classified according to their monthly income (in Rupecs) like
<500, 500-1000. 10012000, etc. Further these classified data can be
presented in the torm of well arranged tables.

These tables depict clearly the values or aumber of unils

pussessing the required characters or belonging to speciiied classes.

‘i Ime series darta

Another Lype of classification is the time series data in which data

or the derived value from data for cach time period is arranged

21
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chronologically.

2.2 Objectives:

After going through this unit you should be able to know about -
* Frequency distribution
*  Diagrammatical representation
*  Pie chart
* Bar diagram
* Divided bar diagram
* Percentage bar diagram
« Pictogram

s [ eafchart

2.3 Frequency Distribution

The premicre of data in form of frequency distribution describes
the basic pattern which the daia assumes in the mass. Frequency
distribution gives a better picturc of patterns of data if the number of

items is large chough.

From a frequency array. it is not possible to compare
characteristics of different groups. Hencee for this, the classes are
established 10 make the series of data more compact and understandable.
The widlh of a class i.e. the difference between the upper and the lower
[imit of the class is lermed as class interval. Once the classes are formed,
the frequencies for these classes [rom raw data are expedited with the
help ol little slanting vertical strokes called tatty marks. A bunch of four
tally marks is crossed by the fifth to make the counting simpler. The

whole process is as follows-

Defining the task

22
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Let us assume that we have a set of data collected through a
sample survey, which consists ol a given number of obscrvations on a
cerlain quanltilative variable. They differ in magnitude but in the manner
presented these raw observations do not exhibit any sensible patlern and
therefore the irst and [oremost task in dealing with such data is to

arrange Lhem in right format. The format should aim at

(1) Oreanizing data in a manner (hat these become casy (o read,

understand and assimilate. and

(i) Summarizing data in a way that the basic trends and broad

variations come to the fore and get highlighted.

When presented in the resultant form., a researcher or an analyst
gcts a better grasp .ol the data. 'It facilitates a more efficient data

analysis. which hclps quicken the .process of decision making.

Example

Consider the following raw data given in table which refers to
weekly carnings of 80 female workers engaged in weaving trade at Surat

during a particular year.

Weekly earnings of 80 female worlers engaged in weaving trade at

Surat

1052 " -l 088- ld?? 1078 1089 1089 1082 1084 1088 1090
1099 1101 1102 1035 1063 1073 1078 1113 1086 1089

1 1080 1095 1092 1103 1118 1098 1097 1081 {061 1030
II 1083 1079 1111 1064 1056 1068 1055 1073 1075 1033 |
1085 1086 1083 1090 110> 1090 1069 (038 1072 1073 )
i

..-_
—
[
L]

{080 1071 1070 1063
1087 1091 1108 1094 1097 1093 1107 1094 1082 Ill()'i
1085 1070 1076 1069 1061 1114 1089 1074 (105 ms;zj
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Preparation of Frequency Distribution (Tally Method)

To make a frequency distribution table for above example by

using tally marks we proceed as follows-

0,

Lad

14

Obrain the range of the distribution as the difference belween the
lowest and the highest observation(s). For the data listed in table
1052 is the lowest and [118 is the highest observation, with

(1118- 1052-7) 66 as the range of the distribution.

The range is then divided into an appropriate number C, which
represents the width of the class interval. This also determines the
number of class interval k among which individual observations
are distributed. 1f C= 10, the range 66 is divided by 10 resulting
in 6.6 n rounding to the next higher digit, it gives k=7 class

inlervals.

After completing step 2), all individual observations in the
original data are picked up one by one and a tally bar is marked
opposite the class in which a particular observation falls. For
cxample. in lable an observation 1052 lics in the class (1052-
1059) so that a tally bar is marked against (his class. This has to
go on till all the observations have been recorded by making tally

marks.

Finally, tallies marked against each class are counted and their
total number recorded under a separate column heading
frequency. as is column (3). For convenience in counting the
number of tallics entered in cach class, every fifih tally mark
crosses the carlier our tallies diagonally from top to the bottom.
Adding all class [requency yield a number 80 equal to the total

number ol vbservation (N) so recorded.

Frequencies obtained in column 3 may bc cxpressed as present

class frequencies as shown in column 4.
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I'requency distribution of weekly earnings of 80 female workers

engaged in weaving trade at Surat (Tally Method)

Class — limits ¢

- - ————

-'l-'aily Marks o Frequencies | Percentage
T T class

(1 i {2) (3) frequencies

B _ B

10501059 (M| B T N~
060 1069 TN TN 19 uias
1070 1079 :JI\H‘! N s 18.75

10801089 [N NI NI ML 3 4 315
1000 1099 NSO I L 16.25

too—1109 |™NI i1 7 __'l 875
i10-1119 ‘H{I o5 | 625
Total 80 | 100

The distribution constituted by column | and 3 in the above table
1s known as frequency distribution. Tt gives the number of women
according 10 their weekly carnings .For example 6 women's earning is
between Rs! 030 1o Rs. 1059: 9 women's camning is between Rs, 1060 to
Rs. 1069 and so on. This frequency distribution has helped to understand
and analyze the haphazard daw in a systematic manner which is easy lo

handle for further treatment.

Smoothening of a grouped Distribution (Inclusive and Exclusive

type Class Intervals)

When the upper limit of the previous class is not as the lower

limit of the following class. as in the above example. and both the class
Hiniis Gic icluded i Ui sase dlass are cadied inclusive 1ype ciass
mtervals. Inosueh case the classes do nol constitute the continuous

distribution and has 1o be made continuous. 'he simplest way 1o do this
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is 10 ind the dilterence ul the upper limit of the preceding class and
lower limit of the succeeding class. Subtract half of the ditterence from
the lower limit of each class and add the same [rom its upper limit.
Continue this process for all the classes. In the resulting class intervals
the upper limit of the previous class is same as the lower limit of the
following class. and only lower class limit is included in the
corresponding class not both the limits as in case of inclusive type of

class intervals and are therefore called exclusive type class intervals.

Frequency distribution (Inclusive type class intervals)

of the Weekly earnines of women

Weekly Nurmber of
earning, women
(class limit) (Frequency)
1050 - 1059 6
1060 — 1069 9
1070 - 1079 15
(1080 1089 25 |
1090 — 1099 13 |
V1100 - 1109 7 i
[110- 1119 5 _i
Total 80

The given distribution is not continuous as the upper limit of the
preceding class is not the same as Jower limii of following class. Hence

Thoin remmrnead lasn - N H
it 15 GGl once hebhween 50 and 60

is 10 be subtracted from the lower limil of the classes and 0.5 1s to be

added 10 the upper limit of the classes. Since the dilference is constan

the same quantity is subtracted and added in all the classcs.
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Frequency distribution (Exclusive tvpe class intervals)

of the Weekly earnings of women

Weekly Number of women
garning . (Frequency)
{(class limit)
1049.5 - 1059.5 6
1059.5 - 1069.5 9
1069.5 ~ 1079.5 15
1079.5 - 1089.5 25
1089.5 - 1099.5 13
1199.5 - 1109.5 7
[109.5-1119.5 5
Total 80

Open End Classes

An open end class is a class taking one limit. Generally it 1s the
lowest class taking the lower limit and highest class taking the upper
limit. For instance. in an age group distribution, the fowest class is taken
as less than [ive (<5) and highest-class as morc than seventy (=70).
Open end classes make it possible to accommodate values which arc at
large gaps without increasing the number of consecutive classes.
However. open end classes should be avoided as far as pussible. Open
ends create ptéblem in processes like computation and graphical

representarions.

Cumulative Frequency
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The frequencies may be added up or cumulated on either from top
lo bottom (on the less than basis) or [fom bottom to the top {(on more
than basis). Cumulative frequencics less than type arc obtained by
adding succeessive frequencies [rom lop to bottom as given in col.
{(4).Those of 'more than type' cumulative frequencies are obtained by
adding successive frequencies from bottom (o lop as given in col. (3) as
shown in following table. The less than type cumulative frequencies
correspond to the upper limit of the class whereas more than type

cumulative frequencies correspond to the lower limit of the class.

Cumulative frequencies

Weekly | Number of 1E‘unmialive frequencics i Cumulative
earnings women (less than type) | frequencices
(class limit) | (Frequencies) {more than
..... S N R 720
1049.5-1059.3 6 6 80
1059.5-1069.5 9 15 74
| 1069.5-1079.5 R 30 .65
| 1079.5-1089.5 25 53 'I 50
| 1089.5-1099.5 | o 68 s
1199.3-1109.5 7 75 ‘ 12
TH09.5-11 19.5 R .. 80 L 1__;_ o
Total 80 ‘

In the above example cumulative frequencics help in finding out
total number of women whose carning is tess than Rs. 10595 is given
by 6 whereas totul number of women whose earning is more (han Rs.

1049.5 Is given by 80, similarly tolal number of women whose carning
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is less than Rs. 1069.5 is given by 15 whereas total number of women

whose earning is more than Rs. 1059.5 is given by 74 and so on.

2.4 Diagrammatical Representation

How so ever informative and well designed a table may be. the
pictorial representation ol data is definitcly a better tool for conveying
details of thc data to the common man in a simpler and more
understandable manner. The figures given in tabular form as such are
not easily intelligible because of their dull, confusing and dispelling
nature. If they are large in number or in size. then their study nceds
much time and brings a strain upon the mind. Diagrams on the other
hand. are attractive and catch the attention of the reader by explaining
and exposing the signilicant facts given in the data in a visual and
summarized lorm. They have a more lasting effect on the brain. When
data of two items are compared with one another it is always easier
through diagrams and graphs. It is for this reason that the government,
various business houses and institutions arc producing popular versions
of their important statistics these days in the form of multi-colored
booklets full of pictures, geometrical figures. curves and maps. elc. So it
is very useful to represent statistical data by means of a diagrams and
graphs which make of the unwieldy data intelligible and convey to the
eye the important characleristics, general tendency and trend of the
observations. It is now an essential parl of the anatyvsis and presentation
process of statistical data. The [our basic purposes of diagrams/graphs
are (o

(D Cumﬁu:‘c "proportions & relative changes” in data
(2) Show treads/ tendencies of data

(3} Study how responsc changes over lime in given set of

EEELEET] HEr e e

s 1



data
(4) Indicate how one variable relates with one another.

For a graph. a proper title, labeling for the axes and units of
measurenient are important. A good graph is designed so that it gives
brief description at a glance. Similar descriptions should be provided for

diagrams also.

However, there are certain disadvantages also. Graphs do not give
accurate measurements of the variables as are given by tables. The
numerical value can be obtained to any number of decimal places but
from graph it can not be found, say to 2™ or 3" places of decimals.
Another disadvantage is that it is very difficult to have a proper selection
of scale. By different scales it is possible that the facts may be

misrepresented.
Different Categories of Diagrams

In this section we are going to deal with the tollowing diagrams

and graph to represent difterent types of statistical data
* Bardiagram

* Divided bar diagram

* Percentage bar diagram

* Pie Chart

» Pictogram

s Leal chart

As the name indicates the bar diagrams are the simplest one..

dim. ~1onal diagram. A bar diagram is a visual display used to compare

30

T AT TR r'TI TTTITTTITR TSI

B e

mimg mmape— e

oTeTARTTI— gt -



the frequency of occurrence of different characteristics of categorical
data. They are particularly used if items of the different classes are not
component parts’ of the whole but are related with each other by their
possession of some common characteristics. Bar height commonly

represents a count of cases or frequencies for each category, a

percentage of the total number of cases, or a function of another variable -

(c.g.. the mean value for each category). Here thickness of the bar has to
do nothing with the interpretation of the figures for which only the
length or height is taken into account.

Bars are spaced at an equal interval. As far as possible they
should be placed in ascending or in descending order of their lengths,
allowing half bar width between bars and at each end vertical scale

should start only with "0" only.

The scale should be mcntioned on the diagram but it should be quite a

convenient scale.
The main purpose of the bar graph is to
l. Compare groups of data
2. Make generatization about the data quickly

Lxample
The bar diagram 1s shown in figure for the following data
regarding population of India given in the table.

Table
- -
| zzs;?sf Population(in crores)
l 1891 23.59
[ 1901 23.83
P91 25.20
| 1921 25.13
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1931 27.89
1941 31.86
1951 36.10
1961 43.91
1971 54.82
1981 68.38

showing Bar data given in

Bar Diagram showing Population of
India

Poputation {in Crores)

2.6 Multiple Bar Diagram

They are extended form of the simple bar diagram. Here more
than one aspect of the data is prescnied simuilaneously. Cach aspect is
shown with different shades or colours. The bars of one group arc

separated from other groups by puiting them adjacent. Alse the multipke
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bars can be shown as placed on one another without loss of claritv to

save space.

These diagrams are very useful for comparison between two or
more phenomena by representing them with different bars having
different shades or colors. An index explaining shades /colors and scales
used should be shown in the diagram. Bars may be horizontal or vertical
.The space betwcen bars representing the components of the same total
is taken smaller than space between bars of the different sets of total.
However, the 1otals in themselves are not easily comparable here as

though the simple bar diagrams. These diagrams are meant for

comparmg two or more scts ol interrelated data over diflerent points of

time, place or categories, etc.

Example

Following data shows State Bank Group population-wise
distribution of Indias offices at end of 1980).Prepare a multiple Bar
Diagram.

Table - Population wise distribution of Indian Offices of SBI

Population e Number of offices ]
Category State bank of | Associate banks State Bank
o India Group
Urban area 1270 632 1902

{population 1lakh
& above}

Semi urban arca 1807 940 2747
(population | 0.000

lo lcss_l_heln | _Ia!(h)

Rural below 10.600 2492 999 3491
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Figure showing Multiple Bar Diagram for above table
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Number of offices

! m Urban area

{populationi
lakh & above)

@ Semiurban area
(population10,0
00 to less than 1
lakh)

- O Rural

below10,000

2.7 Subdivided Bar Diagram

various components. the bars are drawn proportional in length 10 the
totals and are subdivided inlo ratios of their components. Each
subdivided part of the bar will correspond in size to Lthe value of the

item, it represents. Such diagrams are called Subdivided Bar Diagram.

arrangements of the various components rematin identical for all the bars
to avoid confusion and keep the diagram readily distinguishable. As
usual. difterent shades or colors are to be used lor representing different

componciits of the tolal but shades of cach component will remain the
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While preparing these diagrams. it must be.observed that the

O e o R L e e el




same for all the bars. Index of shades and scales used should be shown

with the diagrant.

Fxample

Draw a subdivided bar diagram for the following data given in able.
Table

| Strcn‘glh ofsludcntrs of Bardhman College Manglor in the year

Faculties ‘::96 1964 | 1965] 1966| 1967 | 1968 ;96 1970} 1971 | 1972

Science 177|185 [ 260 {270 | 296 ;341 | 3381398 |459 | 507

Arls 340/ 414 1417 1426 | 470 | 681 | 684 1 696 | 779 | 862

Commerce | 65 |85 ) 82 __§“_.___3f!__; 109 1 10687 1103 ;125

Total | 582|684 | 795 | 780 | 850 | 1131]1128] 1181|1361 1494

Figure - showing Sub-divided Bar Diagram for table

Subdivided Bar Diagram showing
Strength in Different Faculties of

Bardhman Colteghe Manglore
1600 - ,

1400
1200
1000

O Science
B Ars
OCommerce

Strength
[0 2]
o
o

1963 1966 1969
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Thus We see from figure that these subdivided bar diagrams
denote not only the variation in the total of the values of given
characteristic but changes in the component parts of the total are also
exhibited.

. Limitations

Since the components of the bars do not start from the same scale
value, so they do not remain easily comparable in their size across-
sections. Here individual bars are to be studied separately and properly

for the inter component comparisons.

2.8 Percentage Subdivided Bar Diagram / Percentage
Bar Diagram

if the purposc of the graph is only to show the proportionaie
compasition of the Lotals with respect to their component parts, it is best
served by a Percentage Subdivided Bar Diagram or simply by a
Percentage Bar Diagram. Here all the totals are cquated to 100% and are
represented by the bars of the same length. The component figures are
expressed as percentage of the totals to obtain the necessary length for
them in the full length of bars representing totals. The other rules
regarding the shades, index and thicknesses are the same as those of
simple and multiple bar diagrams. Here the comparison within the
original observations is not possible. But, it remains easier to plot

cumulative percentages from the bottom.

Example
Following are the expenditures (in crores of Rupees) on various
heads incurred in the 1%, 2™, and 3™ five vear plans given in the

following table. Draw a percentage bar diagram.
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Table
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Subject Expenditures (in crores of Rupces)
First plan Second plan Third plan
Agriculture  and| 361 529 1068
[rrigation and| 361 - 865 1662
power —
Village and small | 173 176 264
Industries
Industry and| 292 900 1520
minerals
Transport and| 497 1300 1486
communication
Social service and
| miscellaneous a7 830 1500 .
Total 2361 4600 7500

Figure showing percentage sub divided bar diagram for table

100% TEBEER TR S B Soctal service
80% | ._: ] r . - miscellaneous
- - BN - (W Transport and
70% b . communication
60% - -
50% — : . |0 Industry and
40% |- - minerais
oy i S0 : R
30% E N | | O Village and
20% 17 ~ == smalt Industries
10%  F=ii—— — .
0% A L . | @& Imgation and
. . b power
First Second} Third ‘
plan * plan | plan | .
i : v ror i O Agriculture and
expenditures(incrores of | | C.D.
Rupees) L




2.9 Pie Chart

Circles are prelerred than rectangles bars when the difference
between totals to be compared is larger. Circles are drawn with their
radii in proportional to the square roots of the values they represent. All
the centers of the circles must lie in a straight line. If totals are the sum
ot the various components. then cach circle may be divided into as
many segments as arc the components in its corresponding total. The
arca of the segment has the same percentage to the total area of the
circle as the represcnted valve has with its total figure, We know that

the sum of the angles round the centre of a circle is 360 degrees.

Pie graph displays percentages. The circle of a pie graph represents
|00%. Each portion that takes up space within the circle stands for a

part of that 100%,

Valwe of the represented part

The angle of the scetor = e vuhole quantity X 360°

Pie-diagram is also known as Circular diagram due to its shape.

Example

Represent them by by a pie diagram the expenditures (in crores of

Rupees}) on various incurred in the first five year plan given in table.

Since total expenditures is Rs. 2361 Crores so the angular

measures of the mdividual components arc obtained as follows-
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Table

Subject expenditure (in
crores for Rupees)
First | degrees
plan
Agriculture and C.D. 361 55
Irrigation and power | 561 36
| Village and small Industries | 173 26
AIndustry and minerals 292 45
| Transport and communication 497 76
Social service and 477 72
miscellaneous
| Total 2361 360

Fisure showing Pie Chart/diagram for adjacent tabie

erpendiluresyn crores of Rupeeas) First
plan

o Agricullure and
CD.

8 hrngauon and
power

C1Villzage and
smaill
Industries

Clrdustry and
minerals

m Transport and

commurucalion

. Scoial serace
anrnd

..-..-r-cl.-.nr_a-\. e
BT S L i)
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2.10 Pictograms

The device of pictures is being profusely used now for comparing
statistical data. The pictorial representation of facts are very often used
in various exhibitions, propaganda posters, etc. They present dull masses
of tigures in an interesting and attractive manner through the objects of
daily picture. The image of the entire data is fixed in the mind of the
observer by a mere glance at the picture. Relationship between figures
and their comparison can be studied through piciograms much more

casily than by studying huge mass of numerical data.

2.11 Leaf Chart

Drawing a histogram, discussed in unit 111, can often be quite
tedious and an alternative method can be employed when the raw data
(original non-grouped) are available. Table shows the ages at which 21

females were admitted to hospital with a hip fracture.

Table showing the ages of females admitted with a hip fracture.

53 76 84
62 78 86
71 82 87
71 78 85
67 84 87
73 84 94
73 84 98

A histogram can be drawn lor these data, but the same end result
can be achieved with the stem-and -leat diagram. If the tense part of the
age were taken as a "stcm” on which the unil parts of the age were to be

attached like a leal’, would be obtained.
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The stem is written down in the first column and usually a
vertical line is drawn to separate the stem from the leaves. Here the
leave is the unit's part of the age and the leaves belonging to each stem
are pul in the next columns. Thus there is only one patient in her 50s at
the age 53 and the digit "3" goes in the first leaf column on to the stem
"5" there are two age (62 and 67) that belong to the second stem of "6",
and the units '2" and 7' go in the first and second leaf columns. In this

way, the [eaves are added to the stems to give the complete diagram.

Stem-and -leal diagram of the ages (vears) of 21 females

patients with a hip fracture.

5 3

6 27

7 1 3 3 3 6 8 8

8 2 4 4 4 4 5 6 7 7
9 4 8

Il the diagram is (urmed so that the stem is at the bottom il can be
seen that a crude histogram of dala has been created. The class
corresponds to the range of values implied by the stem -in this example.
from 50 to 39 years. 60 to 69 years. elc. As long as the digits of the
leaves are wrilten in equal width columns, the number of observation in
each class is given by the length of the row, which corresponds to the

height of the bar of the histogram.

The stem and leaf diagram 1s quite simple to draw and the digits
for the leaves need not be put in ascending order. In fig. for instance, the

‘8" {for 98) could have been put in the first feaf column of the '9" stem
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and the '4' (for 94) could have been put in the second column. Thus once
the appropriate stem~ has been chosen. the leaves can be filled in easily

by just going through the data without even having to order them.

For a given set of data, choosing an appropriate stem is some
times a process of trial and error, but there are a few tricks that can ease
the task. Usually the number of stems s between five and twenty but
this depends on having a sufficient number of values for each stem. Note

that it is not

possible to create three stems within a single tens digit, since the number

of possible different leaves on each stem must be the same.

2.12 Summary

IFor a better presentation and cfficient analysis statistical data are
classified, summarized and tabulated in the form of Frequency
distribution using tally marks. Data may be grouped in inclusive or
exclusive type of class intervals. This frequency distribution can further
be treated and cumulative frequencies may be obtained. For better
understanding these frequency distributions can be shown on graphs as
histogram. frequency polygon. frequency curve and ogives . Statistical
data are diagrammatically represented as chart, bar diagram, divided bar
diagram. percentage bar diagram, pictogram. and leaf chart for
facilitating analysis and comparisons of data over person, place and time

giving lasting and eye catching effects.

2.13 Self Assessment Exercises

I Mention the methods generally used in the collection of statistical
data with precautions to be taken.

[

What are different parts of a able? How a trequency distribution
table is prepared?
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Lh

What do you mean by classification and tabulation of

data”

What do you understand by diagrammatic representation of data?

Discuss various methods of graphical representations stating the
situations where they may be optimally used. Also state their

limitations precautions to he taken.

For the data given below, draw a) a simple bar chart for GDI as

percent
to GDP. and b) a single chart showing the share of public and
private GDI as percent to GDP.

GDI at Current Market Prices (as percent to GDP)

198384

1984-85

1985-86

1986-87

1987-88

1988-89

23.1

26.1

27.2

24.6

26.2

234

Public

8.2

8.8

7.6

7.0

6.7

6.6

Private

13.0

14.8

18.9

14.9

14.7

15.2

7.

figures. b) component charl afler oblaininge percent data, and c) pie
g 2 p

charts for percent data for 1975-76 and 1980-81.
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Gross Savings at Current Prices {Rs Crore)

F‘Kear Household 1 Pvi. Sector | Public Sector| Total

1975-76 28058 5243 7642 40943
1976-77 41567 5125 7539 54231

1977-78 65519 5789 6981 78289
1978-79 78248 7983 7803 94034
1979-80 82145 11580 7562 101287
1980-81 100453 15642 5423 121518

2.14 Further Readings

(1} Goon, AM., Gupta, MK, Dasgupta, B. : Fundamentals of

Statistics. Vol. One. The World Press Pyt Lid., Calcutta

(2} Yule. G.U. and Kandall. M.G. : An Introduction to the theory of

Statistics. Charles Griffin & Company Limited

(3)  Weatherburn, C.E. : Mahematical Statistics.
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Unit-3  Representation of Data - 2 (Graphical
Representation)

Structure

3.1 Introduction

3.2 Objectives

3.3 Graphical Representation of Frequency Distribution
3.4  Histogram

3.5  Frequency Polygon

3.6 Frequency Curve

3.7 Ogives

3.8  Summary

3.9  Self Assessment Exercises

3.10  Further Readings

3.1 Introduction

In general, the statistical data are unwieldy and as such its various
featurcs cannot be understood clearly and readily, at a glance. It has to
be reduced in a suitable form. The representation of the data in a tabular
form by a frequency distribution is ane of the techniques to achieve this
objective. Normally the frequency distribution is not able to highlight
various salient features of the data. A graphical representation of the
[requency distribution is a powerful tool of data representation and
interpretation. Hence. the dara is represented by way of lines. curves.

dots and burs cle. on a graph paper with variable values being put on (he

X-axis and [requencics on the Y-axis. The graphical representation of

the data is an attractive und impressive way of represcntation that has a

more lasting eflects on the mind of the human beings than the tabular
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form representation of the data. The shape of the graph provides easy
answers and ideas regarding the variation of data, Skewness, peakedness
at the top of the frequency curve, modes, extremes, outliers, spread of
the data elc. inherent in the distribution of the data. Accordingly,
frequency distribution graphs serve as an effective tool of a quick
analysis and effective comparison between two or more distributions.
The pattern of variations and the points of contrast become quite
obvious when the graph ol one distribution s superimposed over the

other.

3.2 Objectives

After going through this unit, you will be able to know and

draw

(1) Histogram

(i) Frequency polygon
(ii1)  Frequency curve

(iv)y  Ogives

3.3 Graphic Representation of Frequency Distribution

Graphic Representation of Frequency Distribution is a powerful
tool of data presentation and interpretation because the shape of graph
provides easy answers to several important questions. Normally the
frequency distribution. as a tabular representation is not able to highlight
the essential characleristics of the data as apparently as its graphic
presentation may do, The shape of graph olfers an exact idea of the
variations. its skewness. peakedness. modes. extremes. outlicrs. spread

elc. inhcrent in the distribution of data. Accordingly  frequency
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distribution graphs serve as effective tools of a quick analysis and
effective comparison between two or more distributions. The pattern of
variations and the points of contrast become quite obvious when the
graph of one frequency distribution is superimpose on the other.
Following are important methods of graphical representation of

Frequency Distributions.

3.4 Histogram

A histogram is the simplest and common form of graphical
representation ol Frequency Distributions. It groups the values of a
variable inlo evenly spaced groups or intervals and plots a count of the
number of cases ffrequency) in each group. The count can also be
expressed as a percentage. The purpose of a histogram is to graphically
summarize the frequency distribution of a univariate distribution. Along
the vertical Y-axis, which always begins with zero at the point of origin,
are measured the class frequency. Rectangular bars are then raised over
successive class intervals with their base equal in width on the X-axis.
The hetght of each bar measured on Y-axis is kept equal (o the
corresponding class frequency. The area of the bar corresponding to

"

each class interval is given by its class frequency "t multiplied by the
widih of ciass interval C. Since frequency distributions may have equal
or unequal class intervals, the procedure for drawing a histogram is

described separately for both the situations as under.
(1) Histogram for Equal Intervals

Figure 3.1 represents the histogram of the frequency distribution
with equal interval given in Unit 2. The horizontal X-axis is divided by
marking dots into cqual parts numbering two or lhree more than the

number of class intervals comprising the distribution. Starting from left
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not necessarily with zero. each dot is iabeled by the lewer class limit of
the successive class, leaving a smace egual to the size of one class
interval on the either extreme side. At times, the horizontal scale is also

used to show the mid points of the successive class intervals.

Figure 3.1 showing Histogram for data given in table 1.2.4

Histogram for weekiy Earnings of
Women

=
w —
E w
(-3
ZE
=]
53 _
o 2 \
E L i @ Frequencies
> H
) ) o) )
D R
\Q \QB 1\5% .\’\Q

Weekly Eamings of Women

(it) Histogram for Unequal Class Intervals

distribution with unequal ¢lass intervals is maltertallv not different. it
requires only minor adjustments in the spacing dots marked on the X-
axis. Here frequency densities are plotted against class intervals instead

of frequencies.

Cluss frequency
Widthof the class

Frequency density of any class =

The method of calcutating frequency density is simple and they

arc obtained by dividing the frequencies of each class by their respective
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class widths. A histogram for an open ended distribution is drawn
essentially the same way, except that the open end class are not
considered. Limits are chosen arbitrarily so that the width of the class

intervals become equal to the preceeding (or succeeding) class.

3.5 Frequency Polygon

Frequency Polygon represents yet another way of depicting a
frequency distribution in the form of a graph. Given the histogram in
figure, a Frequency Polygon is drawn by making dots at the mid-points
of the top of the each bar and joining them by means of straight lines.
The polygon so obtained is closed at the end by joining the top base mid
points of the first and the last rectangles with the mid points of the next
outlying interval on either side. The mid-points of these two outlying

intervals fall on their bottom base, meaning zero class frequencies.

Figure showing frequency polvgon

Frequency Poiygon

30
26 |
20
15
10 [

5 {&

Number of Women{Frequency)

0

Weaekty Earnings of Women
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In fact construcling a frequency polygon does not necessarily
erequire a histogram being drawn frist. It can be obtained directly by
plotting dots above each interval mid point at heights equal to the
corresponding ¢lass {requencies and joining them by mean of straight
lines. The polygon is closed on cither side exactly thc same way as
explained above. However, the X-axis measures the successive class
mid points, and not the lower class limits. This is shown in above

Figure.

3.6 Frequencies Curve

Frequency curves arc obtained by smoothing the frequency
polygon drawing a free hand smooth curve through the various points
that yield a frequency polygon on joining. Serious limitation of a smooth
curve drawn in free hand is that no two persons will ever smooth the
polygon in exactly the same way. Despite of this limitation, the need for
smoothing a polygon can not be overemphasized. A frequency polygon
does not get uneven so much owing to the inherent irregulaties in the
data. Inslead il becomes morc erratic on account ol selection ol class
width which makes the class frequencies change abruptly, The real
advantage of smoothing thus lics in climinating the abrupt behavior of
the polygon and making it more representative of the true variations in

the data.

It may be noticed that a frequency distribution based on a larger
number of sample dala observations will have a smoother frequency
ased vil WIe rille
population as thc number of observations comprising the sampe

Increases.
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Figure showing frequency curve

Frequency Curve

Number of Women
(Frequencies)

Weekly Eamings of Women

A polygon may assume a variety of shapes. more frequently
encountered among them are either symmetrical or skewed in shape.
Some others not so common are J-shaped, V-shaped. S-shaped, bimodal,
etc.Class frequency are measured along the vertical Y-axis, which
always begins with zero at the point of origin. Rectangular bars are then
raised for successive class intervals with their base equal in width on the
X-axis. The height of each bar measured on Y-axis is kept equal to the
corresponding class frequency. The arca of thc bar corresponding to
cach class interval is given by its class trequency multiplied by the

width of the class intervals.

3.7 Cumulative Frequency Curves or Ogives

A cumulative frequency curve, popularly known as Ogive, is
another form of graphic presentation of frequency distribution .As an
iltustration consider the frequency distribution presented in Unit 2. The

first step in drawing a cumulative frequency curve is o obtain
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cumulative frequencies denoted as ‘cf and record them in separate
column. Cumulative frequencies can be of less than type or more than
type. Cumulative frequencies less than type are obtained by adding
successive frequencies from top to bottom and 'more than type’
cumulative frequencics are obtained by adding successive frequencies

from bottom to top.

Procedure for drawing a cumulative frequency curve, -or an ogive,
is same as any frequency curve. The only difference being that the Y-
axis now shows the total cumulative frequencies. The X-axis is labeled
with the upper limits in the case of "less than type” ogive and lower
limits in the case of 'more than type' ogive.If both less than type and
more than type ogive are plotted on the same graph they intersect at
median of observations. The ogives can also be smoothed by free hand

as frequency polygon.

Figure : Cumulative frequency curve or ogive (More than type)

Cumulative Frequency Curve or
Ogive{more Than type)

80
70 7
60
50
40
30
20
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Cumulative frequencies

Weekly Earnings-of Women
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Figure : Cumuiative frequency curve or ogive: (less than type)

Ogive for Number of women
{(less than type)

90 e e i mm————— e . . e el
80 |
70 |
60
50 |
40
30 |
20
10 fa? - ;
o L . o

1059.5 1069.5 1079.5 1089.5 1099.5 1109.5 1119.5
Weekly Earnings

{Less Than Type)

Cumulative Frequencies

3.8 Summary

Geogrphical Representation of frequency distribution is a
powertul tool of data representation and interpretation because the
shape of graph provides easy answers to several important questions. A
histogram is the simplest and common form of graphical representation
of data. Frequently polygon and frequency curves are other important
tools of graphical representation . A polygon may assume a vériety of
shapes, more frequently encountered among them are either symmetrical
or skewed in shape. Ogives are another form of graphic representation
of frequency distribution. The point of intersection of two oglves gives

the median.

In a histogram  thc areas of the reclangles equals the
corresponding [requencies  whereas in bar diagrams height of the bars

equals the frequency.
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3.9

Self-Assessment Exercises

P-1

P-2

P-3

P-4

P-6

P-7

P8 .

P-9

P-10

Histogram and Historigram are the :

(a) same (b) different

TFalse base line is used in :

{(a) Higstogram (b) Historigram (c) both

Use of false base line is :

(a) must (b) desirable (¢) unwanted
Between two rectangles of a hisrogram a gap is :

(a) necessary (b) allowed (¢} neverallowed

In a histogram, if the width of a ¢lass is doubled that that of other

classes, then its frequency is :
(a) doubled {(b) halved {c) nochange
Class limits and class boundaries are :

(a) Ahvays same (b} Always different (c)

not always diflerent.
A ume series dala is presented by means of
(a) histogram  (b) histotrigram  (¢) bar diagram
(d) ogive
The two types ol ogives cuts each other at :
(a) Median (b Q (¢) O {d) Mean
A historigram is a :
{a) diagram (b) graph (c) table (d)text
Ogive curve occurs lor :

(2) more than type distribution
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P-12

P-13

(b) Less than type distribution
(c) both (a)and (b)
(d) none of (a)and (b)

Ogive for more than type and less than type distribution intersect

al :
(@) mean (b) median (¢} mode (d) origin

In case of frequency distribution with classes of unequal widths,

the heights ol bars of a histogram are proportional to :
(a) class frequency (b) class intcrvals
(¢) Frequencies in percentage (d) Irequency densities

In a histogram with equal class intervals, the height of rectangles

are proportional to :

(a) mid-values of the classes (b) frequencies of the

respective classes

(c) cither (a) or (b) (d) neither (a) nor (b)

Further Readings

Goon. AM.. Gupla, MK, Dasgupta, B: Fundamcntais of
Statistics. Vol. One, The World Press Pvt. Ltd., Calcuita

Yule, G.U. and Kandall, M.G.: An Introduction to the theory of
Statistics. Charles Griffin & Company Limited

Weatherburn, C.E: Mahematical Sratistics.
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Block - 11 UGSTAT -01

Introduction

This is the second block on statistical methods. There are two units in this block.

Unit-1 of this.block deals with measures of central tendency. Once data have
been collected and represented. one may like to know the particular value around
which the data has the tendency to concentrate. This value is known as measure
of central tendency. Various measures of central tendency along with their

characteristics have been discussed in this unit.

Unit — 2 deals with measures of dispersion. Once data have been represented and
a measure of central tendency has been located, one may like to know the

scatterness of the data around this measure of central tendency. Various measures

of dispersions have been defined and their characteristics have also been-

discussed.
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Unit-1 Mecasurces of Central Tendency

Structure

1.1 Introduction

1.2 Objectives

1.3 Arithmetic Mean
1.3.1 Short-Cut Method
1.3.2  Grouped Data (Discrete Frequency Distribution).
1.3.3  Grouped Data (Continuous Frequency -Distribution).
1.3.4 Properties of Arithmetic Mean
1.3.5 Properties and Advantages of Mean
1.3.6 Limitations of Mcan

1.4 Geomectric Mean

1.5  Harmonic Mean

1.6 Median
1.6.1 Calculation of Median (Ungrouped Data)
1.6.2 t‘alculation of Median (Grouped Data)
1.6.3 Calculation of Median (Graphic Method)
1.6.4 Advantages of Median
1.6.5 Disadvantages of Median

1.7 Mode
1.7.1  Calculation of Mode {Ungrouped Data)
1.7.2  Discrete Series {Grouped Data)

1.7.3  Continuous Series (Grouped Data)

1.8 Percentiles. Deciles, and Quartiles to Measurement of Location.

1.8.1 Percentile Score from Given Percentile Rank
1.9 Choice of Measurement
1.10  Exercises
LI Summary

.12 Further Readings
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1.1 Introduction

Statistical methodology is a comprehensive term which includes almost all
the methods involved in the colletion, processing. condensing and analysing of
data. The data collected from the field for a number of items vary greatly in their
qualitative as well as quantitative nature. For example, the rainfall at a particular
region is erratic in nature and shows variation from year to year, month to month
and even day to day. The condensation of data in terms of maps. charts, diagrams,
etc. is a first and necessary step in rendering a long series of observations
comprehensible. Bul for practical purposes it is not enough. particularly when we
want to compare two or more different series of data, e.g. we may wish to
compare the distribution of status in two races of man. or the birth rates in India in
two successive decades, or the rainfall in two different regions. or the number of
wealthy people in two different countries. For such problems. there are certain

statistical techniques one of which is a measure of central tendency.

It is found that the observations have a tendency to cluster round a central
value. and this characteristic of observations is called the 'central tendency’. Any
statistical measure which gives the point round which the observations have a
tendeny to cluster is known as a 'measure of central tendency’. The central
value of the variable in any series of obsevations is useful in finding the location
of the distribution and so it is also called an average. Thus. an ‘average' of a
series of measurements is a single valuc of the variable which is a satisfactory

representative of the distribution.

{n this unit have been highlighted different measures of central lendency
are covered. Various situations where they find calculation of these measures for

ungrouped and grouped data are described.

1.2 Objectives

After studying this unit you will be able to
¢ Understand the meaning of central tendency of data,

e Compute common measures of central tendency, i.c.. mean, median and

mode,

T
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Compule the various measures of partitions of data such as quartiles.
deciles and percentiles. '

«  Understand how to choose proper measure of central tendency. .

1.3  Arithmetic Mean (Ungrouped Data)

The arithmetic mean of a series of n observations X, Xa, Xz..... Xp is

obtained by summing up the values of all the obscrvations and dividing the total

by the number of observations. Thus.

Sumof the observations (or valies)

Number of vbservations
1
S

X4 X+ Xt v X, 5

s

1 11

Where Y, (sigma) slands for summation and X; is the ith value of the observation
{variable).

Fxample 1.1
The rainfall records in a month of 10 regions ol a State is given below. Compute
the average rainfall of the month for the State.

Region: 1 > 3 4 05 6 7 8 9 0

Ramfall - 176 101 114 185 105 1453 89 i34 106 125

(i nun)
Solution
I
X,
Mean{Y)= "'
[0
) X XXy
10
17601012114+ 41064125
- 10
1278

by =12 78sum
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The computation of Arithmelic mean using short cut method is discuss below:

_1.3.1 Short- Cut Mcthod

This method is applied to avoid lengthy calculations. When the individual
set of readings are large in size. an arbitrary value is selected as a working mean
(known as assumed mean) and diffcrenées between the working mean and the
individual readings (known as deviations from the assumed mean) are worked
out. By summing these ditferences and d ividing by the number of readings we can
get the mean of deviations from assumed mean. Let Xy, X2, X3 ..... X, be n
individual readings on the variable and let A be the working mean. Let d). ds.
di....... dn denote the ditferences between the working mean and individual

values X, X5, X5 ..... X, respectively. Then mean Yof X. in terms of the meand

of differences. is catculated as

J L divdyvdid,
IH
_ (N A (X = A) (X = A) 4 (X, - 4)
= D S, ,_n. ol - R
Z/Y, ‘_”A Z/Y;
= A=l . o= A
" "
= Y- 4
or.

/‘-L, = x1+£k=A+—l'Zdl
H

=1

True mean  guessed mean | (sum of deviations from guessed mean /
number ol cases)

This is useful, if the size of frequencies are large. Anillustration is given
below.

e



Example 1.2

Calculate the mean for the following scores : 60, 65. 74. 85, 95.

Solution:

‘Table 2.1 Distribution of Scores

Xi Xi--74
(Scorcs)

60 ~14

65 -9

74 0

85 +11

95 +21
+9

Then, mean score is

X =74+ (+9/5)=74 +1.8=75.8

1.3.2 Grouped data (Discrete frequency distribution)

En a discrete series, let the individual readings X,. X,..... X ol the variable

X oceur (have ﬁ‘equencics)_l{,_/i.---I,.f,', limes respectively. The product Xi. (1 is
the sum of all X;’s in the data andz X, /, is the sum of all the observations. Then

co - : =l o . :
the mean ol X is obtained by summing the product of indiyidual readings with

corresponding frequencies and dividing the total by the sum ol [requencies, i.e.

XA+ X v+ X L
N+ Lt

Mean ¥ =

= = or  ie——

N

" X/ Z Xf

Hi
Ny
parEy

-

n
P . . .
W’i]t:rt‘ N _L_)‘!, 15 1ne !0[511 numoeer OYUUSCF\'HUUHS.
[

The vartous steps involved in the calceulation of A under this method are:

9
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(i) Multiply the frequency of each row with the concerned variable (X.f)
and total them. It will be 2X7.
(i1) Add up all the frequencies(2f).
(iii) Divide 2X{. by 2/ or N to find out the arithmetic mean()?—)_
Short cut method :

To find our arithmetic mean in a discrete series by this method the

following sleps are laken :

(i} Any value of the distribution may be taken as working mean or
arbitrary mean, say A (preferably it should be near the middle of the frequency

distribution).

(11) Take deviation d, of the variable X from the working mean (X-A) and
denote it by dx.

(111) Multiply each d, by its respective fand denote it by fd,.

(iv) The arithmetic mean(X’)is then calculated with the help of following
formula : _
Mean = ¥ = A+ ::Fi,j;dr;
. Example 1.3 )

Below are given the number of children born per family in 735 familics in
a locality. Calculate the average number of children born per family in the
locality.

Table—1.2:
Number of Children Born per Family
Number of childern ~ Number of || Number of children ~ Number of
born per {family families born per family familics
0 96 7 20
1 108 8 11
2 154 % O
3 126 i0 5
4 93 L1 5
5 62 12 f
0 45 13 1

10




Solution:

Computation of the average number of children born per family :

Showing the calculation

Table 1.3

No. of children No. of XS
born per family families X9
X )
0 96 0x9 = 0
| 108 1 x 108 =108
2 154 2x154=308
3 126 3x126=378
4 96 4x95=380
5 62 5x62=310
6 45 6x45=270
7 20 7x20=140
8 I 8x11=88
9 6 9% 6 =754
10 5 10x3=50
il 5 Il x5=55
12 1 12x1=12
13 1 13x1=13
Total 735

2166

Here N =X/ =1343: ZX7 =2166

Average Number of Children Born per Family is given by

Mean (X) = z_il - 2166 =9 9 children.
e
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Example 1.4

The following table gives the distfibution of units under different heights

in a certain region. Compute the mean height of the region :

Table 1.4
Height of units
Height
(in metre) : 200 600 1000 1400 1800 2200
Number of
Units : 142 265 360 271 89 16
Solution:
(a) By direct method
Height No. of Xf
(in metre) Units (X/)
2, 0
200 142 200 x 142 = 28400
600 256 600 x 256 = 159000
1000 360 1000 x 560 = 560000
1400 N 1400 x 271 = 379400
1800 89 1880 x 89 = 160200
2200 16 2200 x 16 = 35200
Tatal 1343 1322200

Here N =2f=1343; X Xf =1322200

Mean height (¥) = LA 1322200

57

= Q84 5] IMetres

1343
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(b) By short- cut method
Lel the working mean (4) = 1400
Table 1.5

Distribution of Height of Units

Height X-4 No. of units af
(in Metres (X) (d) 0 (d)

200 ~ 1200 142 —1200 x 142 = 170400
600 —-800 265  —800 x 265 = 212000
1400 A 0 271 0x271=0
1800 + 400 89 +400 x 89 = 35600
2200 +800 16 +800 x 16 = 12800
Total 1342 558000

Here N=2" f=1343; X fif = — 558000
Mean height (if) =A+ 2/
N

= 1400 + (—_SSEQOQ = 084.51 metres.

1.3.3 Grouped Data (Continuous Frequency Distribution)

When the measurements are given in the grouped lorm, the mean is

compuled by multiplying the various mid-values m; with their respeclive

frequencies or lotal number of observationss. I m,, ., m, are the mid-

valucs or class marks corresponding o frequencies £, /;..... /, then the mean is

]ﬂ
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where 1 stand for the number of groups and N denotes the total number of

observations.

Short-cut method : 1f the class - groups formed by individual rcadings are large,
the following procedure is adopted for computing arithmetic mean in a continuous

series as follows :

(i) Find oul mid-values of the class intervals, and assume one of the mid-

values (preferably in the middle of the distribution) as working mean (4).

(i1) Calculate deviations of the mid-values from the working mean (m-A)

and denotes by d..
{i11) Multiply cach d by its respective frequency to find out fd.

(iv) Calculate arithmetic mean.y by the following formula :

S 1d,

N

Mean (f): A+

Step-Deviation Method : Further if the deviations are large and intervals among

consecutive mid-values are equag. deviations can be made smali by dividing them

4

by the class width, i.c.. if d,"= . the formula for calculating arithmetic

mean by this method is

Y /d
=1

Mean (X’) = A4 = : x h
where # is the size of the class intervals,
Example 1.5

The rainfall of 66 districts in a particular year is given below. Computed the

average annual rainfall.

Rainfall :
(in inches) 0—10 10—20 20—30 30—40 40—50 50-—060

eyt o
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No. of
IDastricts : 22 [0 8 15 5 6

Solution :
(a) By direct method
Table 1.6

Rainfall in Districts in Particular Year

Rainfail Mid-values  No. of districts mf
{in inches) (X) () {f) ) (mf) .
0+10
0-—10 —5 =3 22 5x22=110
10 + 20
10—20 =15 10 15x10=150
’) ke )

2030 19239:25 3 25 x 8 = 200
30 — 40 iﬂg;i9==3s 15 35 x 15 =525
4 — 50 %2;9145 5 45 5 = 225
50 — 60 30:60:55 6 55% 6 = 330

Total 66 1540

Here N =X mf=1540
Mean {i—) - ._"‘__’_H_f. - 1540
= 06

=23.33 inches

(b Short Cut Method

Rainfali Mid-values No. ol distiicls No. of dxf
in tnches distnicts
(X) (n) () () (df)
0—10 ) —30 32 —30x22=—0660
10—20 15 —20 10 —20x10=—200
20— 30 25 — 10 g ~— 10x 8 =—80
30 — 40 35(A) 0 13 0 x 15 = 0
40 — 50 45 10 5 x5 = 50

EL 1 3t s T
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50— 60 55 20 6

20x6 = 120

_____ Total . 66 —770
Here V= 2 /=66: 2df =-7T70
Mueun (I) = A ZH
N
= 35+ —770 =2333 inches
66
{c) By Step - deviation Method
From the given data /i = 10
Raintalt in Mid-values No. of dxf
inches 7A) rm) (d’) districs (df)
)
: 5-35 A
(—10 5 -HIO_:-J 22 — 3X22=—66
| (3-—20 15 l—-ST_O—B—S—— 10 —2x10=—20
25_
20—30 s BB g —1x8=—8
10
3040 35(A) Eﬁg: R 0 x15=0
40—50 45 $5-35 5 1x5=35
10
. . 55--35
SU--60 35 =+2 6 2x6=12
10
N 'l‘nl_a}l__ ) —77

Flere A= __S! =060 X /d' =77

Mean (}?):/I + %l:{— x I

=35+ 7 ~ 10=12333 Inches
GG
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Some more Examples
Exampie 1.6

The amounts of money. in thousand dollars. that a sample of people
contributed to political campaigns in an election are : 1.2, 5. 25. 10. 0. 2. 0. 5. 10.

Answer the following questions :
(1)  What is the total amount of money contributed 32X, ?
(i)  What is the money contributed by seventh person, X379
(i1i)  What is the sample size ?
(iv)  Find the mean and interpret it.
Seolution :

First make a frequency distribution as shown below.,

; fx

0 2 0

I | 1

2 2 4

5 2 10

10 2 20
25 1 25
Total 10 60

(1)  Total contribution, 2 X = 0+ | + 4+ 10+ 20 + 25 = $ 60 thousand
(ity  Contribulion of seventh person. X, = $2 thousand

(iti)  Sample size — number of casc =n = 10

— r

(ivy Mean XY =2/ X /n=60/10-=06 1housand,

This value of mean shows that the average conrtbution o political
campatgns in the clecton was $6.000. This also tells that most of the

contributions are located around a value of $6.000. Thus. the cenural of the

AFEE L e DLl
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distribution of’ campaign contributions has been located, it is not yet how well this

(uantily measurcs average.

Example 1.7

Obtam an estimate of the value of missing frequency? if the mean of the

distribution 1s 22.5.

C.L f. X fx
(Mid value)
. f-10 6 5 30
10-20 9 15 135
20 - 30 a 25 25a
30-40 10 30 300
40 - 50 3 45 135
40 6001 25a
Let a be the unknown frequency.
¥= % 2. [(x)
225 = ILU x {600 + 25a)
5. 221 Fa)

225x H0-2524d +a)
Q00 = 2524 + a)
900/25= 24 +a

36=24+a

The missing value is 12,

TOTIT
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Example 1.8 (On wrongly taken value).

C.L f. X fx
Mid value

0-10 5 5 25
10 - 20 12 15 180
20-30 18 (15) 25 450 (375)
30-40 11 35 385
40 - 50 3 45 135

Total 49 1175

I= l—;;—S— = 23.98

Since the value 18 is wrong and the 15 is correct value than the calculations are as

followed:
Present N = Zﬁ =49,
Then correct N is
(Correcled) N =49 - 18 + |15 = 46.
Stmilarly.
(Corrected) 2fx= 1175-450+ 375 =1100

Then the corrected mean is.
1100
46

{Corrected) 7= =239]1

1.3.4 Propertics of Arithretic Mean or Fundamental Theorems
On Arithmetic Mean

1. First property of mean :
(he sum ol (he deviations about the arithmetic mean cquals zevo.
Malhematically.

T/ (x - X)j=0

. * e . v _ ;o It
i I”"" .__._J;:(:\l: ;\) “Z‘;:/\;_ZI;‘_I

19




=Zf,){, —fz_f, = (Since X betheindependent of i)

=NXY-X.N=0

Since.

(f:-L—Zj:X, where N=> f then Y fX, =Nf]
I ! '

Hence proved.

This propertly says that if the mean is substracied from each score. the sum
of the différences will equal zero. This property results from the fact that the
mean is the balance point of the distribution. The mean can be thought of as the
tulerum of a seesaw. When the scores are distribution along the seesaw according
to their values, the mean of the distribution occupies the position where the scores

are In balance. This 1s known as first property of mean,
2. Second property of mean :

The sum of the squared deviations of all the scores about their arithmetic
mean is minimum . That is,

v T .
z [/, ()*. “X) ] = minimum
This is an impoertant characteristic and is used in many arcas of statistics.
particularly in regression analysis.

Prool': Let us suppose that the sum of square of deviations from point (a).

DX —a) =K
According to the principle of maxima, K will be minimum if,
Ik

—=0 anel
a

k>0.

da’

7
Now (_f‘. =(-2YZ(X-—-a)=0
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Again, §_ (‘))Zf( ])_’)Zf =2N>0

Hence. K is minimum at a =X and,

Z[j: (¥, - .?)2]= minimum

Remarks, We shall scc later on that.

2__1__ r__é
o _NZf,(A, X)

Is a measure of dispersion

3. Combined property of mean.

If X, and XX, be the means of two series of sizes n, and n, respectively,

then the mean X of the combined series can be computed as :

¥ rr,j["l + nzfz
n+n
Proof. : If X,. be the mean of series X, X y.... A
and X, be the mean of series % SR S ¢
Then. by deiinition,

‘X;I ! Z/Y -—-T(X” +zY|:, +.... +4¥|F?|)

The combined series is Ky Ko

The mean is

— ] i )
X:n,+n1[(k”+x'2 bt X, ) (X et X, )
YT [Z X FZXJ

T -
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[ X+, X, ]

o+ n,
Similarly, if )Tj)_(z;—Y}, o _;\1 be the means of & series of sizes
I T , 1, Tespeclively, then the meanX of combined series is

.)? = nl‘-}?I +nZ;Y_J +... +nnfn
H +H} +...+n

n

Example 1.9

The average ages of 250 males and 210 females in a village are 41.6
and 38.5 years, respectively. l'ind the average age combining both males
and females together.

Solution :

Here {Combined average) ile =250, ;!EI =41.6 years  and
N, =210, X, =385 Years

Therefore.

. NX +NT,

N = ——————=
N +N,

250 x 416 +210 x 385 10400 + 8085

250+ 210 460

=4().18 years,

1.3.5 Advantages of Mean

(i) The mean is sensitive to the exact values of all the scores in the
distribution. Since you have to add all the scores to calculate the mean, a

change inl any of the scores will cause a change in the mean.
(i1} Mean is very sensitive 1o extreme scores. If we add an extreme score (one
thai 1s very dar from tile mean). it would greatly disrupt the balance. the

mean would have 10 shilt a considerable distance to reecstablish balance.

ta
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The mean is more sensitive to extreme than is the median or the mode.
Thie d
This is known as 2" property of mean.

(ii1)  Of the measures used for central tendency. the mean is lcast subject to
sampling variation under most circumstances. Il repeated samples arc
drawn from a population, the mean would vary from sample to sample.
The same is true for the median and the mode. However, the mean varies
less than these other measures of central tendency. This is very imporlant
in inferential statistics and is a major reason why the mean is used in

inferential statistics whenever possible.

{(iv)  Ittakes inlo account all the scores in a distribution So. mean offers a pood
representation of the central tendency by making use of the most
information.,

(v) Mean is used in many statistical formulas. making it a more wideiy used

measure.

1.3.5 Limitations of Mean

Mean can be misleading if there are exireme values in the distribution. for
example, if the distribution is skewed (asymmetrical) or (he level of measurement
is less than interval. Sometimes people are interested in misleading others by
making use of ‘illegitimate’ statistics. The following example illustrates this

point.
Example 1.10

The amounts of money that a sample of people contributed 10 political
campaigns in last election were, in thousand rapees : 1. 2. 5. 25, 10, 0. 2. 0. 5. 10.

300, Calculate the mean.

Solution :

Make a table that contains columns: Xi. [, and i Sum all the entries in

columns Xi f, and f; to get:
FXi=560"fi=n=11
Mean, X=X, m=(1 +2 5425 ¢ 4.+ 10+500)/) 0=560/1 1

= 5091 or Rs. 50.910.
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A mean of Rs.50.91 thousand suggests that the typical contribution was
Rs. 50.910. We notice that the mean in this example is not at all a measure of
central tendency. All but one person contributed less than the mean. This is duc to
the presence of an extremce contributor who contributed Rs. 500.000. This high

value inflaies the mean making it a misleading statistics in each situations.

1.4 Geomecetric Mean

In case of finding the average of rates and ratios, geometric mean is more

useful measure than others. c.g.. in finding the population increase. simplc and
coinpound interests, eic.

Case 1 : In casc of ungrouped data, it is obtained by multiplying together
all the values of the variable and extracting the relevant root of the producl. i.e .if
Kys Xpaeo X, are n values of a variable under study. then the geometric mean
(G.M.} is computed as :

1
GM. = (X, X, X, . X7 5 (X,>0)
To facilitate the computation. one can make the use of logarithms as :

log (GM) _Lyoe (. x,. X, ... X))
n

"

I
=—[log X, +log X, + log X, ... + log X, ]
R
1 ' n
= --[Zlogi\j}
n —} .

. 1 [e
So G.M. = Antilog = loo X
7 f:Z,: s

Thus the logarithm of the geometric mean is equal to the arithmétic mean
of the logarithms of individual nicasurements. - - -

Case 2 : In case of grouped data. if f./5....,/, be the ftrequencies
correspending to the individual values X, 45,.... X] then G.M. is computed as -

[k B

|'-'
:‘,ﬁ
GM. - (,k'l-"'_fr{:..x'__;“....X,{-)J‘-“" AR ()

g Sl |
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orlogG.M._ 1

[filog X, + £, log X, +...+ /, log X, |
/
1=

TZIIT;[;“OPX]

So G.M. = Antilog

e

=l

Here, log G is the weighted mean of logg i, s with weights ty, &, ...... f.
Additive property of Geometric Mean.

If G,and G, are the geometric means of two sertes with respective sizes n,
and n,, the (.ombmed Geometric mean G is

log G= log G, +1, log G,

Proof n ok,

Suppose that X,. X3 ......... Xmbe the Mirst series and Xy, Xy...... Ay, be
the 2nd series with sizes n, and n,. Then

n U, a, V1,
=,i].:lxll'J and G, =[l:[.th

logG—- [0 x,. logG, -——log fog x
I g, X, log 1

l =1 2 L

G.M. of combined scries x| Xy Xu.,eXz:Xn=----in, Is,

G = ﬂ\;'_ = logG =

= log G=

[mlog, G, +n, log, G, |
n +n,

Proved.
Example 1.1 1

The monthly average temperature of a station for five months are given as
16.2,23.4.20.6, 33.4 and 16.4 de gree centigade. Find tlie mean temperature of the
station.




Solution :
G- M. =(162x 234 x 206 x 334 x 164)
Qr

log G.M.= —[log162+.....+log16.4]

1
5

é 12095 +1.3692 + 1.3139 + 1.5238 + 1.2148]

- % x 6.6312 = 1.3262

sC, G.M. = Antilog [1.3262] = 21.1934 degree centigrade.
Example 1.12
From the following data, calculate the G.M.

Class group: 0—I10  10—20 20—30 30—40 40—50

No. of
observations : 14 23 27 21 15

Calculation :

Rainfall in ~ Mid-values Log No. of Jlogx
inches x) x) observalions
44

0—-10 5 0.69897 14 9.78558
10--20 15 1.17609 23 27.05007
2030 .25 1.39794 27 37.74438
30—40 35 154407 21 32.42547
40---50 45 1.65321 15 24.79815

Total 100 131.80365

Here Z /=N - 100, X flog x = 131.80365

G.M. = Antilog {.ﬁf[zflogx]}
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131.80365

= Antilog [ 100

J = Antilog [1.318036] = 20.7987
Use of Geometric Mean in Computing Rate of Growth

Geometric mean provides a satisfactory measure for computing rate of
growth of population phenomena, specially the phenomena which grow at

geomeltric progression

The formula is
F: = R} (I +r)t

|
or [ P J}'
r=l— -1
’,

where P = the value of variable at the end of the period, i.e., at time (.
P, = the value of the variable at (he beginning.

r = the rate of growth per unit of time.

{ == number of units of time.

Example 1.13

Population of India in 1961 and 1971 were 43.9 and 54.8 crores. Find the rate of

increase.
Solutien :

Here P =54.8; P =439, 1= |0 years; r =7

|
r ' (54.8 Jr‘u
relat =1 =)= -1
r 43.9

il

[ 54.8 |
or Vlogr =—- Io (——~——1) = — (248297
& 10 8 4390 10 ( 92)

ro= Antilog {.0248292) - ] 05884

1.5 Harmonic Mean

In problems such as work, time and rate, where the amount of work is held
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constant and an average rate 15 required, the harmonic mean (H.M.) is utilized. It
is defined as the reciprocal of the arithmetic mean of the reciprocals of the given
individual readings, i.e., H.M., of X, X,,.... X is defined as :

H M= 1 T (X,>0)

where # is the number of observations.

Example 1.14
The HM. ot 2.4,61is

3 36

ﬁ= ﬁ=337

In case of frequency distribution (grouped data), if Ji>./2----» ./, be the
frequencies corresponding to X, X,,.... X, then H.M. is computed as":

hth+h+o+f . X >0
HM= . : (X, >0)
Lo L, L
XI '2 Xn

M=

‘L

R

N

Example 1.15

Compute H.M. from the dalzi given in example 9.

Calculation:
Class - group Mid-values No. of /
(X} (111} observations - —
{4 ,
0--10 5 14 2.80
10—20 15 23 1.53




20—30 25 27 1.08

30—40 35 21 0.60
40—50 45 15 0.33
Total - 100 6.34

7
Here /=N =100; 2C-)6.34
HM. = % _ 100

s¢d 634
m
=15.77
1.6 Median

Median is another important and useful measure of central
tendency. It has the connotation of the middle most or most central value
of a set of measurements. It is usually defined as the value which divides a
distribution in such a manner that the number of items below it is equal to
the number of items above it. The median is thus a positional average. It is
better indication of central tendency when one or two of the peripheral
readings are too large or too small because they give the wrong idea of the

average when mean is computed.

Median is that variate value of the data or frequency distribution

which divides it in two equal halves.

1.6.1 Calculation of Median (Ungrouped data)

Case I(n is odd) : In case of ungrouped data when the number of
observations are odd, then median is the middle value after the measurements
have been arranged in ascending or descending order of magnitude, i.e., if there
are n number of measurements and measurements are arranged in ascending or

1A
descending order of magnitude, the median of the nieasurements is (f_il) '

2
measurement where i is an odd number,
Case 2 (n is even) : If the number of observations are even, median is
defined as the mean of the two middic obscrvations when observations are

arranged in ascending or descending order of magnitude i.e.

TR e Y
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. B m th
median = (7‘;) value + (;. + |J value

2

Example - 1.16
Calculate median for the following data :

(a) 68, 62, 75,82, 68, 71, 68,71, 62,68, 74,59, 74, 68, 60, 71, 59, 73,
73, 58.

(b)  200. 150, 260, 285, 380, 305, 4989, 307, 1280, 233, 403,

Solution (a)

To compute the median. first we arrange the values in ascending order of
magnitude as :

58, 59. 59,60. 62. 62, 68, 68, 68, 68, 68, 71, 71, 71,73, 73, 74, 74,
75, 82.

The number of observations n is even in this case, i.e., n = 20.

So

(n)m ! +(n . 1).".’! !
— | value +| = value
Median = 2 : 2 - 10thvalue -2|- 1lthvalue

- @_Eﬁ — 63

" (b)
Let us first arrange the values in ascending order of magnitude as :
150, 200, 233, 260, 285, 305, 307, 380, 403, 1280. 4989.

The number of observations # in this case is odd. i.e, n = 11 so the

th th
median is the (:_"'1) value i.e., 11+ 1! or 6th value of the observation and
thus underlined vali., .., 305 is the nfedién. - |

1.6.2 Calculation of Median (Grouped Data)

In case of discrete frequency distribution, median can be obtained with the
help of cumutative frequencies as follows :

(i)  First find N/2 where N = %
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(i)  Find the cumulative frequency just greater then N/2.

(i)  Corresponding value of X (i.e. of variable) is median.

Example 1.17

Calculate the median height from the data given in example 1.4.

Calculation

Height (in No.of - Cumulative

metre) Units frequency
X 0 )

200 142 142
600 265 407
1000 - 560 967
1400 271 1238
1800 89 1327
2200 16 1343

Total 1343

N
Here /=N = 1343, B} =6715

The cumulative frequency just greater than 671.5 is 967 and corresponding
to this cumulative frequency, the value of X is 1000 and thus the median height

is 1000 metres.

Median (Continuous Grouped Data) : Median for such distribution is computed

by the following formula

(N_ r\

~ T Je
Meditan (Md) =} + L )h

H
EL

where I, is the lower limit f,, is the frequency of the median class, fc is the
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cumulative frequency of the class, preceding the median class and h is the class-
width of the median class and N =Z“f,

Example 1.18

Caiculate median for the following grouped data.

Interval : 35-45 45-55 55-65  65-76 65-85
Frequency : 2 3 5 1 1
Cum Freq. 2 5 10 11 12

The cum. Freq. is computed from the given freq. dist.
The median position = (n+1)/2=(12+1)/2=6.5

Median lies between observation 55 and 65. Both of these observalions fal
in category 3, i.e. in class (35-65) with cumulative frequency of 10. Therefore,

21

Median=1{_ + 2 x h

Where || =55, N =12, =5, f. =5, h=10

Median = 55+.[(12'f—52)_.51x10=55+2=5?

Example 1.19

The following table gives the size of land holding of families in a village.
Find out the median holding size.

Area of land :
(in acres) 5—9 10—14 15—19 20—24 25—29 30—34
No. of families 20 35 150 70 44 38
Solution :

Since the class groups are given in the discrete form hence we first have to
convert it into continuous form by adding .5 to the upper limits and substracting
.5 from the lower limits as given in column 2 below :

32
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Area of land - Area of land No. of Cumulative

(in acres) (in acres) families frequency
(X) Continuous from () )
5—9 45-—95 20 20

10—14 9.5—14.5 35 55

15—19 14.5 —19.5 150 205

20—24 19.5—24.5 70 275

25—129 245—295 44 319

30—34 | 29.5—345 38 357
Total 357

Here N =178.5, the cumulative frequency just greater than 178.5 is 275 and the
corresponding class group is the median class. For this median class, we have

| =14.5,f=55.f = 150andh =5
1?8.5—55)
- XS

150
=145+4.12 = 18.62 acres.

Median = 145+ (

1.6.3 Calculation of Median by (Graphical Method) -

One of the methods to compute median is the graphical method. In this case take
the class intervals (or the individual readings) on the axis of X and plot the
corresponding cumulative frequencies on the axis of Y against the upper limit of
the class interval (or against the variate value in case of discrete frequency
distribution). The curve obtained by joining the points by means of free hand
drawing is the cumulative frequency curve or ogive. For the calculation of
median, take a point on the axis of Y that is equivalent to N/2 and from this point
draw a line parallel to X-axis. This line will cut the curve and from the cutting
point draw a line perpendicular on X-axis. The distance from origin to the point
at which the perpendicular line cuts the X-axis is the value of median.

Example 1.20

Find out the median rainfall from the distribution given in example 1.13 by the

graphical methods :
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Figure 3.1 shows the cumulative frequency curve formed between the upper
limits of classes and corresponding cumulative frequencies. The point N/2 " is
shown on Y-axis and the dotted line parallel to X-axis cuts the cumulative curve

at C. Perpendicular line cuts the X-axis at M. The distance OM is the median
value.

- eXd

“mu;nu LVURVE
L) -
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CUMULATIVE FREQUENCIES

Fh= o o e = —

¥-axiy
VARRIATE VALUES

Fic. 3.1 : Comolative Frequency3Carve

1.6.4 Advantages of Median

An important advantage of median is that it is less sensitive than
the mean to extreme scores. For skewed data, the median is a better choice
because it is usually not affected by a few outlier. Median is also a
desirable measure when the distribution has to be turncated for some
reasons. If the purpose is to describe the central tendency of a set of scores,
the median is preferable to other measures. It gives an undistorted picture
of central tendency whether the data are skewed or not.

1.6.5 Disadvantages of Median

Under usual circumstance:s, the median is more vulnerable to
sampling variability than the arithmetic mean. This makes median less
stable than the mean from sample to sample and therefore it is not very
useful in inferential statistics. For ordinal data, median also ignores the

actual values of the observations and simply takes into account their
posifions.

1.7 Mode

Mode or modai value of a distribution is that value which occurs most

frequently. For example, at any station the average number of occurrences for
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thunder storms or days with snowfall, wind direction, etc. are the most
realistically presented by modal value. In case of frequency distribution the mode
is that value which has maximum frequency. If two or more observations occur
the same number of times then there is more than one mode and the distribution is

called multi-modal as against uni-model.

Types of Measures of Central Tendency

The measures of central tendency or averages are of different Lypes, but

the most common in use are of three types:
1. Mean
2. Median
3. Mode
The mean is further classified as :
(i) Arithmetic mean
(if)  Geometric mean
(iif)  Harmonic mean

Since each one of the above measures of central tendency has its own
individual characteristics and properties, a decision must always be made as to
which would be the most appropriate and useful in view of the naturc of the
statistical data and purpose of the inquiry. The qualities desired in a measure
should be (a) rigidly defined, (b) easily computed, (c) capable of a simple
interpretation. (d) not unduly influenced by one or two extremely large or small

values, and (c) likely to fluctuate relatively little from one random sample to -

another (of the same size and from the same population). However, the decision
about which of the three measures of central tendency to use will be clear after
learning the computation of each one. A few gencral considerations in choosing a
measwre of central tendency are : (i) the purpose of research — what
characteristics of the data are of interest; (ii) the level of measurement of the

Py

; {iii} the shape of the frequcncy

data- nominal, ordinal, interval, or ratic level; (i
distribution as indicated by a graph — symmelric or skewed; (iv) ievel of expertise
of the rescarcher and the audience — what can vou accomplish and what your

audience is able to understand.




1.7.1 - Calculation of Mode (ungrouped data)

Mode is defined as that variate value of the data or the frequency
distribution which occurs most frequently.

The mode in a series of individual measurements can be located either of
two ways.

(i) Data should first be placed in an array so that repetition of a value can
be identified and quickly counted, the value of that item which occurs most of the
times is the modal value.

(ii) Data should be converted into a discrete series.
Example 1.21

Find the modal temperature value from the values given in example 1.14.
Solution (i) Putting data in array as :

58, 59, 59, 60, 62, 62, 68, 68, 68, 68, 68, 71, 71, 71, 73, 73, 74, 74, 75, 82.

Here mode =68°F.

(i) Discrete series (converted to frequency distribution form)
variable (X} : 58, 59 60, 62, 68, 71. 73, 74, 75, 82
Frequency (f): | 2 1 2 5 3 2 2 1 l

Here the value 68 occurs the maximum number of times, hence it is mode,

1.7.2 Discrete Series (ungrouped data)

In case of discrete frequency distribution, mode can be located by
inspection of the distribution alone. The size having the maximum frequency will
be reckoned as mode.

Example 1.22

Compute the model size of children born per family in the locality from the
data given in example 1.3.

Soiufion :

The highest size of frequency in the given distribution is 154 and

corresponding to this frequency the number of children born per family is 2.
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Hence the modal size of children born per family in the locality is 2.

1.7.3 Continuous Series (grouped data)

(i) Determine the modal class interval. It is the class interval with the
maximum number of frequencies in it. This can be found out by just observing the
series.

(11) Determine the value of mode by applying the following formula :
=7

Mode= [ +| ——=2 .
s

where

L is the Lower limit of the modal class; f is the frequency of the modal
class; f, is the frequency of the class preceding the modal class; £ is the
frequency of the class succeeding the modal class and h is the class width of the

modal class.
Example 1.23
Compute the modal agricultural holding of the village from the data given
in example 1.19,
Solution:

The maximum frequency f in the distribution is 150 which corresponds to
class group 15-19, i.e. 14.5—19.5 in continuous case (see column 2, example 17).
Hence modal class is 14.5—19.5. Now mode is computed as :

Mode=L+[Lth
2f—1— 1

Here L=14.5,7 =150, /, =35, f, =70 and 5= 5.

150-35
Mode =14.5 +755%2-35-70

=145+ ”—3 x5 = 17.45 acres.

Somweiines mode is aiso cumputed with the help of mean and

median. For a symmetrical distribution mean, median and mode coincide
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and if the distribution is moderateiy asymmetrical, the mean, median and
mode are approximately related by the formula :

Mode = 3 Median — 2 Mean.
Example 1.24

If the mean and median of a moderately asymmetrical series are 12.9 and
121, respectively, what would be its most probable mode ?

Solution: ‘
Mean = 12.9, Median = 12.1, Mode 7
Mode =3 Median — 2 Mean
=3x121—2 x12.9=363—258=10.5
1.8 Percentiles, Deciles And Quartiles

In general, the term 'fraclile' refers to a score that divides a distribution into
fractional parts. Percentiles is the most commonly used fractile. Other fractiles are
deciles, quartiies, etc. Percentiles, deciies, and quartiles are used as measures of

location—to locate the position of a score relative to other scores in a distribution.
These measures are close relatives to median.

Percentile is a score below which a certain percentage of scores falls. For
example, a student falling at the ninety-first percentile on an examination means
that 91 percent of the students had scores lower than his/her.

Percentile score is the raw ‘corresponding to a percentile rank, where
percentile rank is the rank (from 0 to 100) at which a particular raw score falls, A

percentile rank tells us the pereentage of scores falling below a score. Such a
score is referred to as percentile,

Percentiles divide the distribution into 100 portions of equal size. For
example, sixty-fifth percentile is the score below which 65% of the cases fall.
Similarly, deciles divide the distribution into 10 portions of equal size. For
example, third decile is the score below which 30% of the scores fall. Calculaling
the third decile is equivalent to calculating the 30th percentile. Quartiles divide
tie disiribution into 4 portions of equal size, For example, second quartile is the
point or score below which 50% of the scores fall. Calculating the 2nd quartile is
equivalent to the 50th percentile.
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Each percentile equals 1% of a distribution : 1 x 100 = 100
Each decile equals 10% of a distribution : 10x 10 =100
Each quartile equal 25% of a distribution : 25x4 =100

Notice that the percentile ranks and percentile scores can also be read
directly from cumulative frequency graphs or the cumulative frequency column of
a frequency table.

1.8.1 Percentile Score from a Given Percentile Rank

Percentiles can be computed using mathematical formula. Make a
frequency distribution and locate the interval in which the percentile of
interest belongs. This can be done by using the column of cumulative
percentage frequencies. Suppose one is interested in finding the value of
the pth percentile. Referring to the column of cumulative percentage
frequencies, locate the class interval that contains the pth percentile. Then
use the following formula to determine the approximate value of the pth
percentile.

prl100-F,
b=l +———Lxw

r
where F = cumulative frequency upto, but not including, the pth percentile

r

category.
f = number of cases in the interval containing pth percentile.
L, = " lower limit of interval containing pth percentile
w, = width of interval containing pth percentile.
p = percentiie rank
n = sample size

To Caiculate Percentile Rank Given a Percentile Score

o x F, +[(X—lx)1’wx]f" < 100

n
where . = cumulative frequency up to but not including, the interval

containing the X;
X = given raw scores

w_ = width of interval containing X
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Ix = lower limit of interval containing X

fx = frequency in interval containing X
n = total number of scores or cases.
Example 1.25

Consider the following distribution of number of priseners arrest for 50
inmates at a state prison.

Interval True limits Ji cfi
0—2 ~-5-2.5 0 0
3—5 2.5-5.5 17 17
6—8 5.5-8.5 15 32
9-11 8.5-11.5 8 40

12--14 11.5-14.5 4 44

15—17 14.5-17.5 3 ' 47

18—20 17.5-20.5 I 48

21—23 20.5-23.5 1 49

24—26 23.5-26.5 0 49

27-29 26.5-29.5 1 50
Total 50

(i)  Find the percentile rank of a prisdner who has been arrested 6 times.

(i)  How many times a prisoner has been arrested in order to be at the (a)
2nd quartile (b) 3rd quartile ?

Solution :

(1)  Percentile rank, p_, from a given score X where X = 6.

Fo+[(X-1)/w,]f,
Px = —x

100,
n

where X =6 (it fall in interval 5.5-8.5); F,=17; w,=3;] =5.5;
f;=15 n=50
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P, =17+[(6—5.5)!3]15

= x 100 =[(17+2.5)/ 50]100 = 39

A percentile rank of 39 means 39% of the prisoners were arrested 6 times

or less.

(if) (a) Percentile score X_ for a Given Percentile Rank p of 50.

pn/100 - F,
X op 4 PO E
gy
where p = 50 (2nd quartile is equivalent to 50th percentile). Also notice that the
50th percentile falls in the interval 5.5-5.8 since 50% of the score are in or below
this interval.
Fo=171f,=151,=55w,;=3
(50 x50)/100-17
15

X = 5.5+ x3=55+(8/15)(3)

=55+16=71
A percentile of 7.1 means a prisoner should have been arrested about 7
times to be at the 2nd quartile or the 50th percentile.

(ii) (b} Percentile score X  for a Given Percentile Rank p of 75 :
X =1+ pn/100-F, cw,
where p = 75 (3rd quartile is equivalent to 75th percentile). Also notice that the
75th percentile falls in the interval 8.5-11.5 since 75% of the scores are in or
below this interval.
Foo=32:6,=81,5=85w,=3n=50

(75 x 50)/100-32

X, =85+ x3=8.5+(55/8)(3)=10.56

A percentile score of 10.56 means a prisoner should have been arrested about 11
times in order to be at the 3rd quartile or the 75th percentile. In other words, 75%

of the prisoners were arrested less than 11 times.

1.9 Choosing a Measure of Average

Following are a few important criteria in choosing a measure of average :

(1) [ there is a specific purpose or goal in mind, choose a measure of central
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tendency that will help to achieve that goal. The measure chosen may or -

may not be appropriate. An inappropriate measure (calculated in violation
of its assumptions) may serve the purpose better than an appropriate
measure can.

(2)  If the variable is nominal, only mode can be calculated, and thus
the choice is simple. If the variable is ordinal, both mode and
median can be calculated. But median is a better measure because
it makes use of more information. If the variable is interval or ratio
level, all three measures can be calculated. In that case, if the
distribution is normal (symmetric and bell-shaped), all three
measures will have the same value. But if the distribution is
skewed, median is a better measure of central tendency because it
ignores the extreme scores responsible for causing the skewness.

Relationship Among Measures of A verage
For symmetrically shaped distribution : Mean = Medjan = Mode
For positively-skewed distribution : Mean > Median > Mode

For negatively-skewed distribution : Mean < Median < Modc

- 1.10 Exercises

I.1.  Data are collected on the weekly expenditures of a sample of urban
households on food. The data, obtained from diaries kept by each househgld, are
grouped by number of members of the household. The expenditures were as
follows:

| member: 67 62 168 128 131 118 80 53 99 68 76 55 84 77 70 140 84 65 67
183

2 member: 129 116 122 70 141 102 120 75 114 81 106 95 94 98 85 81 67 69
119105 94 94 92

3 member: 798299 [42 171 82 14594 86 85 100 191 116 100 125 116.
4 member: 139 111251 1069399 155 132 158 62 114 129 108 91.
5 or more members: 121128 129140 206 111 104 109 135 136.

For each number of members caiculate the mean, median, mode, 25th percentile,
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50th percentile, and 75th percentile. Interpret each statistics.

1.2, An instructor gives a quiz with three questions, each worth 1 point; 40% of
the class scored 3 points, 30% scored 2 points, 20% scored 1, and 10% scored 0:

Score Percent
3 40
2 30
I 20
0 10

(1)  If there were ten people in the class, what would the average score be?
(1)  If there were twenty people in the class, what would the average score be?

(iii) Suppose you are not told the number of people in the class. Can you still _
figure out the average score? Explain. : ,

1.3. 4: In 1989, Governor Brown of California proposed that all state employees
be given a flat raise of § 70 a2 month. What would this do to the average
monthly salary of state employees? What would a 5% increase in the salaries, _
across the board, do to the average monthly salary? What will the doubling

of salaries do to the mean salary?

B: A politician charges the opposition political party with spending an average of
over Rs. 100,000 for its candidates from the state and that this is an outrageo
sum for a party.to spend on its candidates, specially on candidates for state

senator and state representative. The campaign spending figures for the party

are:
Office No. of Candidates Average Amount Spent (Rs)
U.S. Senator 2 1,000,000
U.S. Congressman 16 400,000
Governor 1 890,000
State Senator 50 35,000
State rep. 50 23,00{)

Calculate mean, median and mode [or campaign spending. is the politician's
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criticism valid ? Explain

14. In a corporation, a very small group of employees has extremely high
salaries, while the majority of employees receive much lower salaries. If
you were the bargaining agent for the employees, what measure of average
would you calculate to illustrate the low pay level, and why " If you were
the employer, what kind of average would you use to demonstrate a high
pay level, and why ?

5. Which measures of central tendency are appropriate for each of the
following variables ? If several can be calculated, indicate which makes

most use of the available information. Comment briefly on each.
(@) Number of siblings (b) Political party affiliation
(¢} Satisfactory with family (d) Vacation days per year

(e)- Type of car driven

1.11 Summary

Various measures of central tendency have been defined in this unit.
There is found a tendency in the data to cluster around a central value. This value
is known as measure of central tendency. These are mean, median and mode.
Mean is obtained by dividing the sum of observations by number of observations.
Median is that variate value which divides the given data or frequency distribution
in two equal halves. Mode is that variate value which occurs most frequently i.e.
for which the frequency is maximum. Mean, median and mode approximately
satisfy the relation. '

Mean — mode = 3 (mean — median)

1.12 Further Readings

1. Goon, A.M.. Gupta M. and B. Dasgupta ; Fundamentals of Statistics,
Volume I, the World Press Pvt. Limited, Calcutta.

2. Yule G.U. and Kendall M.G. : An Introduction 1o the theory ol Statistics,
Charles Griffin and Co. Limited.
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Unit-2 Measures of Dispersion

Structure

2.1 [ntroduction

2.2 Objectives

2.3 Types of Measures of Dispersion
2.4  Range

2.5 Mean Deviation

2.6 Varance and Standard Deviation

2.7 Relationship between Measures of Central Tendency and Measures of

Dispersion
2.8 Coefficient of Variation (CV)
2.9  Exercises
2.10  Summary
2.11  Further Readings

2.1 Intreduction

The objective of numerical description is to obtain a set of measures that
will create a mental reconstruction of the frequency distribution of the data. Now
we know something about averages, let us turn to another type of measures, called
the measures of dispersion. These measures summarize how spread out scores are.
It is useful to know how similar or dissimilar scores are from the average score
and from one another. We might like to know if scores cluster, they are more
homogeneous. If scores are spread out widely, then they are more heterogeneous.
The measures of central tendency as discussed above only locate the center of a
distribution, but teli nothing about the degree of variability. In order to study the

dispersion or variability in a distribution, we need alternative measures called the

Measuring dispersion is important for two reasons. First. quantifying the
dispersion in the data is required by many ol the statistical inference tests that will

be discussed later. Second. dispersion of a distribution, in conjunction with the
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central tendency, more completely describes the distribution. Whereas measures
of central tendency are quantification of the average .value of the distribution,
measures of dispersion are quantification of the extent of dispersion.

This can be illustrated with the following sample:

Suppose 20 students, 10 in a sociology class and 10 in a statistics class, are

asked how many hours of TV they watched last week. Their answers are as
follows:

Sociology (hours): 4 4 5 5 5 5 5 5§ 6 6

Statistics thours): ¢ 0 0 "0 0 3 10 10 12 15

Mean number of hours for sociology students= (4 + 4 + 5 +... + 6 + 6)

/10 =5.

Mean number of hours for statistics students = (0 + 0 + ... + 12 +
15)/10 = 5.

The average number of hours for the two groups of students is
same—>5 hours per week. However, there is a difference in the way values
are distributed in the two distributions. All of the sociology students
watched TV between 4 and 6 hours during the week and there is little
variation in the hours from student to student. The statistics students,
however, differ from each other much more. Some seem to have devoted
themselves entirely away from TV, while others watched a lot of TV. Thus
several distributions may have the same mean, but differ from each other
in the way scores are distributed.

If central tendency is thought of as the point that best represents a central
score in a distribution, the dispersion presents the other side of the coin.
Dispersion reflects the “goodness” or “poorness” of central tendency as a
representation of all the scores in a distribution.

2.2 Objectives

After studying this unit you will be able to understand -

methods of computing various measures of dispersion;

the advantages as well as limitations of each of these measures;
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- the relationship between measures of central tendency and measures of

dispersion;

- . the coefficient of variation as a measure for comparing two distributions.

2.3 Types of Measures of Dispersion

Dispersion is defined as the degree to which scores deviate from the
central tendency (usually the mean) of the distribution. The statistical techniques
that quantify this dispersion in a distribution are called measures of dispersion.
Most commonly used measures of dispersion are range, average deviation,
variance, and standard deviation.

2.4 Range

Range is defined as the difference between the highest and the lowest

scores in a distribution. Symbolically,
R=X__.-X_

max min

where R is the range, X__ is the highest score, X 18 the lowest score.

A large value of range indicates greater dispersion and a small
value of range indicates lesser dispersion among the scores. Minimum
value that range can achieve is 0 and the maximum is infinity. If all the
scores are the same, R will have a value of 0 and hence there is no
dispersion. -

Example 2
Find range for values : 87, 92, 47,58, 87,62, 73, 73, 61.
Solution :

[t 1s always a good idea to first rank the observation in ascending or
descending order. In an ascending order, the scores are : 47, 58, 61, 62, 73, 73, 87.
87, 92. A visual examinalion shows that =92, X =47,

min

Tueieiore R - 92 — 47 =45
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2.4.1

Advantages of Range

(i) Range gives a quick indication of dispersion. It can be a good measure if
there are no outliers in the data that means the distribution is not skewed.

(1)  Range is easy to compute and interpret. For variables measured at an
ordinal scale, range is the only measure which is technically meaningful.

(iif)  If the data are to be presented to a relatively unsophisticated audience, the
range may be the only measure of dispersion that will be readily
understood.

2.4.2 Disadvantages of Range

(i) Calculation of range is based only on two extreme scores, the minimum
and the maximum. The rest of the data are ignored.

(ii)  Range tells nothing about the dispersion among intermediate scores.’

(tii)  Range is greatly affected by outliers. Thus for skewed distributions, range
1s usuvally very misleading measure.

(1v)  Since range ignores all the scores except the two extreme scores, it cannot
be used for making inferences about populations.

(v) Range varies considerably from sample to sample. -

2.4.3 Interquartile Range

The interquartile range, usually denoted by IQR, is a kind of range. It

avoids some of the problems associated with R by taking into consideration only
the middle half of a distribution. To find IQR :

(i)
(i)

(111)

range.

Arrange the scores from lowest to highest.

Divide the distribution into quartiles and calculate the first, the second,

and the third quartiles using the formulas discussed in the previous unit,

The IQR is defined as the distance belween the third quartile Q. and the
first quartile Q,. Symbolically,

IQR=Q,-Q,

Thus, IQR extracts the middle half of the cases and then caleulates the

IQR avoids the problem of being based on the most extreme scores by

excluding the two extremes, but it has all the other disadvantages associated with
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R. For example, Q fails to yield any information about the nature of scores other
than Q, and

2.5 Mean Deviation

Average deviation is found by summing the absolute values of the
deviations and dividing the sum by number of observations. The formula
for average deviation can be written as :

MD=(Z|X,-X|)/n

where X is the arithmetic mean, X.— X is deviation of X, from X, and |[X.-X [ is
the absolute value of the deviation which is always a positive number. The
average deviation tells the distance with which a score will typically deviate from
the mean.

Example 2.2

The number of terms that five randomly selected Members of Parliament
have served are : 3, 10, 12, 7, 8. Find the average deviation of these scores.

Solution ;

Make the following table containing the calculations.

Case number Terms X, -X IX, “ﬂ
i 3 3-8=-35 5
2 10 10-8=2 2
3 12 12-8=4 4
4 7 7~-8= -] 1
5 8 §-8=0 0
Total 40 0 12

Mean X =40/5 =8
Sum of deviation from the mean (X,—X )=0
Sum of absoiute deviattons {X; -X j = 12. Therefore

MD=12/5=24 terms.
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For descriptive purposes, the average deviation can be an adequate
and easily interpretable measure for describing the degree of dispersion.
But the mathematical properties of average deviation are such that it does
not meet the needs of advanced mathematics. Therefore, average
deviation is a very infrequently used measure of dispersion.

2.6 Variance and Standard Deviation

Instead of taking the absolute values of deviations to remove the negative
signs and obtain a nonzero sum, another way to get rid of neg;dlive sign of
deviations is to square them. Square of a nepative number is a positive quantity. A
statistic called variance uses this approach. To calculate variance, calculate the
deviations, square cach deviation, add up the squared deviations to obtain sum of
squares, and divide this sum of squares by the number of deviations. The resulting
quantity is catled the mean squared deviation (MSD) or the variance of the
distribution of scores.

Variance can be of two types:
(1) Sample variance, denoted by S?, calculated from sample data.
(ii) Fopulation variance, denoted by ¢* calculated from population data.

In practice $?, a statistics, is always known while ¢?, a parameter, is
seldom known. Therefore, S? is used as an estimate of ¢°. While dealing with
several vanables, it proves to be convenienl to attach a subscript 1o s or ¢. The
subscript indicates the name of variable for which variance is being calculated
Thus, s is the sample variance of the variable X, S_f is the sample variance of Y,
and so on.

2.6.1 Computation of Variance

Variance may be defined as the mean squared deviation of scores
around the mean. In the form of a formula, variance is given by:

s$=1L (X, - X, )2 /n (for sample dala)

L

ol =% (X, —p)’ /N (for population data)
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where s = sample variance of variable X; o2 is population variance; X, is the
value of X variable for ith case; X is sample mean; p is population mean; n is the

sample size; and N is population size.

The above formula is used only when each score has a frequency of 1 and
data are ungrouped. If some scores occur more or less frequently than others, a
compact ungrouped frequency table may be constructed in which the entries in the
column of frequencies are not all the same and they are not all 1's. In such a case,

the formula for variance ds writlen as:
t=2( (X, - X)"' /(n—1) where [ is the frequency of X,
ol=3f (X, ~ )" /N where £, is the frequency of X,

In calculating the sample variance, the reason for dividing by n-1, instead of

n, is to get an unbiased estimate of known population variance. The variabilily of
" a sample of scores tends to be iess than the variability of the population from
which the scores are taken. In order to use the sample variance as an unbiased
gstimate of population variance, a correction factor (n-1) is used in the
denominator of the formula for the variance of a sample. In other words, sample
variance almost always underestimates its corresponding population variance and
dividing by (n-1), instead of n, tries to compensate for this underestimation. For
larger sample sizes (n > 100), it makes little difference whether one divides by n
or n-l. Significant error can occur if sample is small (n < 25). In situations wherc
the interest is merely in describing the variability in the data at hand, only n
should be used as a divisor. As a general rule, one can almost always use n-1 for

sample data.

As a descriptive statistic for variability, the variance changes in value as a
function of the amount of variability in the data. When all scores are identical, the
value of variance will be zero. As scores become more dispersed around the
mean, the value of variance increases. Variance is based on squared deviations

and, therefore, it is always greater than or equal to zero.

2.6.2 Standard Deviation

Although variance is a very useful measure of variability, its value as a
descriptive statistic is limited somewhat by the difficulty most people have in
thinking about squared deviations., For instance, if you were calculating the
variability for income scores (measured in Rs.), the variance will be expressed in
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squared units (Rs. Rs. or Rs.”) and you might obtain a value of variance, say 16
Rs. Rs.. In the process of squaring the deviations, the units also get squared. This

is, what is done, when area is reported and calculated—square feet, square inches,
ete.

Computing the square root of the variance expresses this variability in terms
of the original score values, such as Rs. 4, which is easier to interpet and
comprehend. This square root of the variance is called the standard deviation
(SD), represented by s. The SD is approximately equal to the mean deviation
(MD) of scores around the mean. Since variance is the mean squared deviation
(MSD), standard deviation is root mean squared deviation (RMSD). Because the
standard deviation is more readily interpretable than variance, it is used more
often to describe data variability.

That is
Standard deviation = Square root of variance or s = /g7
5= o = \/'[z;(x,. ~XY’ ;’(n—i)={[>:fi (X, -X)" 7 (n—1)]

Similarly, population standard deviation o = /42

2.6.3 Effect of Change of Origin and Scale
The §.D. is.

If o) =x,;-l—a Vi=12,..n

= x =0h+a

. hZ o

Then X, =a+ :
! Fl 2
and (n—~l)SI=Y[(J,h+u)—{a+h25’ﬂ
=L T n ]

- Z{J,h—h[z—:L)Jz
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S, =h'S; = hS,
S

X

=hS

&
i.e. standard deviation is independent of change of origin but not independent of
change of scale.

Example 2.3

Calculale the mean and S.D. for the following given table of marks
distribution of 50 students.

Marks  Students (f) Mid value (x) X, - 25
0-10 2 5 5-25=-20
10-20 10 I5 15-25=-10
20-30 15 25 25-25=0
30-40 14 35 35-25=10
40-50 9 45 45-25=20

50
x, —25 .
o, == 2] o7
= s, 15,
) 4 3
-1 -10 10
0 0 0
14 4
2 18 36
I8 68
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%5, = a+h%ﬂ N=Y 1

10x18

=25+ =25+3.6=286

S =hS
$i=(1 240 )-(5)
(rem e

2
=—1-x68 - [—I—XIS}

50 50
=136 — (0.36)’
=1.36-0.1296 = 1.4896

S =10x1.49 = 14.896

Example 2.4

For a group of 100 candidates, the mean and standard deviation were
found 1o be 20 and 8 respectively. Latter it discovered that No. 23 and 36 were
missread as 32 and 63. Find the correct mean and S.D. Corresponding to the

correct numbers.
Solution :

Let x be the variable . we have

n=100 ¥=20  S=8

Now

N -
¥=—Xy, =nx=Xx
n

= Yx, =100x20=2000
correcied £x =2000 - 23 =36 + 32+ 65=20306
2036

Correct neun =—- 20.36

100
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Similarly,

] l —1
S =—Zx +x"
n

Ix =n(S* +x°)

T x? =100(64+ 400)= 46400

Corrected
I x} =46400-(23) —(36)% +(32)* +(63)’

= 46400-529-1296 +1024 + 3969

= 49568
Corrected 5 x? =49568.
Now correcred S° =%—(20.36)2

= 49568-414.5296 = 81.1504.
Corrected S=9.0084 =9

Corrected mean = 20.36

Corrected S = 9.

2.6.4 Steps in Computing the Standard Deviation

(i) Make a frequency distribution table, if not already made, containing two

columns, namely, the columns for score values and their frequencies.
(i)  Calculate the mean score, if not already given :
X=2fX,/n wheren=YFf

(iit)  Subtract the mean X from each of the scores X, to calculate deviations
X~X . Write these deviations in a separate column, say column 3. Sum all
these deviations and see if the sum is zero (excepting the rounding errors.)

(iv)  Square each deviation obtained in step (iii) and write the squared
amounts in a separate column, say column 4.

;

(v)  Sumall entries in col-4 to obtain a quantity Tf{X, - X)

(vi)  Take the square ront of vartance in step (v) to obtain the standard

deviation.
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Example 2.5

“How accurate are eyewitness reports of accidents ?" Social scientists have
studied this question in detail. In one experiment, subject viewed a film of an
accident in which a car ran a stop sign and hit a parked car. The speed of the car
was 31 miles per hour. After viewing the film, subjects were asked to estimate the

speed of the car. Ten subject gave the following estimates :
15, 40, 32, 18, 35, 20, 37, 35, 28, 40

Calculate the mean and standard deviation for these data. How accurate were the
zstimates considering the mean score across all subjects 7 How does the SD help
to interpret the mean ? '

solution ;

To calculate SD. it is useful to make (he following table

Xi Fi fiXi X 1X;
15 1 15 225 225
40 2 80 1600 3200
32 1 32 1024 1024
18 ! 18 324 324
35 2 70 1225 2500
20 i 20 400 400
37 1 37 1369 1369
28 1 28 784 784
Total 10 300 9826

Mean X =%/ X /n=300/10=30
Sample variance
s =[n(2 £X7) = (X, )]/ (m)n-1)
= [10(9826) ~ (300)7] / (10)(10-1) = (98260 — 90000) / (10)(9)
=8260/90=91.78
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Standard deviations = ./ s* = ./ (91.78) = 9.58

Both variance and standard deviation are based on two important properties of the
mean : (i) Sum of the differences of scores from the mean in a distribution equals
zero. It is due to this property that the deviations from the mean are squared. (ii)
The sum of the squared differences of each value in a distribution from the mean

of the distribution yields a minimum value , Zf (X, - I’)_ = minimum.

2.6.5 Combined Variance

If n, and n, be the sizes of two series with respective means X).%; and
respective vartances S7.S;, then the standard deviation of the combined series is
denoted as S and defined as

5= [m(S? +d? )+ my(S2 +d, )]
n +n,
where
_ _ 1
dlz X, l=_2xr|
n
T
dy=x,-%, ¥, =-—-Zx,
I
- hX +nk. . )
and ¥ =——~—=222 (Combined mean)
n o+
another formula is -
- I 5 - nn, ,_ .2
ST = Ly 5 4, Sy (¥ - F)
"+, " +n, -
where
2 | =82
S =-=X(x, ~X))
”F

1. .
83 = —2(x,, -5, )
M,

Example 2.6

An analysis of monthly wages paid 1o the engincers in two companies A

and B gives the following results.
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No. of engineers 1000 2000
Average monthly salary 240.00 275.00
Variance of distn. of salary 41 ‘80

(a) Calculate average monthly salary.

(b) Variance of the distribution of monthly salary of all engineers in A & B

taken together.

Solution:
n, =1000 n, =2000
X, =240 x, =275
fzmi+mﬂ
Ji‘l + Hz
_ (240x1000)+(2000x 275)
- 1000 +2000
240000 + 550000
30000

= e = L7 226334
3000 3

h §=

[m$+@$+{m%(z—ﬂfH

n +mn, m +n,

4600000

3000 (240'_275)2}]

b 41@@@+16®@@®+{
3000

= l[201 +{ix IEES}
3 3

- 11201 +i63334]

='3’jji = 61145

§=2473
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2.6.6 Properties of Standard Deviation

1) ‘Standard deviation gives a measure of dispersion relative to the mean.
(ii) Standard deviation is sensitive to each of the scores in the distribution.

(i) Like the mean, standard deviation is stable with regard to samipling
fluctuations. This property is one of the main reasons why the standard

deviation is used so much more often than other measures of dispersion.

2.6.7 Interpretati_on of Standard Deviation

Standard deviation measures the average dispersion in a data set. It is the
average amount by which scores in a distribution deviate from the mean of the
distribution. Intuitively, large values of standard deviation show that the
observations are quite spread out and smaller values indicate that the scores are
less dispersed and are clustered around the mean. In an extreme case, for example,
a standard deviation of 0 means all of the scores are exactly equal to the mean

score and there is no variabilily among the scores in a distribution.

2.7 Relationship between Measures of Central
Tendency and Measures of Dispersion

If X be the arithmetic mean, G be the geometric mean. H be the hormonic
mean, S° be the variance {or S be the standard deviation) and Mol be the mean

deviation then [or the discrete distribution:

] st
i G-%1--.2;
(7) > __}

I
L¥]

(i) X -G =

[I _%-)
X

()  S'2(Ma frommeany:

[ad|

ity  H=

2.8 Coefficient of Variation (CV)

It is sometimes desirable to compare several groups with respect to their

relative homogeneity in instances where the groups have very different means.
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Therefore it might be somewhat misleading to compare the absolute magnitudes
of the standard deviations. One might expect that with a very large mean one
would find a fairly la:;c,le standard deviation. One might, therefore, be primarily
interested in the size of the standard deviation relative to that of the mean. This
suggests that we can obtain a measure of the relative variability by dividing the
standard deviation by the mean. The result has been termed the coefficient of
variation, denoted by CV. Thus

CV=S/X
where s is the SD and X is the mean.

The coefficient of variation, being a ratio. requires that one have a ratio level
of measurement and not merely interval measurement. You can also realize that
one should always report the mean as well as the SD for the data.

To illustrate the advantages of CV over the SD, suppose a social psychologist
is altempting to show that for all practical purposes two groups are equally
homogeneous with respect to age. In one group the mean age is 26 with an SD of
3. In the other one, the mean age is 38 with an SD of 5. The coefficients of
variation for the two groups are:

CV1=3/26=.115,CV2=5/38=.132

The difference between the two coefficients is smaller than the difference
between the two SDs. In view of the fact that exact age usually becomes less
important in determining interests, abilities, and social status as the average age of
group members is increased, a comparison of the two coefficients of variation in

this instance might very well be much less misleading than if the SDs were used.

As another example, suppose one is concermned about the dispersions in traffic
flows from one weekday to the next, at various times of the day. Dispersions in
these flows might be misleading in an absolute sense unless standardized by their
means so as to allow for differences in the average volumes of traftic at different
times of the day.

2.9 Exercises

] You have just won the state lottery and are now {abulously wealthy. One of
the first things you want to do is to find the “nicest place to live™ in all the
world. Because you are somewhat eccentric, your only criterion for “nicest

place™ is climate. Specifically, you want to locate a city where the

()
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(a)
(b)
(c)

(a)
{b)
)

(e}

temperature is exactly 78°. After much search, you find three cities where
the average daily temperature is exactly 78°. Based on just this much
information. which of the cities will you choose as your permanent
residence? Now suppose you also discovered that the SO and range of the
daily temperature were 0.7° and 3° in city A. 10.3° and 30" in city B, 25.8"
and 103° in city C. How will this additional information be useful to you in
choosing the place you want to live? Can you choose a permanent residence

now? Which city would you choose and why?

Suppose, men and women have about the same distribution of scores on the
verbal scholastic aptitude test (SAT), but, on the mathematical part. men
have a distinct edge. In 1994, the men averaged about 500 on the
inathematical SAT. while the women averaged about 460. Both histograms

follow the normal curve, with standard deviation of 100,
Iistimate the percentage of men getting over 600 on this test in 1993,
Estimate the percentage of women getting over 600 on this test in 1993.

Suppose one of the men who took the mathematical SAT will be
picked at random, and you have to guess his test score. You will be
given a dollar if you guess it right to within 50 points. What should
you guess? What is your chance of winning? Briefly explain your

answer.
Fora normal curve, answer the following questions:

Find the proportion of Lhe area between the mean and a z score of .5.
What proportion of the area lies to the right of a z scorc of .52

What proportion of the area lies to the left of a z score of -.57 .

What proportion of area lies in interval bounded by z scores of -1 and -27?

Assume the age of state governors in the United States is normally
distributed with a mean of 56 and a standard deviation of § years. How
many governors are between 60 and 70 vears of age? (there are 50

governors total).

Suppose that, for a particular year. on the law school admissions test
(LSAT). the mcan score for all people taking the test is 500, the standard
deviation is 90, and the scores are normally distributed. (a) What percentage

6
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of people had scores (i) over 600; (i1} less than 300; (iii) between 700 and
7507 (b) If a person had a score of 630 on the test, what percentage of
people had scores less than his? greater than his? (c) If 5000 people took the
test that year, how many had a score Between 300 and 4007

P-1.6 Suppose thal a college entrance examination is given 1o all entering college

students. It is found that the scores are normally distributed with a mean of
450 and a standard deviation of 75. (a) What is the probability that if a
student were selected at random, his score in the test would be (i) greater
than 450; (ii) less than 550; (iii) between 350 and 400? (b) If the z score of
a student on this test were -1.5, what was his original score?

2,10 Summary

Various measures of dispersion have been defined and formula for their

calculation are given in this unit. Once data have been represented by a measure

of central tendency, are may like to know the scatter of the given data around this

measure of central tendency. The various measures of dispersion are range,

quartile deviation, mean deviation, standard deviation and variance. Coefficient of

variation for consistency of dala or frequency distribution is defined as the ratio

of standard deviation to arithmetic mean. It has no unit.

2.11 Further Readings

1.

I

Goon, A.M.. Gupta M.K. and B. Dasgupta : Fundamentals of Statistics,
Volume [, the World Press Pvt. Limited, Calcutta.

Yule G.U. and Kendall M.G. : An Introduction to the theory of Stalislics.
Charles Griffin and Co. Limited.
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Block- I UGSTAT-01

Introduction

The Block MI deals with moments, skewness and Kurtosis. [t consist of two

units.

Unit — 1 defines various moments of the frequency distribution and give the
interrelationship between them.

Unit — 2 explains the significance of asymmetrical data and describes various
measures of skewness i.e. lack of symmetry of data. [t also gives the measures
of Kurtosis and explains the peakedness of the frequency curve near the

highest frequency.
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Unit-1 : Moments, Raw Moments and Central
Moments

Structure

1.l - Introduction
1.2 Objectives
1.3 Moments (Definition)
1.3.1 Raw Moments for Ungrouped data
1.3.2 Raw Moments for grouped data
1.3.3 Central Moments
1.3.4 Factorial Moments
1.4 Inter-relationship between various moments.
1.4.1 Central moments expressed in terms of raw moments.
[.4.2 Raw Moments expressed in terms of central moments.
1.5 Effects of Change of Origin and Scale on Central Moments
1.6 Charlier’s Check
1.7 Shephard’s Corrections for Moments
1.8  Some Solved Examples
1.9 [xercises
1.10  Answers and Suggestions
LI Summars

1.12  Further Readings.

1.1 Introduction

Mcasures of central tendency and variability (dispersion) enable us to
know some importani characlerisiic of the data and hcip us & compare two or
more series. 1t can be illustrated that iwo different distribution may have the
same mean and / or variance, still they may have different pattern ol the
distribution. Two olher characteristics of the distribution are known as
symmelry and peakedness of the curve. These may be defined in terms ol the

Ceniral moments of the distribution.




The word moment is derived from statics, where moment about a point

is equal to force multiplied by the perpendicular distance. The mean and

variance of the distribution are the first moment about origin and second

moment about mean or second central iroment of the distribution.

1.2 Objectives
Afier going through this unit, you shall be able to —

- Compute raw moments including mean of the given data/frequency
distribution.

- Compute central moments including variance of the given
data/frequency distribution.

- Compute factorial moments of the given data/ frequency distribution.

- Use the interrelationship between these moments to obtain one fror:
the other known moments.

- Apply charliers check and shephard’s correction for moments.

1.3 Moments (Dcfinition)

Suppose we have n values of a variable X as Xj. X2, ...cooennnnin Xa.

The possible measures of central tendency and dispersion of variable X are

mean and vartance defined by expression :

i N l H o
X= ! Zx, and g™ = —Z(x, -X)
i=1 i -

B { e

X isthe first moment of x about the origin.

1.3.1

Raw Moments for Ungrouped Data

Definition : Ifx;. x5, ==--- x, are n values of the variable x. the

raw moment of x aboul any point A is defined as -

mo= S e - Ay e 0a2 e (11)
= -- X — I ¥
r ”‘Z:, t
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So, - (always)
.1 ]
mo=— T (3, A) =1

m;=£Z(x,—A)' =(x - A)
, =;'Z(.r, .-A)" .......... (12)

c ;
my = Z(.t, — A)

o )
m, —;Z(I, — A)

4

In particular, if the ' raw data about origin, i.e. for A = 0 is

-1
m, = > Z x;

50 that,

Co ,
m, = ——Z:c: = t( Ahvays)
n
- o
m = *Zx, =meanaf the distribution
n
c .
m, = — Z X
n
~
m; =— Z X
n
Co s
N, = — Z X

1

1.3.2 Réw Moments for the grouped data

If the given values are in the form of a frequency distribution,

Table 1.1
Value of Xi | X) X2 -ooviiviinX ceeiinin Xy
X
Crequency | Bl oy

the lormula for moments about the noint A takes the form

", —-—L—Zﬁ(x, -4y k=012 (1.3)
=1

[k L
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Table 1.2

Class Interval Mid-point of the class frequency
X fi
X2 fg
X, f,
Xn fu
Tolal .. N=2_fi

We shall write it as “xi/f, (I = 1.,2,....n) distribution”

where x, is class mark of the i class, or its value of the variable X(Table
1.1), fiis its frequency and N=Xfi is total frequency. (number of observations)

IEA =0, m'" is ™ raw moments about natural origin.

o ]
m, =— x'=— = {Always
P =y LI w2 S = dhvays)
. | ,
m = ?Zf\ =meanof tnedistribution =¥
. [ 5
My =— X
=3,
A R
My = ;\?Zf.-\r

Co p
m, = T’Zf” (i.4}

1.3.3 Ceniral Moments

[ the arbitrary origin of moments of variahle X is taken as arithmetic mean

i.c. A= T the moments arc called central Moments.

B



Definition: For ungrouped data x;. x5 .......... Xy the ' central moment of
variable X is given by
I it
m,_= -—Z(.r, -¥)r=012, ... (15)
"

=

Ifthe given values are classified into a frequency distribution, x/F; (1-

[.2.....n). the ' central inoment is given by -

m, = -IXI, (X, =%):r=012, ... (1.6)

X; being the mid-valuc of I'" or x" value of the variable (as the case
may be) class and f; its frequency

Evidently. we have
My == i
and m; =0 (Ahvays)

The second central moment of var iable X is variance of the
distribution t.e

V(x) = m, ={ lz (x, - ¥)%; (for ungrouped data)
._” t=1

{}1} if,(.r, -¥)Y: (forgroupeddata) ... (1.8)

Third and fourth central imoments for ungrouped and grouped data

are-
j ; i
m, = - Z (x —x)’ (Jor ungrouped dara)
no
I ! i ""(1'9)
m; = N Z /(x —x)° (Jor grouped duta)
4 izt
nr, = 1 Z {x —¥)* (Jforungrouped data)
) ”,' e (LEQ)
", = ~ Z L =3y (for grouped data)
i 1=1

1.3.4__ Factorial Moments

The ™™ factorial moment about the origin ol the distribution x,/f;

{i—i.Z.3....... n} is defined as tolivws:
R
lu(r} - Lfr"‘.'
_r\f -1
9




where, x'' = x(x-1)(x-2)...(x--r+Dand N = ij: ........ a1n

Similarly, the factorial moment of order r about any point X=A is

given as |
Ju(‘r) = EZﬁ(IJ - A)(r‘
i=1

where. (. gAY = (x ~ A)x = A= )(x= A=2)ee(x=A=r+Derrrincs (1.12)

1.4 Inter-relationship between various moments

1.4.1 Ceniral moments expressed in terms of raw moments

We have first r raw moments m’; . m'a.... in'; about an arbitrary origin A. The

" order central moment can be obtained by using simple algebra.

We have
(x,—X) = {(x, - A) - (X - A}
= (x, - A~ (5, AN T - A+, (3, - Y TE- A

+(=1) 7 (X~ A) I ¢ B k)
Since

. 1
m, :Wz Jilx, -~ A)=x-4
The i central moment can be written as

nr, =%Z filx, - XY
- _IATZ filx, - A -1, J—:\I—Z filx, = AY " my 1 ‘;TZ fi(x, — A my

. I 1 r 1 ‘2 I 'r
= T B I AT +H=-D"m (1.14)

It is easily seen that (1.14) holds for moments obtained from

ungrouped data as well.

Putting r = 1, 2, 3, and 4 in (1.14), we get some particular cases for

A=D. as

my=m'\-m' =0
my = m'y =2 ' )

T ‘2
=N, "H’il

10
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2 ‘3
ny = =3nly my + 30 ) -

N ‘ '3
=nry=3nf, m' +2m,
L ‘2 ‘3 b
my=m —Aniy o\ +6m' y m’ —4m' m” + m,

. :
=nl' +4nt' nf +6nr , m? 3}

In most of the practical problems, it is sufficient to calculate X, m,, m; and
ms using calculators. These computations are greatly facilitated by first

compiling moments about a suitably chosen origin A or origin ‘O’. We first
calculate

N=).f

2fx = S
zfxl = Sl
Lixi=or % S
2fx= 2fu =

il

I

where, and then use (1.15) to compute X,#,,nnm,;  using relations (1.14)
and (1.15).

For grouped data

" = "";A ........... (116)

h is the common class interval, and A is a suitably chosen origin or
reference point Theoretically, A can be any point , but it is so chosen that the
computation work may be reduced. For grouped data, A is taken at a mid

point near the central classes,

1.4.2 Raw Moments expressed in terms of central moments

Just as central moments can be expressed in terms of moments about

an arbitrary origin A, so a moment about an arbitrary origin is expressiblc in
lerms of central moments.

From (1.2)

EER Yy 0 ] b

v ==



m',=x—-A.and

W, Tif'z.ﬁ("" - AY

;%Zﬁ(,\; —¥4+X-A)

:%Z,ﬁ{(x, Ry}

= TG, =Y (xR e G = ]

= %Zﬁ{(x, ~X) +r, #Zﬁ(x, - f)"'m‘,+r;_:z‘ﬁ(.\:, -3’ +m)

e o m . 2 r
=2 By, ST M U S (. (1.i6)

In particular,
Hy by VI
IR TNTRY
g = Hg A5y + Oy ‘Izu? t aull.l
These formulae help us to obtain the moments about any point A, il

the central moments are known.

1.5 Effect of change of origin and scale on central moments

If we change the origin of x on some arbitrary point A and scale b)

I. The new variable u is defined as ;= o4 sothat x= 44+ hu.X=A+hu

I
and
: > iy, - XY
m. = —- Hy — X
rl N
= -;‘{;-zﬁ(hu, - iy’
YRS O
NG
- Wmay e (475

I .
where  #i - Yy £, 1)

r § et

I
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Thus, ™ central moment of variable X is h” times '™ central moment
of variable U. So, we conclude that central moment is unaffected by change of
origin but it is affected by change of scale.

1.6 Charlier's Cheqk’é

Charlier's checks are often used as a ready check against some
possible mistake in the calculation of first four moments. For this we first

compute D £,x,, ). fixt, > fixl.D  fix! etc. and verify the calculations by
the following identity.

DAk D =Y x4 fi 463 fiF +4Y i 4 N e (L18)

1.7 Sheppard's Correction for moments

In computing moments for data grouped into class-intervals by

means of the formulae
[
n', = —Z.t, ~A) fandm, = -I—Z:(xI -XY /[ e (L19)
ns ne

In the computation of mean, variance and various moments from a
grouped data into class intervals, we have taken mid-point or class mark as the
representative of that class. Here. the assumption is that the mid-point of the
classes are a reasonable approximations to the mean of the observations of that
class. This approximation holds for good for the distribution which are
symmetrical, moderately skewed and have classes having small classes

intervals. It does not hold for all distributions.

We have the assumption that the observation falling in a class (e.g.
lke 11 values falling in the ith class) were all equal 1o the class-mark or mid-
point, although the observation may be really unequal. The assumption
naturally introduces some error, which are catled the errors due to grouping.
To correct for these grouping errors. the computed values of the moments
have to be suitably adjusted. A method [or adjusting the moments for grouped
data where the classes are equally wide has been developed by Sheppard.
Sheppard’s corrections for-moments about an arbitrary origin and for central

moments of the first fourr orders are given helow-

——— e
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m' (corrected) = n'|

,
r C.-
nt', (corrected) = ni',~ )

-

¢
m'; (corrected) = m'.——nt', .
2 3 4 t

T

c 7
nt'y (corrected) = m; - —mj + —-¢* -
240

2

and

el

o
m, (corrected) = pr, ~ —
12

m; (correcied) = my
2 2 !

C e .
m{corrected) = m, - S + 520 ¢’ L

where ¢ is the width of each class-interval and m," s are the uncorrected rth
moments forr=1,2, 3....

o rmp—— -

The sheppord’s corrections is applicable only when —
) class-width are equal
(ii) the distributions are symmetrical or moderately skewed.

(iii) N is sufficiently large,

ot e 4 a e

(iv) The frequency curve is not J or U shaped
V) It is nccessary that the observations should relate 10 a continuous
variable.

1.8 Somie Solved Examples

Example 1.1 :  Fird first four raw moments about x = 5 if the values of
variables are 2. 3,6, 8 and 11.

14




Solution:

y —
m,=1

| _
m',=;2(xl—/l)=(x~A)
2+34+6+8+11 _iq_

X = emmae

5 5
m,=6-5=1

6

L PR
mz—nZ(x, A)

ial
2

_(2=5 +(3=5) +(6-5)" +(8-=5)" +(11-5)

5
_9+4+14+9+436 59 18
5 5 '
Similarly.
o (2-5 +(3=5)° +(6-5) +(8-5)" +(I1--5)
=
: 5
_ —27-8+ I5-|-27 +‘216: 200 _418
and
o 275 +(3-5)"4(6-5)" 4 (8- 5)" +(11~5)"
! 5
=295
Hence, the first four raw momentsare 1. 11.8, 41.8 and 295.

Example 1.2 : The number of suits sold daily by a women's boutique on
the past six days has been given in the following frequency table.

Following frequency table.

Value (x) Frequency (f) |
3 2
4 l
5 3

Obtain first four raw moments about origin.

SRR T




Solution :

"' raw moments about origin is given by

m, ~ }%Z Xl voor=012....
m'y =1
. | . 2x3+(Ixdy+(3x5
m,z—ﬁz_ﬁx, = 6 )
= B 4.17
Similarly. 6

2x3 +1%x4> +3x5°

G
19 18.17
6

=

2x3F +1x4 +3x5
6

m, =

=82.17
B 2x3 +1x4* +3x5°
*_ 6
=382.17
Answer : First four raw moments are 4.17, 18.17, 82.17 and 382.17 suits

m

respectively.

Example 1.3 : The following frequency table gives the values obtained in
|5 throws of a die.

Value (x) Frequency (f)
] 3
y) 2
3 3
4 4
5 2
6 l

Find first four central moments.

e e e

Rt



Solution:

= = —
xf fix e ) |6 P | S P | e )
i 3 3 -2.2 14.52 -31.94 70.27
2 |1 2 4 -0.2 2.88 -3.46 4.15
3 3 9 -0.2 012 -0.02 0.00
4 4 16 0.8 2.56 2.05 1.64
5 2 It} 1.8 6.48 11.66 2099
6 1 6 2.8 7.84 2195 61.46
Total | N=135 48 34.40 0.24 158.51
¥ Z "t’ :— =3
i=l
m =0
m, —Zf(x i 3440 =2293
=l ID
=)
n =Z f,(.r, x) = 0.24 =0016
15
zf(\—x) I.‘SISS.)Slzwjﬁ7
=]

Answer: First four central moments are

my =p, M= 2.293, m;=0.016, m= 10.567.

Example 1.4 . The first four raw moments of a distribution about the value
5 ot variable are 2, 20. 40 and 50. Obtain mean and first four central moments,

Solution:
In the above example

A=5, m', = 2. m'2= 20, m'y= 40 and m'y =50

m\=X-A= m +A=2+5=7=%

S N



Using relations in equations (2.9) we have

my=m',~m* =20-2>=16

my = 'y =3my 4 2m
=40-3x20x2+2x2°
=064

my =l 4ty mt 6n'y = 3ot
=50-4x40x2+6x20x2' -3x2"
=162

Answer: X =7.my =100 = -64dand m, =162

Example 1.5 : Calculate the first four central moments of the following

distribution.

x o2 |3 b4 s 6 | 7 | 8 |9

ro [ | 8 28 | 56 | 70 | 28 8 [

We should shifi the origin at a point say A to reduce the calculation.

Let us choosc A=3, (near the middle of the table). We may have taken
546 _
A= 5 = 32 but it will make the caleulation more cumbersome.

Solution:

This is a symmetrical distribution with A--3 (near the middle of the

table). and deflining 4=x-A, we get

Z.,’,_uf = el Z_;;ﬁ:‘ = ()

[t has"simplified the cateulation -

Calculations
X | F | U =x-3 fu [u” [u® fu'
N -4 4 16 -64 256
"—_2 SN I B AU N IS S 1 [ S 2
}__‘34 .28 -2 s6 1o | 24 448
lr_i s a4 s o ose |
] 70 0 o oo g 0

T IR T

TH—:

FheD 2= f¢

_
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6 56 | 56 56 56 56
7 28 2 56 112 224 448 |
8 8 3 24 72 216 648 |
9 | 4 4 16 64 256
Total 256 0 512 0 2816

: 2 .
i
nr', = E -'Z;TI=O : HI'3=-—-——Z£ I—=—;ISE=2
|

N NTH
mi="LtL=0:m'
N

_2 w2816
N 256

|
m =0
‘2
m, =y, —m =2
my =y =3my ' 200 =0
o ' ] ' '2 T
my =nl' =4’y ot Hem', 'y =3m"|

=11

Since central moments is unaffccted by change of origin the first

four central moments of variable X are for given distribution is

M(xy=A+M"" =5 m =2, m=0 m =1l

You may try the following problems.

1.9  Summary

[n this unit the properties of skewness and kurtosis of a distributior
are discussed. The deparwre of the distrtbution from symmetry is known a:
skewncess. The convexity of the curve is called kurtosis. It is compared witt
the peakedness of the normal distribution. Various measures of skewness anc

kurtosis are also discussed.

1.10 Exercises

P-1.1 Define raw and central moments ol a frequency  distribution. Obtai:
the relationship between the centrai moments of order r in terms ol th

raw maments. What is Sheppard Corrections Lo the central moments?

P-1.2  Dchine moments. Express ceniral moments in terms ol raw moment




P-1.3
P-1.4
P-1.5
P-1.6
P-1.7
P-1.8
>1.9

The first three moments of a distribution about the value 2 of the
variable are 1. 16 and —40. Show that mean is 3, the variance is 15 and
L3=-86.

Express first four central moments in terms of raw moments. What is -

the effect of change of origin and scale on central moments?

The central moments of a frequency distribution of incomes of a
labour class are ms = 100 Rs?, m; = -4 Rs® and m4= 624 Rs'.

(a) If the income of each labour is increased by 10 Rs, what will be the
moments?

(b) If the income of each labour is doubled. What will be new
moments?

The first three moments of a distribution about the value x = 7 are 3,
1O and 15 respectively. Obtain mean, variance and ma.(Ans. 10. I, -
2.1).

The first four raw moments of a distribution about x = 4 are'1, 4, 10,
45. Show that the mean is 5 and the variance is 3 and ms3 and m, are 0
and 26 respectively.

What is Sheppard's Correction ? What will be the corrections for the
first four raw moments and first four central moments?

Find the second, third and fourth central moments for the frequency
distribution given below :

Class Interval Frequency

~_Hio-115 05
[15-120 [5
120-125 20
125-130 35

_ 130-135 10
133-140 10
i40-143 0>

Also apply Sheppard Correction for moments.

20
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P-1.10 Frequency distribution of scores in mathematics of 50 students are

: . given below:
Score 50-60 | 60-70 70-80 80-90 90-100
Ffequency ] 0 0 [ ]
Score 100-110 | 110-120 | 120-130 130-140 140-150
Frequency 2 1 0 4 4
Score 150-160 | 160-170 { 170-180 i 80-190- 190-200
Frequency 2 5 10 11 4
Score 200-210 | 210-220 | 220-230
Frequency [ 1 2

Compute first four central moments. Obtain corrected central

moments after applying the Sheppard corrections.

{Answer: m3=1,176; m;y=-41,160; ms=57,45,600;

Corrected moments are m- = 1167.67;

5687091.

my=-41160 and my=

1.11 Answers and Suggestions

P-].5 (a) Nochange m, mj, my, my

(b) Here h=2, therefore, my= 400 Rs%, m: = -32 Rs® m,; =9984 Rs*

P-1.6 =10, p2=10-3=1, p3=153x 10 x 3+ 2x3* =21

P - 1.9 Solution is shown below:

Class Mid- [H = al |§75 Frequ- | fiyy F.j.u: fug f.p{1
Interval { point x ency f;
110-115 ) 125 -3 03 -15 +45 | -135 | 405
115-120 | 117.5 -2 15 -30 +60 | -120 | 240
120-125 | 122.5 -1 20 -20 +20 | -20 | +20
125-130 | 127.5 0 35 0 0 0 0
130-135 | 1325 ! 10 10 10 I- 10
135-140 | 1375 2 i0 20 40 80 | i60
i40-i45 | i42.5 3 U5 i5 45 i35 | 405
Total N=100 | -20 220 | -50 | 1240

21

B e



For distribution for u

Raw moments

P SPYR VI - SN

‘100 © 100

, -50 ; 1240

U-‘J=___=_0_5, M =2~ —12.40
4, 100 a 100

Central moments

Hy () = 4] (1) = 220 (-02)? =2.20- 004 = 2.16
304 = (1) = 3py (), () + 244, (1) = —05= 3% 220 x (~02) + 2(~02)°

=-05+132-0.016 = 0804

Similarly,
Hy(#) = [240- 4% (-05)(—02) + 6(2.20)(-02)* — 3(-0.2)"
=12.40-04 + 0528 -0.0048 = 125232

Hence, for the given distribution , with h=5.
My, =5 % 216 =540

iy =5" %0804 = 1005
M, =5 % 125232 = 78270

Sheppard correction.
— B 5
2 =My ——~—=534-—=5402 =5]19167
=M 12

Hy =, =10050

rl

_ / 2 :
Ti=m, = 2 i 27827 - 23 s 2 st 71572083
2 % 240 2 240

1.12 Further Readings

1. Goon, A.M., Gupta M.K. and B, Dasgupta : Fundamentals of Statistics,
Volume |, the World Press Pvt. Limited, Calcutta.

2. Yule G.U. and Kendali M.G. : An Introduction to the theory of
Statistics, Charles Griffin and Co. Limited.
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Unit-2 Skewness and Kurtosis

Structure
2.1 Introduction
2.2 Objectives
2.3 Skewness and its measures
2.4 Measures of skewness
2.4.1 Pearson’s coefﬁc,ienf
2.4.2 Bowley’s coefficient
243 PBandy
2.4.4 Another measures based upon moments.
2.5 Kurtosis
2.5.1 Measures of Kurtosis B; and v..
2.6 Exercises
2.7 Answers and Suggestions
.28  Summary
2.9  Further Readings

2.1 Introduction

To have an idea about the shape of the frequency or probability curve
we study Lhe skewness and kurtosis of the distribution, A distribution is said to
be symmetrical if the frequencies (probabilities) are equal on either side of the
central value. It implies that both the right and left tails of the curve are
exactly equal in shape and length. 1f a distribution is not symretrical then it
is called asymmetric or skewed in the direction of the extreme values, i.e., on
the right - or on the left. Since extreme values give longer tail in its direction
therefore. the distribution having longer right-tail is called right skewed or
positively skewed distribution. The left implies longer left tail. Thus a measure
of skewness indicates the extent as well as direction of skewness of the

distribution.
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Karl Pearson called a normal curve as mesokurtic, it has a hump at the -

middle. Pearson defined Kurtosis as the convexity of the curve and used B2
and yz as its measure. The measure of Kurtosis gives an idea whether the
center of the distribution is assuming flatness or peakedness similar to the

hump of the normal probability curve or not.

The measures of skewness are very useful in biological, chemical and
physical laboratory works. They are used in economic social statistics and
medical statistics to study the behaviour of thé data.

2.2 Objectives

After going tlrrough this unit, you shall be able to :

- Differentiate between the behaviour of symmetrical data and right or
left skewed data. '

- Obtain the measures of skewness and kurtosis and interpret them.

2.3 Skewness and its measures

Definition : By skewness of a frequency distribution we mean the
degree of its departure from symmetry. The frequency distribution of a
discrete variable x is cailed symmetrical about the value x; if the frequency of

Xo-/t is the same as the frequency of x,+/, whatever 4 may be.

.
-

FREQUENCY

AN

VARIABLE o

FREQUENCY - DENSITY

"”LUJ'“

Fig. 2.1a A symmeirical distribution Fig. 2 1p A symmetrical disiribulion
I {discrcic  vanable) (continuous variable).

In the case of a continuous variable, the term 'symmetry’ should be
used in relation o its frequency curve. The frequency curve of a continuous

variable is said to be symmetrical about xp if the frequency density at xo—7), is
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the same as the frequency-density at xo + i whafever_h may be. Figures 2.1a

and 2.1b show two symmetrical distribution.

‘A distribution which is not symmetrical is called asymmetrical or
skew. This skewness is said to be positive if the longer tail of the distribution
is towards the higher values of the variable (Fig.2.2a), and negative if the
longer tails is towards the lower vales of the variabie (Fig. 2.2b)

%Jh E“

8 B

0 G

g %

VARIABLE. > VARIABLE >
Fig. 2.2a A posltively skew Fig. 2.2b A negatively skew
distribatzon. distribution.
Mode < Median < Mean Mede < Median < Mean

An important point to be noted in this connection is that all odd-order
central moments are zero for a symmetrical distribution, positive for a
positively skew distribution and negative for a negatively skew distribution.
Any such moment may, therefore, be considered a measure of the skewness of
a distribution except, of course, #; which is necessarily zero for any
distribution-symmetrical or otherwise. The simplest of these measures is m;.

2.4 Measures of Skewness

3.4.1 Pearsons Coefficient

An alternative measure of skewness is obtained from the relative positions of

the mean and the mode in a distribution.

In a symmetrical distribution, the mean, median and mode (assuming
the distribution to be uni-modal} coincide. If the distribution is : skewed
positively. then

Mean > median > mode.
and if il is negalively skewed. then

meain < imediain < imode.
®
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Hence the difference (mean mode) divided by the s.d., is taken as a
measure of skewness.

This is known as Pearsoi’s first measure of skewness, provided s > 0.

Since it is difficult to estimate th: mode from a frequency distribution

the empirical relation is used to get another measure of skewness viz.

The moments are not unit free quantity to make it- unit free Karl -

Pearson defined the following four coefficients based on first four central

mormenis.

2
n,

m, -

A = — B = ;;:—.y, =\Bandy,=p.-3 ... (2.0

To get the unit free measurement of skewness is thus defined as
m

g = m—’ ............... (2.2)

Yi=|gil is absolute measure of skewness.

An alternative measure of skewness is obtained from the relative

positions of the mean and the mode in a distribution.

In a symmetrical distribution, the mean. median and mode (assuming

the distribution to be uni-modal) coincide. if the distribution is positively

skew, then

mean > median > mode.
and if it is negatively skew, then
mean < median < mode. -

Herice the difference (mean-mode) divided by the s.d. is taken as a
measure of skewness :
Sk = Mo (2.3)

Ly

This is known as Pearson's first measure of skewness, provided s > (
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Since it is difficult to estimate the mode from a frequency
distribution, the empirical relation is used to get another measure of skewness.
viz.

_3(x - Mi)

Sh=———+= . (24)
5

which is known as Pearson's second measure of skewness. If mean = Median
= Mode then Sk = 0.

2.4.2 Bowley’s Coefficient -

The measure (2.4) can vary between --3 and 3. The same may be said
to be approximately the case with (2.3) because of the empirical relation
.which is valid for moderately skew distribution. A fourth measure of
skewness 15 obtained by considering the relative positions of the three
juartiles of a frequency distribution. For a symmetrical distribution the lower
and upper quartiles are equidistant from the median; for a positively skew
Jistribution the lower quartile is nearer the median than the upper quartile is,
while for a negatively skew distribution the upper quartile is nearer.

Thus (Q, — Mi) - (Mi— O,) may be taken as a measure of skewness. It
s expressed as a pure number on being divided by

(QJ_M'.)"”(‘F"[’F_QI):Q:. -0

~hich is assumed to be ron-zero. Thus the new measure is

o - (& - Mi) ;‘._(__1_‘?'_“_1,9!_). __________ (2.5)
0, -0,

O: _Q:

O +0, -2 Md

This is known as Bowley's measure of skewness. As regards (2.5) , it has the
imit-—-1 and 1.

2.4.3 B andy

The moments are not unit free quantity to make it unit free Karl Pearson
fefined the following four coeflicients based on first four central moments.

2
1 Ht,

B=—%.0 = 2,)’|=\/Elﬂnd)’z=ﬂ!—3 ....... (2.

. HE
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To gel the unit free measurement of skewness is thus defined as
' ;

gE==5 (2.2)

"y
V1 - g is absolute measure of skewness. The measure given by equation
(2.2) can theoretically assume any value between -0 and « but in practice its
numericat value is rarely very high. For symmetrical distribution B, = 0. §,>0

=> distribution is +1 relysk skewed. 3 <0 = distribution is ~1 rely skewed.

2.4.4 Another measure based on moments

May be obtained from the Pearson’s system of curves. It is defined as —

g - BB+
258, -68,-9)

It is without sign, It has a drawback that it has no limits. If Sk =0 then
Br: Oorf.=-3.

B> # -3. Since By = py/pa”. Hence S = 0, if f. 3 = 0 Thus, for a
. 2 - . .
symmetrical p;” distribution, B, = 0.

2.5 Kurtosis

Another method of describing a frequency distribution is to specify its

degree of peaked-ness or kurtosis. Two distribution may have the same mean

and the same standard deviation and may be equaily skew, but one of them B

may be more peaked than the other.

251_ M(;asu_rc of Kurtosis B; and ¥,

This featre of the frequency distribution is measured by

"
D% amd

ni,

Y. =3 . (2.7)

Obviously, it is a pure number. For a normal distribution, B,=3 and
¥>=0. A positive value of y, indicates that thc distribution has high
concentration of value near the central tendency and has high tails, in
comparison with a normal distribution with the same standard deviation. In the

saine way, a negative value y» means that the distribution has Jow,

B2 = 3 implies that y> = 0. the Kurtosis is samc as that of normal

curve. The curve i1s mesokurtic.
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B2> 3 = v, > 0, the Kurtosis is said to be positive and the curve callec

the lepto Kurtosis.

B2 <3 = 12 <0, the Kurtosis is said to negative and the curve is called

platy kurtic.

Requency - Densily

VARIABLE
O]

i
;

Braquency - Density

YARIATLF VARIABLE
(b) {c)
Fig’ Three symmetrical distributions with different degress

of kurtosis : (B} mesokunic, (b} lepwokuric, (c) plarykuftic,

concentration of values in the neighbourhood of the central tendency and low
tails, compared to a normal distribution with the same standard deviation. A
normal curve is said to be mesokurtic (i.e. having medium kurtosis). A
distribution with positive y; is called leptokurtic, and one with negative v, 'is
known as platykurtic. The quantities B; and B themselves are sometimes used

as measures of skewness and kurlosis. respectively.

That the fourth central moment (m4) may be used in measuring kurtosis
becomes obvious from the fact that the higher the kurtosis, the higher wiil be
the cftect of the large deviations (from the mean) in the tails when raised to

the fourth power. Division of m, by s makes the measure a pure number.

Actually. however, B (or y2)} wiil be appropriate as a measure of
kurtosis or peaked-ness only if we confine our attention to the class of the
usual bell-shaped (or unimodal) distributions. Otherwise, it may only serve to

distinguish a unimodal distribution from a bimodal.

Some Solved Examples

Example 2.1 in a frequency distribution Q,= 30, Q; = 70 and median is 38.
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Compute coefficient of skewness.

Solution :

Coetficient of skewness based on quantities is
Sk = Q:_'_Qﬁzﬁ{’
Q_‘- - Q|
_ 70+ 30-2x38
S 70-30
=06

Ans ; Coefficient of skewness is 0.6

Example 2.2 Mean, median, mode and standard deviation of frequency
distribution are 25, 27, 35 and 15 respectively. Compute coefTicients of
skewness based on mean, mode, median and standard deviation.

Solution :

Coefficient of skewness based on mean. mode and §.D. is
X - JUU 25;'32 B ‘-lO

Sk = =0 2 ==~ 067
5 1S 15
coefficient of skewness based on mean, median and S.D. is
T-M) 3(2s5-2 -
she AT M) 3(28-27) 6
¥ 15 15

Ans : coefficient are skewness are -0.67 an -0.4

Example 2.3 First there central moments of a variable are 0,16 and - 64

respectively. Compute coefficient of skewness based on moments and
comment.

Solution :
CoefTicient of skewness based on moments are -

mi o (64)

Tt e
m, 16

yi= B =]

Since sn; is negative, the distribution is negativelv skewed. coefficient

of skewness with sign is
.
gl = __-'I -
&

!

Example 2.4 The siandurd deviation of a symmetricai distribution is 5 and
fourth centrai moment is 2000. Compute (. and vz and comment on the
Kurtosis of the distribution
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Solutio

Since distribution is symmetric

T =0, my=(S.D) =25, m,=2000

then

2000 2000 _
' 28 625
Y.=5,-3=02>0

Since B; > 3 and y, > 0; the distribution is leptokurtic.

32>3

2.6

Exercises

2.1

22

2.3

24

2.6

2.7

What are skewness and kurtosis ? Give some suitable measures for
skewness and kurtosis.

Using Cauchy-Schwarz inequality, or otherwise, prove that
(I) Bg >1 and (II) 132 —B| -120,

Show that the measure of skewness given by (2.4) must lie between-3
and 3 and that the measuring given by (2.5) must be between-1 and 1.

Prove, by a geometrical argument. that for a J-shaped distribution with
its longer tail towards the higher values of the variable, the median is
nearer to the first quartile than to the third (A similar argument can be
used to show that for the other type cf J-shaped distribution, the
median is nearer to the third quartile than to the first).

Consider any symmetrical frequency distribution for a discrete
variable. Show that its central moments of odd orders must all be zero.

The first three moments about 4 of 10 observations were 5.5, 38.5 and
302.5. The 4" moment about 2 of the same 10 observations was 60893
It was found later that an observation of 3 was wrongly read as 8. Find
the corrected mean, second. third and fourth central moments and
measures of skewness and kurtosis.

In a certain distribution,
mean = 45 units,
median = 48 units.
coeriicient of skewness = 0.4.

The person who supplied the data failed to give the value of the s.d.

Estimate il from the above data.
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2.8
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2.10

In a certain distribution the coefficient of skewness based on quartiles
is 0.6 if the sum of the third and first quartile is 100 units and the
median is 38 units, find the first and third quartiles.

Compute T, s, m, and m, for the data on length of ear-hear given in

Exercise 6.16.

The scores in English of 250 candidates appearing at an examination

have
mean = 93.72, m, = 97.80, h13 =.114.18 and m, = 28.396.14.

It is later found on scrutiny that the score 61 of a candidate has heen
wrongly recorded as 51. Make necessary corrections in the given

values of the mean and the ceniral moments.

Particulars relating to the monthly wage distribution of lwo

manufacturing firms are given below :

Firm A Firms
Mean wage Rs. 1,477 Rs. 1,495
Median wage Rs. 1,389 Rs. 1.354
Modal-wage Rs. 1,350 Rs. 1.312
Quartiles Rs. 1,278 and 1,422 Rs. 1,262 and 1,435
Standard deviation Rs. 87 Rs. 99

Compare the two distributions.

2.2 The S.D. of a symmetrical distribution is 4. What must be the value of
fourth moment about mean so that the distribution be (a) leptokurtic
(b) mesokurtic and (c) platy kutic.

2.7 Answers / Suggestions

P-2.6 Partial answers : Corrected first and second moments are 0 and 346.

P-2.7 22.5 unit

P-2.8 30 units

P29 ¥ =99 5=091m =-0061.and m, = 2916560

(in proper units)
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P-2.10 mean =39.76, mz>=99.10, m3 =-93.27 and m4 = 29165.60

P-2.11
P-2.12 (a) <756 (b) s =756  (¢) pa> 756

2.8 Summary

In this unit the properties ol symmetrical and asymmetrical
distributions have been studies. The measures of skewness have been defined
and their interpretations have been given. The peakedness of the {requency
curve is explained . The measures of peakedness have been obtained in terms

of Central moments.

2.9 Further Readings

1. Kenney, }.F and Keeping, E.S. : Mathematics of Statistics, Part |
(Ch.7) Van Nostrand. 1954, and Affiliated East-West Press.

2. Mills. F.C. : Statistical Methods {Ch.5) H. Holt, 1935,

3. Yule, G.U. and Kendall, M.G. : Introduction to the Theory of Statistics
(Ch.6) Charles Griffin, 1953.

9, Fundamental of Satistics Vol.l by Goon. Gupta Dasgupta.
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